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C Partial equilibrium housing wealth effect

C.1 Household’s problem and consumption function

The household maximizes
∞∑
t=0

βtu (Ct, Nt, Ht) ,

where Ct, Nt, Ht refer to consumption, labor supply and housing, respectively. The budget con-

straint is:

ptHt + Ct +Bt = WtNt +Dt +Rt−1Bt−1 + ptHt−1(1− δ),

where Rt is the gross real interest rate between t and t+1 and we have abstracted from the portfolio

holding cost. The first order conditions are:

uC,t = λt

uH,t = λtpt − βλt+1pt+1(1− δ)

λt = βRtλt+1

uN,t = −λtWt
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Combining we have:

uC,t = βRtuC,t+1

uH,t
uC,t

= pt −R−1
t pt+1(1− δ)

−
uN,t
uC,t

= Wt.

Using the period utility function and rearranging yields:

Nt =

(
Wt

ψ

)1/ν

C̃t ≡ Ct − ψ
N1+ν
t

1 + ν

H̃t ≡ Ht − Ωt

xt ≡
1− κ
κ

[
pt −R−1

t pt+1(1− δ)
]−1

H̃t = xtC̃t

uC,t = κx
(1−κ)(1−σ)
t C̃−σt

C̃t+1 =

[
βRt

(
xt+1

xt

)(1−κ)(1−σ)
]1/σ

C̃t

C̃t = X0,tC̃0,

where:

X0,t =
t∏

s=1

[
βRs−1

(
xs
xs−1

)(1−κ)(1−σ)
]1/σ

X0,t =

[
βtR0,t

(
xt
x0

)(1−κ)(1−σ)
]1/σ

.

Now using the present value budget constraint:

∞∑
t=0

R−1
0,t [pt (Ht − (1− δ)Ht−1) + Ct −WtNt −Dt] = R−1B−1,
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substituting in for Ct and Ht and rearranging gives:

C̃0 = κ
p0(1− δ)H̃−1 +R−1B−1 +

∑∞
t=0R

−1
0,t

[
WtNt +Dt − ψN

1+ν
t

1+ν − Ωt
1−κ
κxt

]
∑∞

t=0R
−1
0,tX0,t

. (1)

C.2 Complete markets

To derive equation (47) we use steps that are similar to the incomplete markets case in section C.1.

The date-0 budget constraint is:

∑
t=0

∑
st

πt(s
t)Ξ0,t(s

t)
[
Ct(s

t) + pt(s
t)Ht(s

t)− pt(st)Ht−1(st−1)(1− δ)
]

= initial wealth

where st is a history up to date t and Ξ0,t(s
t) is the date-0 price for the Arrow-Debreu security

that pays off in that history. The FOCs for Ct and Ht are

κC̃
κ(1−σ)−1
t H̃

(1−κ)(1−σ)
t = λΞ0,t

(1− κ)C̃
κ(1−σ)
t H̃

(1−κ)(1−σ)−1
t = λΞ0,t [pt − Et [qt+1pt+1(1− δ)]]

where λ is the multiplier of the budget constraint, qt+1 ≡ Ξ0,t+1/Ξ0,t and we are using the notation

C̃ and H̃ introduced in section C.1. Combining these yields

H̃t =
1− κ
κ

[pt − Et [qt+1pt+1(1− δ)]]−1 C̃t

and substituting into the FOC for C yields

κC̃−σt

(
1− κ
κ

[pt − Et [qt+1pt+1(1− δ)]]−1

)(1−κ)(1−σ)

= λΞ0,t.

Assuming equal initial wealth, the two regions will have the same Lagrange multiplier on the date-0

budget constraint so the right-hand side of the above equation will be the same in the home region

and foreign region. Equating the left-hand sides and rearranging yields equation (47).

C.3 Computing the partial equilibrium housing wealth effect

We now explain how we compute the partial equilibrium consumption response to a change in home

prices. The complication comes from the fact that consumption at t depends on expectations of all
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future home prices. As the details of the expectations matter, we want to make sure we are using

the same expected path for home prices in this calculation as the one that arises in the simulation

of the full GE model. In this subsection we describe how we do that using the VAR representation

of the GE economy denoted by the state vector of the economy Xt and matrices P and Q such that

Xt = PXt−1 +Qεt.

As we are focusing on partial equilibrium fluctuations in home prices, the sum in the numerator

of (1) is constant. The sum in the denominator depends on all future home prices. To a first order

approximation around a steady state with βR = 1, this sum can be written as:

∞∑
t=0

R−1
0,t

[
βtR0,t

(
xt
x0

)(1−κ)(1−σ)
]1/σ

=
∞∑
t=0

R−t
(
Rp0 − p1(1− δ)
Rpt − pt+1(1− δ)

) (1−κ)(1−σ)
σ

≈ (1− κ)(1− σ)

σ

R

(R− 1 + δ)p̄

[
R

R− 1

(
p0 −

1− δ
R

p1

)
−
∞∑
t=0

R̄−t
(
pt −

1− δ
R

pt+1

)]
. (2)

To compute this recursively, note that E [Xt] = PtX0. Moreover, using I as a column vector that

gives the linear mapping from Xt to pt we have:

E
∞∑
t=0

R−tpt = E
∞∑
t=0

R−tIXt

= I
∞∑
t=0

R−tPtX0

= I
(
I −R−1P

)−1X0.

Using this, equation (2) becomes:

≈ (1− κ)(1− σ)

σ

R

(R− 1 + δ)p̄
I
[

R

R− 1

(
I − 1− δ

R
P
)
−
(
I −R−1P

)−1
(
I − 1− δ

R
P
)]
X0. (3)

This approach can be applied to the regime switching model by expanding the state vector so

that

X̃0 =

 Xt
0
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and the state transition matrix is

P̃ =

 (1− ω)Pshort 0

ωPlong Plong

 ,
where ω is the regime-switching probability, Pshort is the state transition matrix when staying in

the short-run regime and Plong is the state transition matrix in the long-run regime. One would

also set

Ĩ =
[
Ishort Ilong

]
.

In calculating the partial equilibrium housing wealth effect, we simulate the general equilibrium

model in response to aggregate housing demand shocks and at each date in the simulation we record

Xt, Ht−1, Bt−1 and pt. We then plug these values into (1) with the denominator computed by (3).

This gives us a time-series of “partial equilibrium” consumption for each region to go along with

the time series of home prices. We then regress the difference in log consumption across regions on

the difference in log home prices. Notice that the partial equilibrium consumption series will vary

over time with the bond positions the two regions have inherited from the past. In the absence of a

portfolio holding cost, these bond positions are non-stationary and the partial equilibrium housing

wealth effect becomes unstable.

D Additional Derivations

D.1 Intermediate Good’s Price-Setting

Substituting the demand curve into the objective function yields

max
P̆t

Et
∞∑
τ=t

χtλt,τYτ

PH,τ
Pτ

(
P̆t
PH,τ

)1−η

− wτ

(
P̆t
PH,τ

)−η
and the first order condition is

P̆t
PH,t

=
η

η − 1

Et
∑∞

τ=t χ
tλt,τYτwτ

(
PH,τ
PH,t

)η
Et
∑∞

τ=t χ
tλt,τYτ

PH,τ
Pτ

(
PH,τ
PH,t

)η−1 .

Observe that the ratio
PH,τ
Pτ in the denominator can be re-expressed using the price index for the

domestic consumption bundle Pτ = PφH,τP
1−φ
F,τ as

PH,τ
Pτ =

(
PH,τ
PF,τ

)1−φ
.
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Turning to inflation dynamics, define πH,t ≡ PH,t/PH,t−1, define πF,t analogously and define

πt ≡ Pt/Pt−1 as the inflation rate of the price index associated with the domestic consumption

bundle (CPI). These inflation rates are determined according to

πH,t =

θ−1 − 1− θ
θ

(
P̆
PH,t

)1−η
1/(η−1)

πt =
PφH,tP

1−φ
F,t

PφH,t−1P
1−φ
F,t−1

= πφH,tπ
1−φ
F,t

and analogous equations for the foreign region.

E Supply Curve Heterogeneity and the Estimated Investment Re-

sponse to Home Prices

Figure 1 shows a negative relationship between home prices and residential investment. This

appendix describes this relationship in econometric terms. The appendix then shows that applying

our adjustment formula from Section 3 still yields the correct partial-equilibrium housing wealth

effect despite the complications from heterogeneity in housing supply curves.

An estimate of the housing wealth effect might regress the change in consumption on the

change in home prices and a constant or time fixed effect. In this discussion, we will work with the

equations of the full model, but we will assume that the dynamic relationships between variables are

dominated by the static relationships so the matrices CY and Cp are (approximately) diagonal.1

The regression specification is easier to describe in terms of demeaned variables rather than

cross-region differences. Using similar steps as in the previous subsection yields:

Yr − Ȳ = Φ
(
Cr − C̄ + Ir − Ī

)
+Gr − Ḡ,

where Yr is income in region r and Ȳ is population-weighted average income across regions. As

above Φ ≡ φ + φ∗ − 1. Using the linearized consumption function and the equation above we can

write:

Cr − C̄ = MCp (pr − p̄) + CY Φ
(
Ir − Ī

)
+ CY

(
Gr − Ḡ

)
. (4)

1A diagonal CY implies M is diagonal. Ip is already diagonal as residential investment only depends on the
current home price (see equation 35).
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In the model, residential investment is increasing in home prices, but with a different slope in each

region due to heterogeneous housing supply elasticities. We can write:

Ir − Ī = Ir,ppr − Ipp̄ = Ip(pr − p̄) + (Ir,p − Ip)pr,

where Ir,p is the slope of the residential investment response to home prices in region r and Ip is

defined so that Ī = Ipp̄. Equation (4) can then be written as:

Cr = (MCp + CY ΦIp)︸ ︷︷ ︸
coef. of interest

(pr − p̄) + CY Φ (Ir,p − Ip) pr + CY

(
Gr − Ḡ

)︸ ︷︷ ︸
error

+ C̄︸︷︷︸
time fixed effect

. (5)

Changes in aggregate variables (i,Ω, T ) affect all regions equally and are absorbed by the time fixed

effect. The response of residential investment to home prices can be written:

Ir = Īp︸︷︷︸
coef. of interest

(pr − p̄) +
(
Ir,p − Īr,p

)
pr︸ ︷︷ ︸

error

+ Ī︸︷︷︸
time fixed effect

. (6)

Equations (5) and (6) show a potential source of bias in the housing wealth effect regression: To

the extent that cities differ in their housing supply elasticities they will differ in the response of

residential investment to home prices and cities with larger price changes will have smaller elastic-

ities of residential investment. The treatment effects are heterogeneous and the treatment (price

changes) are negatively correlated with the treatment effect (cities with less responsive residential

investment have larger price changes). Therefore the estimated average treatment effect is not

the population average effect.2 This bias affects both the measured housing wealth effect and the

construction regressions.

A benefit of the adjustment we put forward here is that the bias in the two regressions cancels

out when we compute the partial equilibrium housing wealth effect. To see this, when we estimate

equation (5) we obtain a coefficient of interest of (see Appendix E.1):

γ̆C = γ̄C +
E
[(
γCr − γ̄C

)
pr,tp̃r,t

]
E
[
p̃2
r,t

] ,

where γCr ≡M (Cp + CY ΦIr,p), p̃r,t ≡ pr,t−p̄t, and γ̆ is the estimated value of γ. When we estimate

2IV strategies that use supply constraints as instruments for home prices will not overcome this bias because the
price variation they isolate is still correlated with the treatment effects.
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(6) we obtain:

γ̆I = γ̄I +
E
[(
γIr − γ̄I

)
pr,tp̃r,t

]
E
[
p̃2
r,t

] ,

where γIr ≡ Ir,p. Crucially, note that the regional variation in γCr comes only from Ir,p so we have

γCr − γ̄C = MCY Φ
(
γIr − γ̄I

)
.

To put the pieces together, we form dE/dp ≡ M (Cp + Ip) by summing the coefficients of

interest in in (5) and (6).3 This gives:

d̆E

dp
= γ̄C + γ̄I + M

E
[(
γIr − γ̄I

)
pr,tp̃r,t

]
E
[
p̃2
r,t

] .

Now applying our adjustment:

C̆p =

d̆E
dp

M
− γ̆I

=
γ̄C + γ̄I

M
+

E
[(
γIr − γ̄I

)
pr,tp̃r,t

]
E
[
p̃2
r,t

] − γ̄I −
E
[(
γIr − γ̄I

)
pr,tp̃r,t

]
E
[
p̃2
r,t

]
=

M
(
Cp + CY ΦĪr,p

)
+ Īr,p

M
− Īr,p

= Cp,

where Īr,p is the average Ir,p over r. In the second line the bias to the housing wealth effect on

expenditure cancels with the bias in the residential investment response. Underlying this result is

the fact that the heterogeneity in treatment effects in the two regressions has the same underlying

source (the heterogeneity in housing supply curves). When we remove the estimated residential

investment response from the estimated housing wealth effect we end up removing the bias.

E.1 Bias in Estimating Equations (5) and (6)

Consider the data generating process:

yr,t = ft + γrpr,t + εr,t,

where t indexes time and r regions. Note that each region has its own γr. However, when we

estimate the housing wealth effect we estimate a single γ. We do not recover the average γ across

3Recall M = 1 + CY ΦM.
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regions if, say, regions with larger γ’s tend to have smaller fluctuations in home prices pr,t, which is

the implication of regions with more elastic housing supply having residential investment respond

more to home prices but home prices fluctuate less.

We estimate with demeaned variables to eliminate ft. Let ỹr,t = yr,t − ȳt. We then have:

ỹr,t = γrpr,t − γ̄pt + ε̃r,t

ỹr,t = γ̄pr,t − γ̄Jr,t + γrpr,t − γ̄p̄t − covt + ε̃r,t

ỹr,t = γ̄p̃r,t + (γr − γ̄) pr,t − covt + ε̃r,t,

where covt = Er [(γr − γ̄) (pr,t − p̄t)].

We regress ỹr,t = γ̂p̃r,t + νr,t. The least squares moment condition is

E [p̃r,t (ỹr,t − γ̂p̃r,t)] = 0.

Substituting in:

E [p̃r,t ((γ̄ − γ̂) p̃r,t + (γr − γ̄) pr,t − covt + ε̃r,t)] = 0

(γ̄ − γ̂)E
[
p̃2
r,t

]
+ E [(γr − γ̄) pr,tp̃r,t − covtp̃r,t] = 0.

Note that covt has no variation over r and p̃r,t has no time-series variation. So we end up with:

γ̂ = γ̄ +
E [(γr − γ̄) pr,tp̃r,t]

E
[
p̃2
r,t

] .
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