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Figure A.1: Impulse responses in the absence of habit persistence (n = 0).

A The Quantitative Model of the U.S. Economy: Al-

ternative Specifications

A.1 Impulse Responses for the Restricted Models

Section 2.3 of the paper reports the estimated parameters for several restricted cases of the
general model. Figures A.1 — A.3 here show the predicted impulse response functions to a
monetary policy shock by the model for these restricted models.

In the absence of habit persistence (Figure A.1), output falls sharply two periods following

an unexpected increase in the interest rate, and then returns back to the initial situation. In
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Figure A.2: Impulse responses in the absence of indexation (v, = ~,, = 0).

contrast, in the presence of habit persistence as can be seen from Figure 6 in the text, output
falls by less two periods following the shock, but then continues to decrease before returning
to the initial level. Figure A.2 shows that in the absence of indexation to lagged inflation
(7, = 7w = 0), inflation falls one period after the unexpected increase in the interest rate but
then returns gradually to the initial level. Instead, Figure 3 in the text indicates that in the
presence of indexation, inflation declines gradually but more persistently before returning to
the initial level. Finally, in the case of flexible wages, Figure A.3 below shows that the real
wage decreases more than in the case of wage stickiness in the first few quarters following a
monetary policy shock. This is associated also with a sharper reduction in output than is

the case when wages are sticky.
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Figure A.3: Impulse responses with flexible wages (5;1 = O) .

A.2 Estimated Parameters for Alternative Horizons

The parameter estimates reported in Table 3 of the text are based on impulse response
functions with a horizon of 12 quarters following the shock. In Table A.1 [printed at the end
of this appendix], we report as a robustness check the parameter estimates for the baseline
model based alternative horizons. The following Figures A.4 — A.8 show the corresponding

predicted impulse responses to a monetary policy shock in the baseline model, for the various

horizons.
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Horizon

6 8 12 16 20
Estimated parameters
o 0.8756 0.7574 0.6715 0.6475 0.6698
= 182 (0.1044) (0.1623) (0.3330) (0.2089) (0.0458)
-, 0.5025 0.5025 0.5025 0.5025 0.5025
= Teop (0.0278)* (0.0441)* (0.0692)* (0.0304)* (0.0146)*
0.0065 0.0036 0.0020 0.0017 0.0013
& (0.0012) (0.0006) (0.0009) (0.0006) (0.0002)
0.0073 0.0056 0.0042 0.0081 0.0203
Su (0.0961) (0.4126) (0.1343) (0.0227) (0.0192)
y 19.559 19.545 19.551 9.4925 4.2794
w (244.8) (1360.1) (595.1) (23.70) (2.9934)
0.9374 1 1 1 1
Tp (0.0707) (0.4438)* (0.3800)* (0.1130)* (0.0463)*
1 1 1 1 1
Tw (1.9813)* (18.578)* (10.908)* (1.7840)* (1.4887)*
Implied parameters
© 0.5739 0.6635 0.7483 0.7760 0.7502
n 1 1 1 1 1
Kp = Ewyp 0.0022 0.0012 0.0007 0.0006 0.0004
W = wy + Wy 19.893 19.878 19.884 9.8258 4.6127
V= wye/d 14.700 14.659 14.663 7.1193 3.2096
1, = efil 1.0127 1.0069 1.0039 1.0032 1.0025
foy = 52 2.6976 1.9062 1.5361 1.5066 1.7018
Weights in loss function
A 0.9870 0.9932 0.9960 0.9985 0.9997
A 0.0130 0.0068 0.0040 0.0015 0.0003
(\;) 16 0.0269 0.0082 0.0026 0.0010 0.0003
) 0.0273 0.0313 0.0351 0.0686 0.1248
Obj. function val. 3.419 5.979 13.110 20.310 27.035

Table A.1: Estimated structural parameters for the baseline model with different horizons
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Figure A.4: Impulse responses to a monetary policy shock with a horizon of 6 quarters.
B Welfare Criterion for the Quantitative Model

We assume that the policymaker maximizes the expectation of the unweighted average of

household utility functions

(B.1)

Wh = {z m}
t=0
where

U, = u(C, — 1C_1;&,) — /O E (H}:¢,) dh. (B.2)

Recall that consumption is identical for all households, while labor supplied may vary across
households. In the text, we determine the equilibrium evolution of inflation, output, interest

rates using log-linear approximations to the exact equilibrium conditions. Thus we have
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Figure A.5: Impulse responses to a monetary policy shock with a horizon of 12 quarters.

characterized equilibrium fluctuations in those variables up to a residual of order O (Hf HZ) :
where |€]| is a bound on the amplitude of exogenous disturbances. As shown in Woodford
(2003, ch. 6), we may compute a second-order approximation of (B.1) — (B.2) using a
log-linear approximation to the equilibrium conditions, provided that we expand around a
steady-state that is close to being optimal in the sense of achieving the maximum expected

utility. We thus assume that the steady-state level of output with zero inflation, Y, is near

the efficient level of output.
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Figure A.6: Impulse responses to a monetary policy shock with a horizon of 16 quarters.

B.1 Natural Rate of Output

Before performing the approximation of (B.1) — (B.2), we determine the natural rate of
output, i.e., the equilibrium level of output under flexible prices, flexible wages, constant
levels of distorting taxes and of desired markups in the labor and products markets, and
with wages, prices and spending decisions predetermined only by one period. As mentioned
in footnote 36 of the text, we may alternatively have defined the natural rate of output
as the equilibrium level of output under flexible prices, flexible wages, when none of the
pricing or spending decisions are predetermined. This assumption would not affect any of
our conclusions about optimal monetary policy, as it is only the forecastable component of

the output gap that is forecastable one period in advance that matters both for the structural
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Figure A.7: Impulse responses to a monetary policy shock with a horizon of 20 quarters.

equations of the model and for evaluating welfare under alternative policies. For simplicity,
we thus assume that the natural rate of output is predetermined one period in advance, so
that the output gap x; is also predetermined.

To determine the natural rate of output, we first note that the first-order condition for
the optimal supply of labor by household A is given by

on (H6,)  w, (h)
Mt P,

(B.3)

at all dates t.

Next, the firm’s profits are given by

0 (2) = (1+7p)pe(2) ye (2) — WeH, (2)
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= (L) p () P = Wi (5 () PYIA)

where 0 < 7, < 1 is a subsidy for output that offsets the effect on imperfect competition
in goods markets on the steady-state level of output. To derive the last equation, we use
the usual Dixit-Stiglitz demand for good z, y (2) = Y (p; (2) /P)"% and we invert the
production function y; (z) = Ay f (Hy (2)) .

In the case that prices are flexible but predetermined by one period, the optimal pricing
decision for the firm z, i.e., the price that would maximize profits at each period is given by

pe(2) = Eia [1 + 7 Acf (7 (e (2) /At))] ’

Op
Op—1°

where the desired markup p,, = Using again the demand for good z, we note that the

relative supply of good z must in turn satisfy

(ytng))l/ep —h ll iprszZfAtff (f <1yt (2) /A»)] ‘

Because all wages are the same in the case of flexible wages, we have w; (h) = W; and
H}' = H, for all h. Thus (B.3) implies that when wages and prices are flexible, all sellers
supply a quantity Y,”, determined at date ¢t — 1, satisfying

i o (7 (VA ) |
s A A W/At))] ’ (B4

1= Fii |

where A} = E;_ 1] denotes the marginal utility of income at date ¢ in the case of flexible
prices, flexible wages, and in the case that prices and spending decisions predetermined by

one period. Note that in steady-state, (B.4) reduces to

ﬂ_l—l—ﬂ,:l_@
Af! fy

where ® is a measure of inefficiency in the economy, at steady-state. As in Woodford (2003),

we assume that @ is of order O (||¢]|). Furthermore, using (2.4), we observe that in the

steady state, u, (1 — 31) = A, so that

vh = (1= ®) (1= Bn) ucf'. (B.5)
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Log-linearizing (B.4) about this steady-state and solving for f/;" yields
~ v on
WY =By |(1+w)a, — %@ + A (B.6)
h

where \, = log ()\?/5\) , and a; = log A;.
In the case of flexible prices and wages, and in the case that consumption decisions for
period t are that prices and spending decisions predetermined by one period, the variable

1y, defined as pu, = A — © (gt — fft) , satisfies Fy_1u, = 0 at all dates. It thus follows that

“n

No=—¢E (Y= g). (B.7)
Using this to substitute for A, in (B.6), we obtain
I\ om v }
Ey o {[w+ et —nL) (1= pnL™")| V') = By [(1 +w)a -~ + i (B.8)
Up,

which implicitly determines the natural rate of output }A/t" = Et_lf/t”.

B.2 Approximation of Welfare Criterion
We now turn to the second-order Taylor expansion of each term on the right-hand side of

(B.2).

First term. The first term can be approximated as follows
_ ~ N 1 ~ N N N 2
w(Co=nCrii&) = Vue{ (Vo= i) + 5 |(V2 = n¥2) = ot (Vi = ¥ioa)’|
+o! (Y/} — nﬁ_l) (gt — nét_l)} +tip. +unf+ O (H§||3) (B.9)

Uc

UeeY

where 0 = — “t.i.p.” denotes terms independent of the actual policy such as constant
terms and terms involving only exogenous variables, and “unf” represents an unforecastable
term, i.e., a term z; such that E;, 5z, = 0. To obtain (B.9), we have used the second-order
Taylor expansion

%ﬁ:1+z+;ﬁ+ogmﬂ (B.10)

where 2, = log (z;/%) , for any variable z; around its steady-state Z.
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Second term. A second-order approximation of v (Hﬁ; §t) , integrated over the continuum

of different types of labor, yields

1 _ R 1 N - & 1
Az%ﬁ%égdh::lﬁmPﬂ+2(1+vﬂﬁ—wmﬁﬂ+2@A1+V&Jmmkgwﬂm

+t.ip. + 0 (ll¢]°) (B.11)

as in Woodford (2003, chap. 6). To obtain this equation, we used (B.10), a second-order
approximation of (2.10)

B = By} + 3 (10, ) vanu i+ 0 ().

and the fact that a log-linear approximation of the demand for labor of type A by firm z,
H} () = Hy (2) (wy (h) /Wy) ™", implies

var, H" = 6% var), logw; (h) + O (||§||5> :

We note Ej,z; (h) for the mean value of 2; (h) across all h's and vary,2; (h) for the corresponding

variance. We furthermore define

— _ /Uh
he = —v g,
Uh

and
thh
(%

> 0.

Following again Woodford (2003, chap. 6) we find, using an approximation of the production

function, that the aggregate demand for the composite labor input satisfies

1

Ij]t - ¢ (Y/;f - at) + 5 (1 + wp - ¢) ¢ (?t - at)2 + ; (1 + wpgp) 0p¢varz 10gpt (Z) + O (||§||3) )

where ¢ = f/ (ﬁf’) >0 and w, = —f"Y/ (f')* > 0. Combining this with (B.11), we obtain
1 N _ ~ 1 ~ 2 —~ 1
/0 v (Ht ;St) dh = Hupo [Y} + 5 (1+w) (Y; — at) —vhY; + 59,, (14 wyb,) var, log p; (2)
1
—|—§9w¢—1 (1+ vb,,) var, logw; (z)} +tip.+0O (||§||3) 7 (B.12)
where w = w, + w,,, and w,, = ¢v.
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Assuming as in the text that prices and wages are reoptimized in each period with proba-
bility (1 — a,) and (1 — a,) respectively allows us to express var, log p; (z) and var, log w, (2)
in terms of the variability of aggregate inflation and aggregate wage inflation as follows. We
let

Pi=E.logp (), and VP =var.logp (2),
and note that
P,-P_, = E, {logpt (2) — pt—l]
= ok, [logpt—l (2) + YpTt—1 — Pt—l} + (1 - Oép) (logpI - Pt_1)
= (1-ap) (108;17: - ptfl) + QY pTi—1-
Similarly,
VP = var, [logpt (2) — Pt,l]
_ 2 _
— B {[logpi (2) ~ Pia] '} = [Exlogp () — P
_ 92 _ o \2 _ _ N2
= apEz { [lngt,1 (Z) + ’}/pﬂ'tfl — Ptfl} } + (1 — Oép) (logp;‘ — Ptfl) — (Pt — Ptfl)

& (Pt — Py — ’Yp7Tt71)2 .

2

= oVl + 11—

Gp

Using the log-linear approximation

P, =1log P, + O (¢]),

we obtain
VP = V4 2 (m = me) + 0 (Jel°)
p
= ; f"’% S; ol (s — ms_l)z +tip.+ O (JI]*)

where we note that the price dispersion before the first period (period 0) is independent of
the policy that is chosen to apply in periods ¢ > 0. Taking the present discounted sum on
both sides of the last equation, we obtain

@p

iﬁtmp T (1—a,) (1—ayf) iﬂt (7 - ’WH)Q +tip.+0 (JI¢]°) -

=0
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Following the same steps with nominal wages, we obtain

— attw Qo = (e 2 . 3
S (e B el 50 1)

where

V¥ = var, logw; (2) .
Using this, and taking the present discounted sum on both sides of (B.12), we obtain
— at [ [ h - 2 .
S0 [ o (rie)dn| thqﬁZﬁ Vit 5 (+0) (V- a) = vhe¥,
=0
_ 2 1 i1 .
+§9p§p (7Tt - ’Yth—l) + §9w¢ 1€w1 (73 — 7w7Tt—1)2
+t.ip. +0 ([€]°)
where &, and {, are defined in (2.12) and (2.15) respectively. Next, using (B.5), and recalling

that ® is of order O (||¢]|), we obtain

gﬁt [/OIU(Ht}L;gt)dh} = Yue(1-f) iﬁt{ )Y, + ;<1+W)(ﬁ—at)2—vﬁtﬁ

+§9p€; (7Tt - ’Yp7Tt—1) + §0w¢_1£;1 (¢ — Vwﬁt—l)2:|
+t.ip. + 0 ([€l°)

Combining the two terms. Taking the present discounted sum on both sides of (B.9),

and subtracting the previous equation, we obtain
o) 1 N N N ~ 2
S AU = Ychﬁ (=) + 5 |77 = m2)) = o7 (V= m¥ia)’]
t=0
+o (Yt - 77}/2—1) (gt - 77@:—1)
~ 1 ~ N
— (1 06n) [(1—@)Yt+2(1+w) (Yt—at)Q—uhth} - 5L

+tip. + O ([IE])

where

~ 2
Lt = epgl,:l <7Tt - ’ypﬂ-t—l) + 0w¢_1€;1 (ﬂ-:fu - /ywﬂ-t—1>2 .
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Using (B.8), and given that
> Bz1=21+p > Bz =p > Bz + ti.p.
for any variable z;, we can rewrite our welfare function as
Wo =.%§yﬂﬁ=—Ymu—ﬁmEQ:ﬁ{<me oo (14 577)] 92 mo¥i¥iy
=0 =
2 n 1
—|w+ o (14 80) | Y"Yy + oY Ye+ onY Vi + 2Lt}+t1p + 0 ([Igl1R.13)

We now conjecture that there exist constants §, g and z* such that the previous expres-

sion can be expressed in terms of

1 9 9 9 ok 2 A%k Ak SV 1 ¥ 9 O\

5 [(Y; Y;n) -0 (}/t—l — }/t?il) — X ] = —I }/t +z 53/2&—1 + 5 (Y;Q + 62}/152_1) — 5}/;Yt_1
YV = 8V Vit + Y Y + YY) .

This implies that

iﬁtzo (¢ — dzpq — 27 Zﬁt&) [ (1 —55)3@+Y2< +ﬁ52) /2 = 6Y Y4

t=0
- (1 + B0%) YV, + OVY[, + 6BY/L, Y] + tip.
where r; = Yt — }A/;” Matching the coefficients on the right-hand side of the last equation

with the corresponding coefficients in (B.13) yields a set of three independent equations in

the unknown dg, 6, and z* :

d = 8i*(1— B0) (B.14)
W+ o (1 + 5772) - 5 (1 + 552) (B.15)
Ny = 000. (B.16)

We know from (B.16) that §, = %7, and from (B.15) that § satisfies

dlw+e (14 67)| —ne (1+86%) =0 (B.17)

or equivalently

PW) =817 —x94+1°=0 (B.18)
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where

v = not
1 2
v = wred+im)
By
Because P () is a quadratic polynomial satisfying P (0) = 7> > 0 and P (1) = —£ < 0,

By
the two roots of (B.18) satisfy

0§191<1<192

for all values of € [0, 1]. Consider the larger root

9=y — g (x VA 477%1) > 1.

Using the definition of ¢}, we have

0= 771971,
so that o satisfies 0 < § < n < 1. Given a value for ¥, we may then compute dg = V.
Combining this with (B.14), we obtain

e ¢
 Up(1-B9)

We can thus rewrite the welfare criterion (B.13) as

Wo = —QEogjoﬁt {Ap (m — wt_lf + do (T — vy mi1) 4 A (T — 0y — 2%)°
+tip. + O (I€)°), (B.19)
where
o = Yeloi e p0760) >0
1 —1e—1
= e S e epfgelwf o 0

Y -
0,6, + 0,0,

Ao = 0,

and where the weights are normalized so that A\, + A, = 1.
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C Optimal Target Criterion for the Quantitative Model

This section characterizes the optimal target criterion in the estimated structural model of

Section 2, along the lines proposed in Giannoni and Woodford (2002a, 2002b).

C.1 Analytical Derivation

The constraints relevant for optimal monetary policy are the aggregate supply equation
(2.14) and the wage inflation equation (2.11). However, because there is no constraint on
what the surprise component E;_u, may be (except that it must be unforecastable at date

t — 2), the only constraint implied by the wage inflation equation is

By (W?H - ’Yuﬂft) = &bt (WuTip1 + @Ti1)+HE, B (wfﬂ - wt+1)+ﬁEt_1 (Wéﬂrz - ’Yw7ft+1> :
(C.1)
In addition, the identity

Wy = W1 + 7T;U — Tt (C?)

must be satisfied at all dates. The constraints (2.14), (C.1) — (C.2) generalize the constraints
(1.29) — (1.31) of section 1.4.

Because of the delays assumed in the underlying model, the variables 7, 7}’, w;, and x;
are all determined at date ¢t — 1. It will thus be convenient to define the variables 7; =
Eymipn = mqq and 7 = Byl = wf, and Wy = EBywgq = weyq, all determined at date
t. Furthermore, because consumption at date t is determined at date t — 2, the output gap
satisfies

Ty = Vg2 + S4—1

where v;_5 is an endogenous variable determined at date ¢t — 2 and s;_; is an exogenous
variable determined at date t — 1 and unforecastable at date t — 2.

The objective function (3.1) can then be rewritten as
> 2 2 .
Eq Z g |:/\p (ﬁt—l — Vpﬁt—Q) + Aw (7?1“_1 — %ﬁt—2) + Ap (Ve—g + 5p21 — 0Vi_3 — 0849 — T )2
=0
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= [E Zoﬁt [)\p (ﬁt - 7pﬁt—1)2 + Ay (T — %uﬁt—l)Q + By (v — 0vg—q — 65 — f*)2 + tip
=
where tip represents again terms independent of policy adopted at date 0, such as endogenous
variables determined before date 0. Note that to get the second line we also used the fact
that s; is unforecastable, so that Fozis;1 = Eg [z (Eysir1)] = 0 for any date ¢ > 0 and any
variable z; determined at date t or earlier.
A policy that is optimal from a timeless perspective (Woodford, 2003, chap. 7; Giannoni
and Woodford, 2002a) from some date ¢, onward minimizes the expected value of the terms
in this objective function that can be affected at date t, or later, conditional upon the state

of the world at date o, subject to the constraints that 7, 7y, and

Ew(Npuy, + 5_1wt0) — Ey, (7?%+1 — Yo Tt)

take certain values. These latter constraints are defined in such as way as to result in an
optimal policy problem that is recursive in form. This requires that these constraints be of a
self-consistent form, such that the solution to the constrained optimization problem satisfies
relations of the same form (changing only the time subscripts) at all later dates. Thus the
initial constraints are of a type that the central bank would wish to commit itself to satisfy
at all dates later than .

Combining the objective function with the constraints (2.14), (C.1) — (C.2), the La-

grangian for this problem can be written in the form

oo 1 9 .
Ly, = Ei Z i { [Ap (ﬁt - 7pﬁt—1) + A (T — VoTt—1)? + B (v — Svp_y — 5, — &%)

t=to 2
o1y [T — Yot — Euptins — &0 — B + 5,7
+Pat [7?;11 ~ YTt — & (wwvt + ¢ [(1 + 5772) Vg — NU—1 — ﬁnvm]) + €Wy
—BThs + ﬁ%ﬁtﬂ} + P34 [y — Wy — 7} + ﬁt]}

—901,t0—17_7to T P2 451 {511;77801%0 + 5_1511;@%0 - (ﬁgﬂ - %uﬁto)} + ﬁ_1<902,t0—1 - 802,150—2)7?%‘

Here the terms on the final line are added to reflect the additional constraints on initial out-

comes mentioned in the previous paragraph. The particular notation used for the Lagrange
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multipliers associated with these constraints has been chosen so as to result in first-order
conditions of a time-invariant form, making clear the recursive character of the optimization
problem in the case of a suitable definition of the initial constraint values.

The associated system of first-order conditions is given by

0 = X [(ﬁ't - ’Y;ﬁt—l) = B (Etﬁ't+1 - ’Ypﬁt)} — BV (Etﬁj‘,ﬂ-&-l - ’Yuﬂ_Tt)

TP — B%Et%,tﬂ - (‘pl,tfl - 6’Yp901,t> = B (SOQ,t - 902,1‘,71) + P34 (C.3)

0 = X (T = ¥uTeo1) + (Popm1 — Paioz) — Py (C.4)
0 = =510+ &uPair + 030 — BB 44 (C.5)
0 = X[(vp— vy — 08 — %) — BOE; (041 — dvp — 08441 — &)

—&,wp By 41 + € B [B (L) @311 (C.6)

for each t > tq, where

B (L)

e nB—L)(1—nL)—w,L

= By+ ByL+ ByL>.

The optimal plan must in addition satisfy a transversality condition. The latter is however
necessarily satisfied as we restrict our attention to bounded solutions of the above first-order
conditions. A policy that is optimal from a timeless perspective must result in an equilibrium
that satisfies these conditions for all t > t,, for some values of the initial Lagrange multipliers
01 49—1 P2tg—1, and g, 5. The target criteria that we propose imply particular values for
these multipliers as functions of the state of the world in period ¢ty — 1; the relations that
identify the initial multipliers are ones that also hold in each period ¢ > ¢y in the optimal
equilibrium.

As in Giannoni and Woodford (2002a, 2002b), we combine these first-order conditions
to obtain conditions for optimality that involve only target variables, i.e., inflation, wage
inflation, and the output gap. As mentioned in the text, we find it more convenient to
express the target criteria in terms of the real wage rather than wage inflation. Furthermore,

to simplify the algebra, we specialize the analysis to the case v, = 7, = 1, in accordance
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with our estimates (as well as the model of Christiano et al., 2001). In this case, adding

(C.3) to (C.4), and using (C.2) to replace 7 with 7, + w; — w;_1 yields
E{(1-8L7") (1= L) (a+&,)} =0 (C.7)
for all ¢ > ty, where the variable a; and the new multiplier §, , are defined as
a = T+ Ay
fu = Pt Poi1s
and we recall that A\, + A, = 1. As a; and &, ; are bounded, (C.7) is equivalent to
(1-L)(a+&,) =0 (C.8)

in the sense that (C.7) holds for all ¢ > ¢, if and only if (C.8) holds for all £ > ¢,. In addition,
if (C.8) holds for all ¢ > t,, then we must have

a+ &, = a, (C.9)

where a is a constant satisfying

ol
|

Agy—1 + fl,toq

Tio—1 + Awliy—1 + Plig—1 T Pato—2- (C.10)

Note that the value of @ is not uniquely determined by the state of the world at date ¢,
because of the dependence of the above expression on the value of the initial multipliers.
The values of these will depend on our specification of the constraints on initial outcomes,
and the requirement of self-consistency alone will not uniquely determine what the initial
multipliers will be. (Below, we exhibit a one-parameter family of optimal targeting rules, in
which a is an arbitrary parameter.)

Applying the linear operator E; [(1 — SL™') (-)] to (C.4), using (C.2) to eliminate 7 and

using (C.5),we obtain

E{(1=BL7Y) (1= L) [Mu (71 + @) + 1] | = &, (C11)
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for all dates ¢ > to, where the new multiplier £, , is defined as
a0 = Epre = SwPait-
Note that the variable (52,t — §p§17t> satisfies
Eai — Epbry = Buc1 (£ — 6,614 (C.12)
Subtracting (C.11) from (C.7) yields
E (1= BL7") (1= L) (A7t + 014) } =~y (C.13)
Then multiplying (C.13) by £, and subtracting from it £, times (C.11), one obtains
E{A(L) €1} = by (C.14)
for all t > t;, where

A(L)

(L=B)(1—L)+ (& +&,) L (C.15)
b= E{(1-BL7") (1= L) [g, 0 (@ + @) — E0m] )

Because the quadratic polynomial A (L) satisfies A (0) = -3 <0, A(1) = ¢, +¢&,, > 0 and

A (400) = —o0, it must have two positive real roots, one smaller than 1 and one larger than

1. Factoring A(L) = —3 (1 — pu, L) (1 — L), where 0 < 1y < 1 < iy and i = (Bpy) ",

we can rewrite equation (C.14) equivalently as

E{(1 = L) (1= pa L7 Busba, b = b

Given that &, , and b; are both bounded variables, and that ‘ Ly 1‘ < 1, the previous equation

is equivalent to
(1= mL)&, =d (C.16)
for all dates t > ty, where
-1
d, =, E, {(1 _ u;lL‘l) (1 _ 5L—1) (1-1) [(gwAw - 5PA,,) T+ gwAwwt]}
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is a function of target variables.
Note that
di +&par = Eyq (dt + fpat> ; (C.17)

as a consequence of (C.9), (C.12), and (C.16). This is a restriction on the path of target
variables at all dates ¢ > .

Furthermore, using the identities
o = (6,16) 7 (Eutry +6o)
—1
Po-1 = (fp + fw) (fpfu - 52,t) ;

we can eliminate ¢, , and ¢,, ; from (C.6) and obtain

eo= (6 +6.) B0 @l = BIL) s + (6l + 6,8 (L)) En0ys]  (C.18)
where
e = ABy[(1=BOL7") (v — dvioy — 05y — )]
= MEy [(1= B0L7Y) (w042 — 000 — 37)] - (C.19)
Using (C.9) and (C.16) to substitute for E&, ,,; terms in (C.18), we obtain
e~ (6,+64) E {66, (B(L) —w,L) (a2 —a))

= (6,+¢,) Ei{€,Bodisz + (&wp + EuBotty + €,B1) gy + €, Babn, )
= (¢, +6,) E{€uBodua+ (&wp+ EuBom +EuB1) diss + (Goppy + €3 B (111)) &0,

or equivalently

ht = &252715 (CQO)
where
ht = € — Et {C L) (at—l-Q — d) + D (L) dt+2}

(6 +€4) " &0 (B(L) —w,L) = Co+ CLL + CL?

(6, +€,) " [€wBo + Ew (Bom + B1) L+ &w,L] = Do+ DL

T Q
s =
I
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and
o = (&, + fw)_l (6uriB (") + Eopinr) -

Equation (C.20) is a restriction that must be satisfied by the projected paths of the target
variables at all dates ¢ > ¢y, and that depends only on the multiplier &, ;. Let us suppose, in
addition, that (C.20) holds at date ¢y — 1. (This can be arranged through a suitable choice
of the constraints on initial outcomes; and the constraint that is needed is self-consistent,
since relation (C.20) must hold at all later dates in an optimal equilibrium, regardless of the
way in which the initial constraints are defined.) Then, quasi-differencing (C.20), and using

(C.16) to substitute for the multiplier, we finally obtain
(1 — /,LlL) ht = Oégdt (021)

for every t > t.

In the case of initial constraints of the kind just hypothesized, both (C.17) and (C.21)
must be satisfied by the processes {a;, d;, e;} at all dates, for some value of a. We furthermore
note that the choice of a is arbitrary, since for any value of a, the assumption of initial
Lagrange multipliers such that

aty—1 =G (C.22)
would be an example of a relation between the multipliers and the lagged endogenous vari-
ables that also holds at all later dates in the constrained-optimal equilibrium. Nor is there
any contradiction between our assumption of initial constraints that imply that (C.20) holds
at to— 1 and an assumption of initial constraints that imply (C.22) for some arbitrary choice
of a. For the former assumption requires that

5p901,t0—1 — &uwPoi0-2

be a certain function of the lagged endogenous variables, while the latter requires that

Plto—1 T P2o—2

be another function of the lagged variables (that depends on a). Because these two combi-

nations of the lagged multipliers are linearly independent, it is possible to choose the initial
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constraints so that both relations are simultaneously satisfied. Thus (C.17) and (C.21) are
two criteria to define define optimal policy, and that involve only the projected paths of the

target variables, where the choice of the constant a in the definition of h; is arbitrary.

C.1.1 Special case: Flexible wages

To give some intuition about the two target criteria (C.17) and (C.21) it may be useful to
consider the special case in which wages are flexible (£, — 4+00), in addition to maintaining
Yw = 7Vp = 1, as the optimal target criteria are simple to characterize analytically. In this
case, we have \, = 0, A\, = 1, and the roots of (C.15) satisfy y; — 0 and p, — +o00. It
follows that a; = 7,1 and d; = 0.

The short-run optimal target criterion (C.17) reduces thus to
i1 = By 1Ty

This indicates that under optimal policy, the central bank has to make inflation totally
predictable two periods in advance.
The long-run optimal target criterion (C.21) reduces in turn to
0 = Iy
= e — E{C (L) (a2 — @)}
= e —&E{(p(nf—L)(1—nLl) —wl) (T3 —a)}
= e = §E{|enBL™ = (0 (14 8n°) + w) + neL] (mes2 — @)}

= e+ &@VE {[-B0L7" + (14 86%) — OL] (mper — @)}

where we use (B.17) to obtain the last equality. Using (C.19) to substitute for e;, we can

then write
E{(1=B0L7") (1= 6L) [mpy2 + ¢misal = (1= BO)[(1 = 8) @+ ¢d7], (C.23)
where
= 5:;6 =
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when we use the definition of the weight A\,. As |$d] < 1, a commitment to (C.23) at all

dates t > t, is then equivalent to a commitment to
Ey (T2 = 0mes1) + ¢ (Teg2 — 0m41)] = (1 = )77, (C.24)

at all dates t > tg, where

C.2 Numerical Characterization of the Optimal Target Criteria

We now describe how the optimal target criteria (C.17) and (C.21) derived above can be
rewritten as (3.3) — (3.7) in the text.

C.2.1 Short-run target criterion

Noting that the variable d, satisfies
b= B [~L+ (145" + (" = 8) (1= ") 27 (1= )]
X [(€udw = &) T+ E Al
we can rewrite the short-run target criterion (C.17) as
my = Ey_ymy (C.25)
where
my = By { {(1 + 03— u;l) 4 (/61 _ 5) (1 — M;l) Lt (1 — M21L1)1]
X [(Eudw = EAp) T+ E Al | + &, (7o + Ay

Here we note that the terms at date t — 1 cancel out on both sides of equation (C.25). We

can then rewrite m, as

me = 6+ m (1+8— ") (€0 — EN)] 7
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i (17 = B) (1= 12") (6o = EA) 3 15" Errons
k=0

€A oy (14 8= 13") | @+ (12" = 8) (1= 112") € i " By
k=0
or as

my = Sﬂ— Z OzzEﬂTH_;@ + Sw Z a}:”Etthrk. (026)
k=1 k=1
where S; and S, are the sums of coefficients and af, o}’ are the weights defined by

Se = &t (146 1") (Ehe— &) 4 (2" = 8) (1= 12") (€ — &) ki;u;k
= &t (Suhu — §N)

of = [&+m (1+8—1") (€rw—EN)] /S

of = m(m' = 8) (1= ") (Sdw — ) 12" 2/Sn,  for k> 2

Sw = EAwtp (18— p3") &+ (12" = 8) (1= 12") € kf%uz’“
= (& + &)
o = Mo |6+ & (1+8—13")] /Su
o = iy (' = B8) (1= mt) i*?/S,,  fork >2.
Finally, we may rewrite (C.25) — (C.26) more compactly as
Fy () + ¢y, [Ft (w) — wi] = By {Fy () + @y [F7 (w) — wi]} (C.27)

which corresponds to the target criterion given by (3.3), (3.5). The expression F; (z) refers

to the weighted average of forecasts of the variable z given by

F,(2) =Y ajEzig (C.28)
k=1
where the sums ZZOZI ap = Zzozl a) =1, and
S, Mo (& + Eutnr)

S T G (e — )

lies between 0 and 1.
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C.2.2 Long-run target criterion

To express the long-run target criterion (C.21) as in (3.6) — (3.7), we rewrite a;, d¢, and e;

as follows

where a® = [1, A, and

| ™ Tl
f— _ = E .

Similarly,
dy = g1 + E; {Z aquk}
k=0
where
o = = [(Ehe = EN) s Eudul
ol = —(1+ﬁ—u2_1)ad

o = (ﬁ — ,u2_1) (1 — u2_1> psFal, for all £ > 1.

Next, it is convenient to write

hi =e — Ey {C (L) (ar49 —a) + D (L) diyo} = e — Ej {i Ozth+k} +C(1)a

k=0

where

048 = Cha® + Dot
ol = Cia" + Dlag + Dya?
of = Coa®+ Diad + Dyal

af = Dial |+ Dyl ,, ~ forall k> 3.
In addition, the variable e; defined in (C.19) may be expressed as
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where F} (z) is again of the form (C.28) and the weights are given by

S, = 1488 —6—p6

af = —§/S,
o = (1+66%)/S.
ay = —F0/S,

a; = 0, for all £ > 4.

Using this, we can rewrite the long-run target criterion (C.21) as
> (o + a20f) Esgron = ASoFi (x) = (1= ) [C(1)a— Ao (1= B0) "] — azagy

k=0

iy Z QZEt—lthrk—l — A SeFyo1 (7).
k=0

Premultiplying each of the infinite sums by the sum of coefficients

o

[Sﬂ-g, Swo] = Z (ak + O-’Qak)

[Sr1, Suw1] = —asa + 1y Z CVZ,
k=0

and dividing on both sides by S, we can equivalently the rewrite the above long-run target

criterion as in (3.6) — (3.7), i.e., as

Fy (7)) + ¢, F) (w) + L F (2) = (1= 03)7" + 0, FLy (7) + 0, FL ) (w) + 07 F o () (C.30)

where
* o SwO * )\xsx
¢w B Sﬂ'D ’ gbaz B ST(O
Sﬂ'l Swl
T Sﬂ'o ) w SWO ) x gbzul

and the constant 7* is given by

=1 =p)[C(1)a— X (1= 50)&"] /(Sxo — Sm1).
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The constant 7*. As explained in section C.1, the constant a is arbitrary. It follows from
this that the constant 7* is similarly arbitrary: rules with different values of 7* bring about
equilibria that are each optimal, under a suitable choice of the initial constraints. As noted
in the text, in this model there is no welfare significance to any absolute rate of inflation, only
to the rate of change of inflation (and to wage inflation relative to price inflation). However,
we find nonetheless that an optimal policy rule must involve some long-run inflation target
7*, that remains invariant over time. For purposes of our comparison between historical
policy and the optimal target criteria, we assume a long-run inflation target equal to the
long-run value for inflation under historical policy, as implied by our estimated VAR model

of the historical data.

C.3 Historical Time Series for the Target Criteria

This section describes the calculations underlying section 3.3 of the text in which we assess
to what extent, under actual policy, the evolution of projections of inflation, the real wage
and the output gap have satisfied the optimal target criteria. To perform the projections of
future variables, we use the structural VAR (2.2) which we can rewrite in terms of deviations
from a long-run steady-state as

Z, = BZ,_, + Uég
where Zt =7, —7"and B=T7'A, U =T"". The vector Z, is given by

_ ~ ~ A /
Zt: Ztawt+177rt+17)/t+l7lt—17wt77rt7)/;7Zt—27wt—177rt—lay;f—1i| 9

and its long-run value satisfies Z" = (I — B)_1 T~1a. Because we assume that the errors &
are unforecastable, the VAR has the property that EtZHk = Bth for all k£ > 0.

Using this, we can compute for each date ¢ the weighted average of future inflation
forecasts as follows

Ft <7T> = Z OzZEtﬂH_k = Z CYZPEtZt_i_k_l
k=1 k=1

= 7TZT+PZAt,
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where P is a (1 x 12) vector with a 1 in the third element and zeros elsewhere, 7" = PZ"",
and P = P ZZ; af B¥1. Similarly, we can compute for each date ¢ the weighted average

of real wage forecasts

F, (w) = Z ay Bawgyy, = WZt,

k=1
where W = W Z;O:l o B*1 and W is a (1 x 12) vector with a 1 in the second element and
zeros elsewhere. (Note that the long-run value of the variable w, i.e., the percent deviation

in the real wage from its trend is zero).

C.3.1 Short-run target criterion

A historical time series for the adjusted inflation projection (3.3) is obtained by computing

for each date ¢:
Fy(m) + ¢ [Fi (w) = w)] = (7" + PZ,) + ¢, (W2 — WZ, )

A historical time series for the optimal target (3.5) is then obtained by computing for each

date ¢:

Eyy {F, (7) + 6y, [Fy (w) — w)]} = (7" + PBZy 1) + ¢, (WB = W) Z,_1.

C.3.2 Output gap projections

In addition to inflation projections and real wage projections described above, the long-run
target criterion (3.6) — (3.7) involves also projections of the output gap. This raises some
difficulties that we address in this subsection.

Let us first consider the simple case in which the natural rate of output displays only
negligible fluctuations. In this case, the output gap considered in the target criterion (3.6)
— (3.7) corresponds to the deviation of (log) real output from a linear trend (as is the case
in Figures 12 and 13 of the text), i.e., to the time series Y; used in the VAR. The weighted

average of future output gap forecasts with the weights used in (C.29) is then simply obtained

110



by computing

F(Y) = E Y oiYek = ERZvs = RB*Z,
k=1

where

R=10,0,0,0%,0,0,0,03,0,0,0, 7] .

Again, we note that the long-run value of the variable Y, is zero and that ay = 0 for all
k> 4.

We now turn to the alternative case in which fluctuations in the natural rate of output
are recovered from the residuals to the estimated equations of the model. First, we note that
the weighted average of projection of future output gaps relevant for the target criterion

(3.6) — (3.7), i.e., with the weights used in (C.29) satisfies

Ft (I’) = Et Z OéixtJrk = S;lEt [—5$+1 + (1 + 5(52) Lo — B&Uﬂrg}
k=1

= S;'E{(1-B0L7") (w2 — 0mpi1) } - (C.31)

Second, we multiply the price inflation equation (2.14) by &, and add it to the wage inflation
equation (2.11) multiplied by £, to obtain

Eubpli {[wp+wuw + 0 (14 817) — onL — L™ 20} = [€, + B (60 + &) 7] ™

- (S’wﬁ)/p + €p7w> Tt—1 — ﬁwat—lﬂ—t-‘rl + gpﬂ—:fu - ﬁngt—lﬂ-;u—f—l + gwngt—llU“t

It is convenient to note, using (B.17), that the left-hand-side is in fact equal to

EuépUoEi {(1 - 551—71) (z — 51}71)}

where 0 < § < 7 is the same value as the one entering the policymaker’s objective function,

and where ¥ = n/0 > 1. Next, using the wage identity (1.31) to substitute for 7}’, we obtain

EulPpEa {(1=B6L7") (w = dmn)} = (€u+&,) (14 87,) 7 — (€7 + §70) T
—f (fw + §p) By am — §wir + 6, (1+ B)w,

=B pErawit1 + Eup 14y (C.32)
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Thus, by combining (C.31), (C.32) and noting that Eu, , = 0, we obtain a historical time

series for projections of future output gaps

Fi(z) = S;'QFEZi»

= S7'QB*Z,.
where
s Blets) 148 (@tE)(1H8n) 1 (Gt &)
C= 0 T ety M aie T acie UV Teae T agoe 0

Again, it turns out that the constant QB?Z" is equal to 0 when Yp = Yw = 1, which is the

case that we consider here.

C.3.3 Long-run target criterion

A historical time series for the projections (3.6) is obtained by computing for each date ¢:
Fy (7) + 03, F (w) + @38 () = (7" + P*2,) + 65, W 2, + 638, QB2

where the weights af* and a}’* are those underlying (C.30), and P* = pzzozl af* B
W*=W Zzozl a¥*B%=1 Similarly, we can compute a historical time series for the optimal

target (3.7)

mo= O F (1) + O FL (W) + 0, (o)
= 7405 (774 P i) + O, W 2y + 05,1 QB 2,

where the weights af' and a! are those underlying the weighted sums on the right-hand

side of (C.30) and P! = }32:;1 aftBFL Wt = WZZ; a¥!BE=1 Note that the weighted
averages [} (x) and F;_; (z) are identical.

In the case that the natural rate of output displays only negligible fluctuations so that
the output gap considered is Y,, the contribution to the projections due to output gap
fluctuations is given by

o' F, (Y) = ¢ RB*Z,.
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The contribution to the optimal target due to output gap fluctuations is then given by

Q;Ft_l (Y) - 9;RB2ZAt_1.
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