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1 Large-sample properties of estimators of UQPE (1)

The first obvious aspect of the three estimation methods of UQPFE (1) is that all of
them are based on using sample quantities fy (¢-) and @,. The density appears in the
estimation of the parameter c; ; whereas the sample quantile is important by itself in the
replacement of 7} by T.. Because the estimated density is used instead of the true one,
our UQPE (1) estimators will be nonparametric in essence, and therefore will converge
at a slower rate than the usual parametric estimator. We will state the results regarding
order of convergence and the asymptotic distribution of our estimators. Before that, we
invoke the following assumptions that will be used throughout this appendix and that

concern the distribution of Y.

ASSUMPTION 1 [Conditions on the distribution of Y| (i) Fy (-) is absolutely con-
tinuous and differentiable over y € R and fy(y) = dFy (y) /dy; (i) [y fy(y)-dy < oo;
(iii) fy(-) is uniformly continuous; (iv) [ |fy(y)|-dy < oo; (v) fy(-) is three times dif-
ferentiable with bounded third derivative in a neighborhood of y; (vi) for 7 € (0,1), the
sets Y, = inf, {Fy (q) > 7}, are singletons and their elements q, € Y, satisfy ¢ < 00
and fy(a;) > 0.

We divide this section into several parts to facilitate the exposition. The first part
concerns the rate of convergence and the limiting distribution of the components of
RIF (y,@r). Then we establish the results for the estimators of UQPFE (7).

1.1 Components of RIF (v, )

All estimators will involve fy (¢r) and @, whenever ¢ ., T and Car are used. We now
establish some useful results regarding the limiting behavior of those quantities. Before

that, let us suppose the following set of assumptions hold.

AsSuMPTION 2 [Kernel Function and Bandwidth| (i) Ky () is a bounded real-valued
function satisfying (a) [ Ky (y)-dy =1, (b) [|Ky (y)|-dy < o0, (c) [ K3 (y)-dy < oo,
(d) limy.o0 [y| - | Ky (y)| = 0, (e) sup, | Ky (y)| < 00, (f) Ky (y) = 5 [exp(—i-t-y)-
¢ (t) - dt, where ¢ (t) is the absolutely integrable characteristic function of Ky (+); (i) by
is a bandwidth sequence satisfying by = O (N™%), a < 1, and limy_ o /N - by - 03 =0 .

Now consider each individual component of RIF (¥,qr) =C1r T r+ Cor
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1.2 RIF — OLS: asymptotics

Specific assumptions for the particular estimators RIF — OLS' are:

AssuMPTION 3 [RIF — OLS| (i) E [ X - X7] is invertible and (i1) Cov [ X - T{Y > ¢, }]| #
0, (i) Evec(X - XT)-vec(X - XT)T] < oo, E[X - XT-T{Y > ¢;}] < o0; (i) c1+ -
E[I{Y > ¢:} | X =]+ cop = 2T,

The key result of this subsection is:
ProposITION 1 [RIF — OLS|] Under assumptions 1, 2 and 3

VN by - (3. =7.) 2

N(0,(E[X-XT])_ICOU[X,TT]-Cov[X,TT]T (E[X-XT)"- £72(qr) / K% (2 )

Proof of Proposition 1: We divide the proof into two parts. We first find the conver-

gence rate of the estimator and then derive its asymptotic distribution.



1.2.1 Order of convergence

The difference between the estimator and the population parameter is
Y=V ==V tV — s

where we define 7_ as the coefficient that we would compute if we were using the true
RIF:

N LN
i=1

=1
and v, is
Y. =(E[X - X)) E[X -RIF(Y;q,)].

The first term 7 — 7. can be obtained by rewriting 7_ as

N -1 N -
> X XJ) ) X - RIF(Y; )
=1

>
>

N -1 N
X, X;) X RIF(g)

i=1

+<ZXZ"XJ> DX (RIF(Y ) = RIF(YZ,qT))

i=1

N -1 N
Z X - XJ) : Z X - ((51,7 —cir) fm' +cire (fm - Tm') +Cor — 02,7')

i=1

i ((/C\lﬂ' - Cl,T) . (fT,Z' - (1 - T)) + Cl,ﬂ— : (fT,Z' - TT,Z') + Z]\T - qT)

10



therefore

17 =7l
1 & - 1 & .
- [ =. X, - X7 N @Gr—ar) = X (Tri—(1—
<N; ) <(Cl CI)N; ( ( 7))
Cl.r N -~ 1 N
T ;XZ (Tri = T0i) + @ =) ;XZ
1 N
S C'|/C\1,T_Cl,7'|' N;XZ(TTZ_(l_T))'
+C [y —eiqr| - ||+ ZXZ< )
017— 1 N
ZX ( - ) +C - |gr — q¢-| N'ZXi )
=1
but
1 N .
o ERCGIEDER EHCEES) )
N
= LN ZX R)/;aqTaqT)_E[XR(Y>Z]\T>QT)])
=1
< 0, (|E[X X7 E[E[R (V.3.q.) 3. X] 1X]]|*)
= 0, (IB[X - X7 E[Pr[g- <V <Gla- X] X))

- o, <HE Bl xr B s frgx @17 013 X] 1] -6 -0

QTGR

= |BX XTI 0, (Jd —a."?)

1/2)

11



and, therefore
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Therefore
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that is, the difference between the feasible and the unfeasible estimators determines the

rate of convergence.

1.2.2 Asymptotic Distribution
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and

Cov[X,T,] = E[I{Y >¢} X]—(1-1) E[X]
my(z) = E[E[I{Y >¢}|X]- X]-(1—-7) E[X]
— E[Pr[Y > ¢ |X]-X] - Pr[Y > ¢, E[X]

= Em,(X)-X]-(1—-7)- E[X]

= E[X-X"-7,—(1-7)E[X].

1.3 RIF — logit: asymptotics

We make the following assumptions:

ASSUMPTION 4 [RIF — Logit] (i) E [(A" (X707))* - X - XT] ds invertible for all 0% € R,
(i) [(1 — A(X70,)) - A2(X70,)] < oo, (ii) E[I{Y > ¢} |X =z] = A (270,).

The key result of this subsection is:

PropOSITION 2 [RIF — Logit] Under assumptions 1, 2 and 4

D

VN - by - (ch/P\EIRIF—logit (1) —UQPE (7)) —
V(05 ) B 007 6,07 [ 1))

Proof of Proposition 2: We divide the proof into two parts. We first find the conver-

gence rate of the estimator and then derive its asymptotic distribution.
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1.3.1 Order of convergence

We estimate UQPE (1) under the logistic assumption as UQ/}TERIF_IOQH (1), where!
T PO .
UQPERIF—logit (T) = /C\I,T : 97’ : N ) ;A/ (XZTQT) .

An unfeasible estimator of UQPFE (7) uses the unobservable variable T’ instead of T,

e~

and the true constant ¢,  instead of ¢; .. We call the unfeasible estimator UQ P Egp_j,4: (7):

—~—

N
-1 -
UQPERIF—logit (T) =Cir ;- N : ;A/ (XZTQT) ,
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N

— L XT — T
0, = arg max ; Ty X0, +1og (1 —A(X/]0,)).
We now find the probability order of W/FERIF_logit —UQPE (1):

HUQ/FERIF—zogit —UQPE (T)H

< HUQPERIF—logit - UQPERIF—logit (7')H + HUQPERIF—logit (1) —UQPE ()

I

where

'Remember that by the properties of the logistic distribution:

N(z) = A(2)-(1-A(2)
A(z) = N(2)-(1-2-A(2))
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and, therefore
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where 67 is an intermediate value between 6, and 6,. We now give names to the terms

above and find their convergence rates:

N
~ 1
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=1

N
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0, — 0, -6 — 0.

oy =1y —c1q]-
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Now we find a bound for the difference 97 — 97. Remember first that the first order

conditions imply that 57 and 6, are solutions to:
N
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i=1
N
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Thus,

.
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B (e (570 + (T 120

R R SRS
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The difference between the two solutions 57 and 57 is:
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Thus
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and the difference between the maximum likelihood estimator and the parameter will
also be O, (N~'/2), that is,

0. —0.| =0, (N"?).

Now we find the convergence order of each of the previous terms of the sum, from ¢, to
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We now find the order of convergence of the next part of the sum:
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1.3.2 Asymptotic Normality

VN by - (ch/P\EIRIF—logit —UQPE (7))
1 N
= VN by (G1r—c1s) 0, ¥ > N (XT0:) + 0, (1)

i=1

= /N by (G, —cir) -0, E[N (X76,)]
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.fY (QT)

2N (0.4 ) BN (0060 [ K ) a).

1.4 RIF — NP: asymptotics

ProOPOSITION 3 [RIF — NP| Under the assumptions for the Sieve-series approzimation
in Hirano, Imbens and Ridder (2003, Assumption 5) and assumptions 1 and, 2

UQ/FERIF—NP (1) —UQPE(7)
= % ' Z (Hi o (Xa)T- (P (1) = P (7)) - (Hig(ry (Xa)T - pge (7)) - N (Hie(r) (X)) Tpie (7))

+o, (N3c—1/2) .
Proof of Proposition 3:

1.4.1 Order of convergence

We estimate UQ PE (1) nonparametrically by means of UQ/FERIF_ yp (7):

—

1 idPrT —1|X X/]

UQPERIF—NP( =0 T

;
=1
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where the nonparametric estimate of dPr [T, = 1| X = z] /dx is

dPr[T, = 11X = 2] , : ~
[ dx| | (7) - Higry ()7 A (Hig() (2) P (7)) -

—~—

An unfeasible nonparametric estimator of UQPE (1) is UQPEgp_yp (T):

N

UQPEgp_np (T )—CLT'N'; dx ’
dPr TT/:\l/X =T~ ISCICONNY

[ da:| | =Pk (1) %'A (H(r)(2)hk (7))

where

P (1) = arg max Z Tri - Hi(r)(Xi)Tpge (1) +log (1 = A (Hi(r) (Xi)Tp (7)) -

pr(T)

—~—

We now establish the order of convergence of UQ/FERIF_NP (1) —UQPEgp_np (T):

HUQ/PERIF—NP (1) — U/Q\/PERIF—NP (T)H
varE)

,’T

1 & dPrTi\l/X X\ UQPE(r
Z( )|

S |/C\1,T - CI,T| .

+ |/C\1,7— - CI,T| .

N C1,r
1 dPr [T, :1|X_a:] dPr[I = 1]X = X
_ 1 dPr[T/_T|X_a:] dPr[T = 1]X = X]]
+ |Cl,7— - Cl,T| . d d .
i1 X X
Note that
i <dPr T, i\lTX XJ] UQPE(r )H ()
_ Ci,7 ’

as the unfeasible estimator will simply be an average derivative estimator whose proper-
ties have been already established in the literature (Hérdle and Stoker, 1989). The key
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is to derive the order of convergence of

i(dPr T _1|X_a;] dPr[TT/:;iTX:Xi]>H
< 1Pk (1) — ZHK<T N (Hy()(Xi)Tpg (1)) '
+ [P (7 ZHK(T N (Hg)(Xi) g (1)) = N (Hr(r) (Xi) TP (7)) H
< [[ox (1) = ZHK(T N (Hre(r)(Xi)Tpy (7)) '
+[ok (1) = pre (D)Mo (7) = ZHK(T T Hy(r)(Xi) - A (Hi(r) (X:) T (7))
+lpx () lok (7) — ZH%(T T Hy(r)(Xi) - A" (Hi(ry (X0)Tpi (7)) '
+ox (1) = pre (T)-[PK (7) = ZH%(T T Hy(r)(Xi) - A" (Hi () (X0)Tp5 (7)) '
+ [P (1) — ZHK<T T Hir) (Xi) - N (Hien (X0) o5 (1))

where py (7) is the pseudo true value pg (7) as

p (T) = argm;me [Pr[T: = 1|1X] - Hy(ry(X)Tp+1log (1 — A (Hr(r(X)Tp))]] -
Consider the following arguments:

1. Order of [|(pg (1) = pic (7))]I -

prc(r) = arg,, zero Y Hry(X)T- (Trs = A (Hactn (X)To (7))
o (1) = arg, zeroz Hie(r) (Xi)T - (Tm' —A (HK(T) (Xi)Tpg (7-))) .

i=1
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Thus,
Pi (1) = P (7)

<Z Hy(r)(Xi) - Hie(ry (Xo)T - N (Hi(r) (X3) TP (T)))

Z Hicir)(X) T+ (T = Tr)

Thus, to find the order of convergence of this term, we proceed as follows:

1(Px (T) = P ()

N
1
~ > Hy(X)T- R (Y, Gr, gr)
i=1
| X
< C-||sup Hg(r N R (Y 4r

= 0, (T(K)-N7?) =0, (K (N) N/
_ Op (Nc—1/2) :

where

sup Hg () (z)|| =T (K) = O (K),

zeX

but the length of the vector of polynomials depends on N at the following way:
K (N)=0,(N°) , c> 0.

2. Order of [[py (7) — p (7)|| and of [|px (7)]] :
We have

P (T) = px (T) + P (T) = prc ()
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but remember that
N
0= Hi)(X:) - (Tri = A (Hien)(X:) g (7))
i=1

= > Hicr(X0) - (Trs = A (Hisr (X0)pic (7)) = & (Hict (X0) i (7))

But

2

E

\/1—N . ZHK(T) (XZ)T ’ (TT,i —A (HK(T)(Xi)TpK (T)))

= tr (B [Hg(X) - Hi(X)T- N (Hg ) (X)Tpg (1))])
S C- K7

as Hy()(X) is a rotation of an orthogonal polynomial. Now under the hypothesis that
K*/N —0
75 (7) = pxc (DIl = O ((K/N)'?) .

Now consider the difference between pg (7) and py - (7) where is such that, according to
Newey (1995, 1997):

sup ‘ln(Pr [Tr =1|X]) —In(1 = Pr [T> = 1|X]) — Hg)(X)Tpo x (7‘)‘ <C- K%

zeX

where s is the number of derivatives of m, (x), and k the length of X. Following Hirano,
Imbens, and Ridder (2003):

ok (T) = poic (T)|| < C - K—/Cn).
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Thus

o (DI < ok (7) = posc (D] + [ 20,5 (7)]]
= O(K*/®) +T(K)
- O(K).

3. Order of

N i Higoy (Xa)T - N (i) (X3) o (7)) H :

N

1 , /

N ’ ZA (HK(T) (XZ)TpK (T)) : HK(’T) (XZ)T
i=1

< O ||sup Hyr(2)

zeX

% ' Z N (Hy () (Xi)Tpx (7))

< O(K)-0,(1) = Op (N°)

l

b I Hye (X0)T - i (X) - A (Hicin (X052 (7))

The derivative vector H }((7) (x) is just a linear combination of the original polyno-

4. Order of

mial vector
H%(T)(I) = A Hg(r)(2).

Therefore

N

1 >k

N > Hicry(Xi)T+ Hi()(X3) - A (He(r) (Xi) o5 (7)) '
=1

< C-tr (B [Hge(X) - Hgry (X)T- A (Hgr) (X) g (7))])

+C - €]l
= O(K)+ O, ([[€]l) = Op (K (N)) + 0, (K (N))
= 0, (N9),
where
£ = %'ZHK(T)(XOT'HK(T)(X')'A"(HK(T)(Xi) pi (1))
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Finally

[P5 (7) =

Z Hie((Xa)T - N (Hi () (X2)Tpic (7))

=0, (Nc 1/2) 0, (NC)_O (N2c 1/2)’

15 (7) = P (7l

N

1 *

N 2 Hicn (X)T Hie (X0) - A (Hie(r)(X) T (7))
=1

= 0, (N*71%) - 0y (N7V2) - 0, (N) = 0, (N*7),

AlPx () =

lpse (DI - WPk () =5

N
1 3k
2 Hin (X)T iy (X0) - A (Hie(r)(X) T (7))
=1

= O (N°)- 0, (N“'2). 0, (N°) = O, (N*1/?)

[0 (7) — ( M- 1ok (1) = P (7|
Z Hie(r)(Xi)T - Hie(r) (X)) - N (Hg () (X3) TP (7))

- 0LV 0, ) 0,49 0, ).

l

Z Hi(ry(Xo)T - Hie(r)(Xi) - A (Hie () (X) 0 (7))

= 0, (N*71)-0,(N) =0, (N3C .

l

[P5 (7) =

1 L (dPr T = 1| X = 2] dPr|T. = 1|X = X,
—-Z<[ X =a] dPr[T, =1 ])’

N — dx dx
= ||,0K( )|| [0k (7) = Prc (T) ]
ZH}qT T Hye(r)(Xo) - N (Hiery (X0) 03 (7)) || + 0p (N*7/2)
— O (N3c 1/2).
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and, therefore

UmRIF np(T) —UQPE (1)
Z Hi(o) (X)) (P () = P (1)) - (He(ry (Xi) T+ pic (7)) - A" (Hie (7 (X3) T (7))

+o, (N30—1/2) .
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