10 Appendix

10.1 Expected values

We often generate one series (price, consumption, inflation) as an expected discounted
sum of another (dividends, income, policy disturbances)

Y = Etzgjxt—i—j
Ty = b(L)Et

Task 1 Find a representation for y; = a(L)e;. The answer is (Hansen and Sargent

(1980)) (o) )
Lb(L) — 0b(8
Yt = (—L 7 > E¢.

Here’s why. Start by writing out

1 1
Z 6 Tij = 0L~ 1 mb([z){ft
bgc"it +b1€t,1 —|—b2€t,2 +...
 _ +(9b0€t+1> +¢9b15t +9b2€t—1 +9b35t—2 +...
Yo = +(92b08t+2) —|—<9261€t+1) +¢92b2€t +t92b3€t,1 +92b4€t72 +

—|—(¢93b0€t+3) +(93b18t+2) —|—<9362€t+1) —|—¢93b3€t +(93b4€t71 +93b5€t,2 +...

Now, y; is formed by simply getting rid of all the terms involving future £, ;, which I put
in parentheses. Next sum the columns. For example, the ;.1 term is

Obo + 6%, + 6%by + ... = Ob(0)

Thus, we can write

Y = — [0b(O) L' + 6°b(0) L + °b(0) L™ + ...] } £t

—b(0) [0L7' + *L 2+ 0L + ..] } €

{

S
_ { b(L)  b(O)oL }gt

{

Ezxample. Suppose
Ty = PTi—1 + Et.
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It’s easy to work out by hand that

‘ o 1 1 1
B3 iy = 0= =

L
i 1—pL p 1= p9
Etg ijtﬂ = Et
J=0

L(1—p0)—6(1—pL)
(1—pL) 1 0)
_ { I } 5
{ (1— pL 1 p9 }
&t

(1— pL) (1—p0)"

Our formula gives

just as it should.

Task 2, reverse engineering Suppose you have a representation for y; = a(L)e;

struct an x; = b(L)e; that justifies it by y, = E; Z;’io 0’ T4y We want

Lb(L) — 0b(6)

) =—7=9

Solving,
: a(L)(L —0) = Lb(L) — 0b(0).

Evaluate at L = 0 to find b(0)

a(0)(—0) = —b(6)d
a(0) = b(0)

Then substitute

) = Lb(L)—a(0)d
a(L)(L — 0) 4 a(0)0
) L
(L) = a(L)(1—60L7Y) +a(0)0L™!
) = a(L)—60L"" (a(L) — a(0))

That’s the answer.

We can also write the answer out explicitly:

b(L) = ao+amL+ayl?+asl®+ .. — 0L (L +apL? + ...)
= (ap —fay) + (a1 — Oay) L + (ag — Oaz) L* +
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le.
bj = a; —ajn (54)

We can check,

EtZijtﬂ- = EtZij(L)gtﬂ-
7=0 7=0

= L Z 0/ Z (ak - 9ak+1) Etj—k
j=0 k=0

= ((Zo — 0(11) Er + (a1 — Qag)ft_l + ((ZQ — 0(13) Et_o+ ...
‘|—9 [(al — 0@2)815 —+ (CLQ — 90,3) Et-1 -+ (Clg — 0&4) Et—92 -+ ]
+0% [(ag — Oas)e, + (as — Oay) gp—1 + (ay — Oas) 1o + ...]

= g€t + A1E4—1 + A2E4_o + ...

Our application. We have y;, = —¢ ' F, Z;io gzﬁ_jxtﬂ, ie. § = ¢! and we need to
multiply x; by an additional —¢ after we’re done. Equation (54) becomes

(L) = —¢la(L)—¢ L7 (a(L) - a(0))]
(

—pa(L) + L' (a(L) — a(0))
b(L) = (L' =¢)a(L) - L "a(0)

S

—

b

SN—
Il

10.2 The three-equation model
The standard three equation model is, in deviation form

Yo = LBy —ory

Iy Ti + B

T = BEime +

G o™t + O 1 EaTev1 + Oy oyt + Oy 1 Bt

it

1. Ezxpress in standard form.

Eliminating ¢ and r,

Y= B — 0 (%,oﬂt + (%,1 - 1) Eymi1 + @y oy + ¢y,1Etyt+1) .

(1 - 0%,1) Ewyin—o (%,1 - 1) By = (1 + 0%70) Yt + 0 0T
BE T = —7Y + 7y
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l l1-09¢,, —cT 1 l Eiyiia ] _ l l+09,0 00 1 l Yt }
0 B B - 1 ¢
lEtyt+1 } _ { = 01%1 ((1 — )) ] |:1+O-¢y,0 lof OB ] [yt }
Eymi 0 % - 1 1L ™

140 —oy(Pr1—1 x0T (@Pr1—1 r
[Etyt+1 } _ [ ®y.0 ”Y(¢ ,1 )//6 O¢ ,0 1(_‘72({,):1 )//6 ] Yy ‘|

1-0¢, 1
Eimi _% L | Tt

B

2. FEigenvalues

The eigenvalues of the transition matrix are

1+(7¢ ’0+07(17¢ ) 7r 0 (1 ¢7r 1)/5
’ 170‘¢y71 )\ o 1- U¢y 1 =
—/B 1/8—A

(1 + aqby,olta;(b:l— ¢x1)/B A) (1/6— N + o ((bﬂ,o —(1- %ﬂ/ﬁ) B = 0

[1 + 0%,0 + U’Y(l - @u)/ﬁ —A (1 - 0%,1” (1 - )\5) +oy (¢7‘r,0 - (1 - @m)/ﬁ) =0

0 = 6(1—0'(;5%1) |:(1+0-¢y0+0-7( ﬂl)/ﬁ)ﬁ_’_(l_aqbyl)}
14+ 06,0+ 01— ¢p 1) /B + 07 (Gr0 — (1 — br1)/B)

B (1 - 0%,1) A — [1 +B+0y(1 =) +0Bb, 0 — U%,J At 1+00,0+070.0=0

If O-gby,l 7£ 1a

1
A= 23 (1_0%71) {1+5+0’7 (1—¢w,1)+05¢y,0—0¢y,1

jZ\/(l +B8+07(1=¢p1) + 0By — C’¢y,1>2 —43 (1 —0¢,,) (14 00,0+ U%bn,o)}

Ifog,,; =1,
B (1 - 0%,1) A — [1 +B+0y(1 =) +0Bb, 0 — U%,J At 1+00,0+070,0=0

—[B+07(1 = 1) +0Bb | A+ 1+ 00,0+ 07,0 =0

1 +o (¢y70 + 7¢W,0)
p+o [7(1 — ¢n1) + 5%,0}

A:

3. Characterizing the region of local determinacy
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To find the regions of determinacy, write

A = 2—2(1&@)

a = f (1 — U¢y,1)
b 1+B8+0y(1—¢ry) +0B0,0— 00y,
c = 1+0d,0+ 07,0

The boundaries ||A|| = 1 are as follows.
1) 0¢,, # 1, real roots b* — 4ac > 0, A = 1:

(¢7T,0 + ¢7r,1 - ]-) + % (¢y,1 + ¢y,0) =0

2) 09,1 # 1, real roots b —4dac >0, \=—1:

1 1
(1 + Qro — ¢7r,1) - L/B (%,1 - ¢y,0) = _2( :ﬁ)
Y
3) 0¢,; # 1, Complex roots b? — 4ac < 0,
1
VPrpo + Pyo+ Loy = B—
) op,, =1, A=1,
1—
¢7r,0 + ¢7r,1 + (a—,}/ﬁ) (1 + a¢y,0) =1
5)0¢,; =1, A =~1:
1
¢7r,0 - ¢7r,1 + ( ;:}/6) (1 + 0¢y,0) =-1

Special cases used in plots

1. only ¢,

)\:% ((1+ﬁ+m)i\/<1+6+07)2—45(1+0’V¢m0)>

The condition for real roots is (1 + 8 + o) — 44 (1+07¢.0) > 0. The ||| =1 regions
are then

¢7r,0 =1

48



for complex roots, we have

2. ¢7r,07 ¢7r,1

A= 216 (1+5+g7(1— 1) i\/ (1+B+0y(1—¢,1))° —46(1+07¢no)>

The boundaries ||A|| = 1 are as follows.

1) Real roots, A =1
str,[) + str,l =1

2) Real roots, A = —1

QSTI',O - ¢7r,1 (1 + 2( —:/B))

3) Complex roots

In the case ¢, = 0, we have

/\2:— =
Al 54ﬁ B

in the entire complex root region. (The complex root region in the plot with ¢, , = 0 has
a very small band of real roots surrounding the plotted complex roots, and these decline
quickly to one at the plotted boundary.)

Detailed algebra for determinacy regions:
1) 06,1 # 1, real roots, \ = 1.

i <b:|:\/b2 —4ac> =
a

b+ Vb2 —4ac = 2a
V¥ —4ac = (2a—0b)°

0 = (1 + B+ o0y (1 — ¢n,1) +0B¢,0— ngy’l)Q — 44 (1 — U%,l) (1 + 0,0+ a’yqﬁmo)
- (26 - 25‘7%,1 - (1 + B+ o0y (1 - ¢7r,1) + 05%70 - ‘7%,1))2
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0 = _405¢y,0 - 4ﬁa¢y,1 + 4025¢y,0¢y,1 - 4607¢7r,1 - 4607¢7r,0
_4602¢y,17 - 4/620-2¢y,1¢y,0 + 4062¢y,0 + 460-7
+4520¢y,1 - 45202¢;1 + 4502¢12/,1 + 4502¢y717¢ﬂ',0 + 460-2¢y,17¢7r,1

0 = _¢y70 - ¢y,l + U¢y,0¢y,1 - ’7¢7r,1 - 7@571'70 - O-gby,l’y - 60¢y71¢y70
+ﬁ¢y,0 + Y + 6¢y,1 - 50-¢g3,1 + 0¢§,1 + U¢y,17¢7r,0 + 0¢y717¢7r71
(1 - U¢y,1) (6¢y,1 - st,l - st,() +7+ ngy,O - 7¢7r,0 - 7¢w,1) =0
(1 - U¢y,1) ((5 - 1) (¢y,1 + ¢y,0) -7 (¢7r70 + ¢7T71 - 1)) =0
We have already assumed ¢, ; # 1,50

(5-1)

v (qby,l + ¢y,0) - (?bmo + ¢7r71 — 1) =0

1—
(na+ 0rs = 1) + 7= (041 + 6,0) =0

This identifies parameters at which one eigenvalue is equal to one. We also have to check
that the other one is greater than one.

2) 0¢,; # 1, real roots, A = —1
1
% <b+ Vb2 — 4ac) =-1

V2 — dac = (2a + b)°

0 = (1 + B+ oy (1 — Cbﬂ,l) +0Bd, 0 — U¢y,1)2 — 44 (1 — U¢y,1) (1 +0d,0+ 07%,0)
— (28— 2800, + (1+ B+ 07 (1= bpy) + 08,0 — 00,,))°

0 = _405¢y70 + 1260-¢y71 - 862 - 85 + 4025¢y,0¢y71 + 460-7¢7r71 - 460-7@571'70
+4502¢y717 + 4620-2¢y,1¢y,0 - 4062¢y,0 - 460-7
+125%0¢, — 45°0° 6, | — 40>, 1 + 4B0°P, 17r 0 — 480°6, 170

(0%,1 - 1) (—50%,1 —0¢, 1 +0Bb, 0+ 0V + b0+ 0VPrg— OV + 2+ 25) =0

—Body — 0@y + 0B+ oY+ 0P 0+ 0V g — 0V +2+20=0

(1 + 6) (¢y,1 - ¢y,0) + Y (¢7r,1 - ¢7r,0 - 1) = (1%‘_6)
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1
(¢7r,1 — Gro— 1) + ( :ﬁ) (%,1 - %,0) =2 =
1 1
(1 — Gpq T ¢7r,0) - Lﬁ) (%,1 - ¢y,0) = _2( :5)
Y
3) 0¢,, # 1, Complex roots,
1
5E@ivw—mg —1
(0= /T = 4ad)ll) (b+ i/ = 4a)]) = 120l

0+ |2 = 4ac)) = (20
the roots are complex because b? — 4ac < 0
(6% — (b* — 4ac)) = (2a)°
4ac = 4a’
c = a
1+0¢,0+0v0.0 = B(1—0¢,,)

o+ b0+ B, = D=L

> .

In the special case 0¢, ; = 1, we have

)\ — 140 (6,0 +70x0)
6 +o [r}/(]— - ¢7r,1) + ﬁqsy,O}

HhA=1:
1+o (gby’o + wgb,r’o) =0+0 [7(1 — ¢p1) T 5%,0]
1-p
— = 1= r1) +B0y0 — (b0 + 19r0)
! ;/B = - (%,1 + Qo — 1) + (6 - 1) ¢y0
1— 1-0
S (gt - )+
1—
(¢7r,0 + ¢ﬂ,1 - 1) = _% (1 + U¢y’0)
1 —
¢7r,0 + ¢7r,1 + % (1 + O'Qﬁ%o) =1
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1+o (%,0 + ’Y¢7r,0) =—f—-0 [’Y(l — ¢np1) + 5%,0}
1 1
(14 ¢po—br1) = _( ;;6)0%,0 - :76
(14 pg—bp1) = — (1+5) (1 + 0%70)

1+
str,[) - ¢7r,1 + ( B)
oy
10.3 Estimated coefficients.

This section derives Equations (20) and (21).
The system is

(14+0¢,,) = -1

v = By —org+ag

i = T+ By

T = BEme Y+ T

iy = QT+ Ty

Eliminate 7,7 to express the model in standard form,

B = ytori—ag
Eimipn = Qume+xy — 1y

BEmit1 = T — VY — Tt

B = yi+o(Eymgr — 0pmy — Tit) — Tay

o o
Eyirn = y+—=m——

g
3 67% - Bx
Ewyi = (1 - %) Y+ o (% - %)

Thus, we solve

wa ] [1-F 500 1 -3
T41 —% % 0 —1
Tar+1 | = 0 0 pg O
Trt+1 0 0 0 p.
Tit+1 0 0 0 0

02

Ty —

T U¢W7Tt — 0Ty — Tgg

Yt
Ty

Lt
Lt

St — O — Ty

5yt+1
57rt+1
Edt+1
Emt+1
Eit+1



Taking eigenvalues and eigenvectors of the transition matrix, we can express the solution
as

Zat = PgRdi—1 T Edt
Zrt = Prlut—1 + Ent
Zit = PiZit—1 t Eit

lyt}:ll—pdﬁ Ugl—(1+pﬂ)ﬁ+¢ﬂ52) 1—pB8 1]

v PO tor=5 v || T

o = (1= pg) (1= pgB)+0v(pg— ¢r)) Zar
Tnt = ((1 - pw) (1 - Pwﬁ) + oy (Pw - ¢7r)) Bzt
zie = (L=p;) (L= pB) +0v(p; — br)) [0zt

it = OpT + Tt
What do you get if you regress i; on ;7
b = ¢+ cov(my, xyy) Jvar(m,)

Since 7; loads on the shock z;;, the covariance is not zero.

var(m) = 0%+ [B2(1 = p) + oy (1= B)]" 0%, + 4202,
cov(my,zi) = (1—p;) (1= pB) +0v(p; — &) (v/0) 0%

covimrva) __[(1L=p) (1= pif) + 07 (i = 0)] (1/0) o
var(m) 2o+ [5 (1= po) + 07 (1= B)] o2y + 720

In the special case that the m and d shocks are zero, we have

cov(my, ki) (1 —p;) (1= p,58)

var(m;) - oy + (pi — ¢x)
The ¢, cancel, so the answer is
g 1—p;) (1= pf
5 = d=pl ) 45,

oy
To evaluate the expected-inflation rule, the system is now

v = By —ory+ va

Ut Ty + By
T = BEme Y+ T
i = O T+ ay

53



Eliminate 7, r to express the model in standard form,

Eyryn = y+ory—xg
(1 - ¢7r) Eimypn = xy—1y
BET 11 = T — VY — T

Ewyiyn = yi+o(l—0¢, )Em —oxy — xg
o
By = y+ _(1 - ¢7r) (7Tt — VYt — Tmt) — OTit — Ty

s
o o o
By = [1 -2 %)} Y+ (1= d)m — = (1 — &) xm — 0Tt — Tar
p B B
Thus, we solve
[ Yt+1 | -1_%<1_¢w) %(1_¢7r) -1 _%<1_¢7r) —o [ Yt | -5yt+1-
Tt+1 —% % 0 -1 0 Tt 57rt+1
Ta+1 | = 0 0 Pd 0 0 Tar |+ | Eat+1
Trt+1 0 0 0 P 0 Tyt Ert+1
| Tit41 i 0 0 0 0 pi 1 L Tt | [ Git+1
Taking eigenvectors, the solution is
Zdt = PgRdi—1 T Edt
Zrt = Prlut—1 +ent
Zit = PiRit—1 T Eit
2
lyt}:ll—%ﬁ 20(1—¢n)[1_5(1+%)] L —piB zdi
m v BA=p)+or1=-8)1—-¢) 7 .
g = [(1=pag) (1= paB) + 0vpg (1 — b)) 2ar
Tr = Bl(1=pr) (1= peB) + 079 (1 = )] 2t
1
T = o (1= p) (1= p:B) + 07p; (1 = )] 2t
i = O By + Ty (55)

Now, we want to run a regression of i, on F;m; 1. Again, I specialize to z4 = 2z, = 0.
Then,

Tt = Vem

Eimin = ypizi

With two or fewer shocks, we can recover the shocks from the observable variables, so
there is no issue that F; formed by observable instruments gives less information than E}
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formed on the full information set, i.e. seeing the z. Thus, when we run regression (55),
the result is

cov (T, VP Zit)

b = o+
var(yp;zit)
_ 6t L[(1=p) (L= pB) +oyp; (1 = ¢.)] 70
= ¢, A
o YP;
N CETA i)

a7P;

10.4 Identification in the three-equation model

This section presents the algebra for Section 4.3. The characterization of the determinacy
region is also used in “Inflation determination with Taylor rules.”

1. Ezxpress the model in standard form

Eliminate 4; from (41)-(41), to produce a system with two endogenous variables y, and
us’

Yt = Etyt+1_0 (¢ﬂ_70ﬂ't —+ (¢ﬂ.71 - ].) Etﬂ't+1 -+ Qﬁ%oyt + ¢y71Etyt+1 + X + eyl'yt + eﬂxﬂt)+$yt
(1=0¢, 1) Er1to (1 — ¢r1) B = (L4 06,0) yitod, gmitoxyt(00, — 1) 2y +00-

Express the model in standard form,

[ 1- 0Py o(l=¢r1) 0 0 0 1T v
0 15} 0 00 Tl
0 0 1 00 Lit+1
0 0 010 Tytt1
| 0 0 00 1| | Zaty1 |
[ 1+0¢,0 0¢rg 0 0b0,—1 00| [y ] [ Oyt
—y 1 0 O 1 s Ortrl
= 0 0 p; 0O 0 Tig | + | Eit+1
0 0 0 p, 0 Tyt Eyt+1
| 0 0 0 O Pr | | Tat | | Ent+1
_ - r o(1— 7T ~ - - -
Yt+1 1701(1)%1 _5((1,55(;:1)) 000 1+ Jﬁby,o U¢7r,0 o ob,—1 o0, Yt
Teiq 0 % 00 0 —y 1 0 O 1 T
Lye+1 0 0 01o0f]|Y 0 0 p 0 Tyt
e I 0 00 1]LY 000 P ] Lot ]

I ignore the errors, since the covariance matrix of the shocks has no observable implica-
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tions.

[ 140 oy(1— —(1— o0, — Or—(1—¢, T
Y1 + ¢y,01‘*‘_07¢(y71¢7r,1)/5 J¢r,01£0¢ﬁ:1)/5 1_00%,1 1_9;%1 o 1(_Uzy:11)/5 n
Tea1 /B 1/8 0 0 1/8 mt
Tit+1 =10 0 0; 0 0 T
Lyt+1 0 0 0 Py 0 Lyt
Trt4+1 0 0 0 0 Pr Lt

2. FEigenvalues of the transition matriz.

The eigenvalues of this transition matrix are p;, p,, p. and the eigenvalues of the upper

left-hand block,

1fo'¢>y71

—/B

These are the same as analyzed in section 10.2.

4. FEigenvectors of the transition matrix.

1+U¢y,0+07(17¢7r,1)/6 _ )\ O_¢7r,07(17¢7r,1)/5
1—0ody 1

1/6 -

A

I let Maple (in Scientific Workplace) find eigenvectors, using the compute, matrix,
nullspace basis command. The eigenvectors of the stationary eigenvalues p;, p,, p, are :

-1_6pi- -1_py6- -O[(1_6p7r)9ﬂ'_¢7r,0_p7r(¢7r,1_1)]-
Y v (1 - pﬂ') + 0-’7971' +o (¢y,0 + p7r¢y,1)
_%O‘i ; 0 ) 0
0 17379y Qy 0
i 0 1L 0 1L —Qur ]
where
a = (1—=p)(1—pB)+ovy (¢7r,0 + P (¢7r,1 - 1)) +o(1—8p;) (%,0 + Pi%,l)
Qy = (1 B py) (1 B pyﬁ) + oy (¢ﬂ,0 oy (¢W,1 B 1)) to (1 B ﬁpy) (¢y,0 + py¢y,1)
Qnp = (]‘ - pﬂ') (1 - pwﬁ) + a7y (¢ﬂ,0 + Pr <¢7r,1 - 1)) +o (1 - pﬂ'/8> <¢y,0 + pﬂ'¢y,1)
If , = 1/0, the second eigenvector collapses to
0
0
0
1
0
We now have the model solution, i.e.
Zt = 0%-1t1¢Et
Pi
0 = Py
Pr
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and

[ Z.t ] [ 1 ﬁpz I pyﬁ 9 [(1 - ﬁpﬂ') 07T - ¢7T70 — Pr (str,l - 1):| ]
Yt Y Y (1 - 107r) + O-fyeﬁ +o (¢y,0 + p7r¢y,1) Zit
Ty | = —%ai 0 0 2yt
Lyt 0 1—}79y Qy 0 Zrt
B xwt ] L 0 O _aﬂ- ]

5. Put interest rates back in

We can now add the model’s predictions for i; which is also observable

it = O ot + O 1 ExTigs + @y oyt + Oy 1 Eiirr + Tig + O0nZay + 0,y

= bro (Vait + 20t + (1= pg) + 070 + 0 (00 + Pry1)) Znt)
1 ((voizie +v0y 20 + (1= pr) + 07905 + 0 (b0 + PxBy1)) Prnt))
+0,0 ((1 — Bp;) zit + (1 - ﬁpy) 2yt t O [(1 —Bpy) 0x — bro— P (¢7r,1 - 1)} Zfrt)
+d,1 (1= Bp) pizie + (1= Bp,) pyzge + 0 [(1 = Bpg) 0 — brp — Pr (01 — 1)] Pr2mt)
+Tit + Op Tt + Oyt

= [V (Gro+ pitrn) + (1= Bp) (0 + pidy1)] 2it + Tt
+ [ (D0 + 2y0r1) + (1= Bpy) (D40 + Pydy1)] 2t + Oy
+ { [(1 —pr) t oV + 0 (¢y,0 + p7‘r¢y,1)] (¢7‘r,0 + Pnﬁbﬁ,l)
+o [(1 — Bpz) 0 — Do~ P (¢7r,1 - 1)] (¢y,0 + p7r¢y,1)} Znt + 02Ty

= [ Gnot2i60) + (1= 80) (60 + £0,0) = 2] 2

0
+|}7 ¢w0+py Trl) (l_ﬁpy) (¢y,0+py¢y’l)+1ayy9:|zyt
— of,

+ { |: ]' - pTI' + O”}/e +o (¢y0 + pﬂgby 1)} (d)rr,O + pﬂ'¢ﬂ',l)
+o |:(1 - 6p7r) - ¢TI’, — Pr (¢7r,1 )} (¢y,0 + pn¢y,1) - aﬂew} Zrt

Simplifying the terms,

(¢W0+pz¢7r1) 1_6101 (¢y0+pz yl)_%
= (¢W0+pz¢7r1) 1_6101 (¢y0+pz yl)
1
T ((1 —p;) (1= )+ oy (¢7r0 +p; ( 1 T 1)) +0o(1-5p;) (%,0 + pi¢y,1))
= ;- % (1=p) (L =p;8) = (1= Bp;) (Dy0 + piby1) + (1= Bp;) (by0 + Piby1)
1

= Yp; — ;(1 —p;) (1= p;B)
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a0,
1—o00,

Y (Br0 + Pybra) + (1= Bpy) (b0 + pyby1) +
= Y (r0+ PyPr1)

+1 _efﬂgy (L=p,) (L= p,8) + 07 (b0 + 1y (¢r1 = 1)) + 0 (1= 5p,) (&0 + £y y1))
+ (1= Bpy) (D40 + PyBy1)

oyl
= 7 (¢7r,0 + py¢7r,1) + 1 — 0'y9y
ey

+1 — o0 [(1 - py) (1 - pyﬁ) t+o (1 - 5,%) (¢y,0 + py¢y,1)] + (1 - pr) (¢y,0 + py¢y71)

(¢7r,0 + py (¢7r,1 - 1))

0
— (¢t pybea) + —2— ((1=p,) (1= p,B) — ovp,)

1—o00, 1—o00,
0
+1 i JyQy (1 a ﬁpy) (¢y,0 + py¢y,1) + (1 - pr) (¢y,0 + py¢y,1)
0 1
= 3 _70% (Ono+py0a) + 7 (L= ) (L= 0,8) —v0) + 5= (1= 5p,) (9,0 + ,0,)
1
= 1— o6 {7 (quﬂ + pygbml) + (1 - pr) (¢y70 + pygby,l) + ((1 - py) (1 - pr) - U’Ypy) Qy}
y

[(1 - pﬂ') + 07071' +o (¢y,0 + pﬂ'¢y,1)j| (¢7r,0 + pﬂ'¢ﬂ',1)
+o |:(]' - ﬁpﬂ') 07T - ¢7T70 — Pr (str,l - 1):| (st,[) + pﬂ'¢y,l) - a/ﬂ'eﬂ'

(L= pp) + 0707 + 0 (D0 + Pry1)) (6r0+ Prbrr)
—(1 = pg) (1= peB) 0 = 0V (D0 + P (61 = 1)) O — 0 (1 = poB) (B0 + PPy 1) bn
+o [(1 — Bpy) O0x — b — P (Qbm - 1)} (be,o + Pw%,l)
= (1= pp) (bro + L) + l070, — (1= pr) (1 = p3)] 0=
+o [(Cbﬂ,o + Pﬂ¢n,1) — (1= p.B) Qw] (%,0 + Pn%,l)
+o [(1 — Bp,) Or — ¢7r,0 — Pr (¢7r,1 - 1)} (%,0 + ﬂw%,l)
= (1= p0) (Pro + Purp) + (0702 — (1= pr) (1 = pB)] 0=
+o { (¢7r,0 + p7r¢7r,l) — (1= pB8) 0+ (1= Bp) 0r — r0— Py (¢7r,1 - 1)} (%,0 + p7r¢y,1)
= (1= pp) (br0 + Pxbr) + Px0 (D0 + Prdy1) + 0705 — (1= pr) (1 = p3)] 0=

6. Transition matrixz for all observables

Adding the 7; loadings on each z to the eigenvectors found so far, and ignoring the x
shocks, the transition matrix for observables has the following expression

Yt+1
T41 = Qz
41
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Yit+1 Pi Yt
T | =Q Py Q' | m | + shocks
U1 P i

[ 1-0p; ]
Q:,l = Y
| 0= 7 (L= p;) (1= piB3)
[ 1—Bp,
Q:72 - Y
L ﬁ {7 (str,ﬂ + py ) + (1 B pr) (¢y,0 + py¢y,1) + ((1 B py) (1 B ﬁpy) B U%Oy) 09}
(

m,1
[ O-|: 1_6[)# _QSTI',O_pTI' (gbﬂ,l_l)]
Q:73 = (1 - pw) + O-’Ye +o (¢y,0 + 107r¢y71)

L (1 - pw) (¢7r,0 + p7r¢7r,1) + Pr0 (¢y,0 + p7r¢y,1) + [U"}/pﬂ - (1 - pﬂ") (1 - pnﬁ)] eﬂ' ]

Q.1 and Q1.2 identify 3,~, 0. The remaining () are linear functions of the 0, ¢ parameters.
Furthermore, Q33 is redundant, —2(1—p,)Qs1+ p,Qs2 = Q3,3 Thus, all our information
about the ¢ and 6 parameters comes down to two restrictions,

{7 (bro + 0y051) + (1= Bp,) (S0 + £,0,1) + (1= p,) (1= Bp,) —o7vp,) b} = %

(1—=p,)+0ov0-+0 (%,0 + Pw%,l) _ Q13
g [(1 - ﬁpw) 97!’ - ¢7r,0 — Pr (¢7r,1 - 1)} Q273

v
v(1—0b,)

7. Solving explicitly for ¢,0 that are observationally equivalent to a given ¢*, 0"

Q comes from ¢*, 6" :

v (¢7r70 + py¢w,1) + (1 — ﬁpy) (¢y70 + py¢y,1) + ((1 — py) (1 — ﬁpy) — U%Oy) 9y

v(1—ob,)
7 (ﬁb;,o + pygb;kr,l) + (1 B pr) (¢Z,O + Py¢Z,1) + ((1 B py) (1 B pr) B Uw)y) QZ
N ¥ (1 — 092)

(1= pp) + 0790+ 0 (b0 + prtdy1)
o [(1 — Bpy) Ox — bro — P (¢7r,1 - 1)}
(1= pp) + 005 40 (60 + Pty 1)
o [(1=Bp) 0 — g — pr (027 — 1)]

Working on the first equation

(7 (quﬂ + pygbml) + (1 - pr) (¢y70 + pygby,l) + ((1 - py) (1 - ﬁpy) - U’pr) gy) (1 - 09;)
- (7 (¢jﬂ0 T pyqﬁ;l) + (1 o pr) (¢Z,0 - Py¢Z,1) + ((1 o py) (1 o pr) o U%Oy) ‘92) (1—o00,)
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define ¢ = ¢ — ¢, etc.,

Y (fr0t 2y0ns) + (1= 80,) (B0 + £,y ) + (1= p,) (1= Bp,) = 070,) By
- (7 (¢7r70 + py¢w,1) + (1 - pr) (¢y70 + py¢y71) + ((1 - py) (1 - pr) - U%Oy) 9?!) (002)
= (v(8r0+pyra) + (1= Bp,) (S50 +2,051) + (1= py) (1= Bp,) —ovp,) 0;) (—00y)

xyt = 2y
(r—2")y +a'y" = 2" (y—y")+a"y"
(z—2"y" = 2" (y—y")

Y (Sr0t 2y0ms) + (1= 80,) (B0 + 2,0y ) + (1= p,) (1= Bp,) = 070,) B,
~ (7 (br0+ 2ynn) + (1= B80,) (B0 + 2,0y ) + (1= p,) (L= Bp,) = 07p,) B,) 06}
= (7 (610 + py050) + (1= B0,) (G0 + 2, 850) + (1= p,) (1= Bp,) = 070,) ;) (0,

(1 - 09;) Y <éz~57r70 + py&ﬂ,l) + (1 - ﬁpy) (1 - 00;) (gby,(] + py&y,l)
+(1=00,) (1= p,) (1= Bp,) —1p,) Oy
= (v (&0 +py051) + (1= Bpy) (90 +0y051) + (L= p,) (1= Bp,) —07p,) 0;) (—Uéy)

(1=003) {7 (30 + y0r) + (1= 8p,) (S0 + £,0,1) } =
= —{ov(dho+p,051) +0(1—=08p,) (¢50+p,051)
+((L=py) (1= Bpy) —orp,) 00 + (1= 00;) (1= p,) (1= Bp,) —ovp,) } by

0 = (1=00) {7 (Gra+ pydm1) + (1= B0,) (0% 0,6,1) }
+ {07 (950 + py051) + 0 (1= 5p,) (0 + p,05.) + (1= p,) (1= 5p,) —o7p,) } 0,

0 = (1 - 09;) {’Y (CBW,O + ﬂy(BTrJ) + (1 - ﬁpy) ((By,o + Pygby,l)}
+ {7 (Dro + py0n) + (1= Bp,) (650 + £y 51) } o0y + (1= p,) (1= Bp,) = op,) B
Working on the second equation

(1= pa) +0V0x + 0 (byo +Peby1) (1= pg) + 0707 + 0 (S0 + Pry1)
9 [(]‘ - /Bpﬂ) 97T - ¢7r,0 — Pr (¢7r,1 - 1)] 9 [(1 - /61071') Q:r ¢* — Pr (¢TI’ 1 1)]
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(L= pg) +070x + 0 (b0 + pr?y1)) [(1 = Bpr) O — Gg — pr (D51 — 1)]
= ((1 - p7r) + 0-’7‘9::' +o (QSZ,O + p7r¢271)) [(]‘ - /Bpﬂ‘) 97r - ¢7r, — Pr (gbﬂ,l 1)]

((1 - pﬂ') + O-,ygﬂ +o (gby,O + pw¢y,l)) |:(1 - 6pﬂ') e;kr - (Qs;kr,ﬂ + pﬂgb;kr,l) + pﬂ'i|
= (A= po)+ 0705 +0 (50 + Px0s1)) (1= Bog) Ox — (Pro + Pabrr) + Px)

xyt = 'y

*

(z—2")y" = 2" (y—y")

(0907 + 0 (B0 + abyn) ) [(1 = B02) 03 = (G50 + ps6a) + 1]
= ((1 —pp) toVl, +o (%70 + p7r¢y,1)) [( - BPn) ™ <¢7r,0 + p7r¢7r,1):|

0={[(1=Bp,) 0% — (¢%o+ prtin) +px) 07— (1= py) + 0705 + 0 (80 + prtsr)) (1 — Bpr) } Or

+ [(1 - ﬁpw) Q:r - (Qs;kr,() + IO7I'¢>|T<I',1> + p7l'j| o <€}y,0 + pw&yﬂ)
(1= p2) + 0905 + 0 (30 + px051)] (B + Pors )

0 = {(1—=P8p,) 0705 — 07 (¢ 0+ prdiy) + 070, — (1= p,) (1= Bp,)
o (1 - ﬁpw) 0"}/9:. -0 (1 - /Bpﬂ') (¢;,0 + pn¢z,1)} éﬂ

[(]‘ - /Bpﬂ') (¢7r 0 + pﬂ'¢7r 1) + pTl'i| (&Sy,ﬂ + pﬂ&y,l)
+ ((1 —pg) o0, +o (¢y,0 + p7‘r¢y,1)) ((Bn,o + Pngbw,l)
{ +U’Yp7r 1 — Pr ( /Bpﬂ') — a7 (¢;0 + pqu:r,l) } é
_U ]- _ﬁpﬂ') (¢Zo+pfr¢; 1> "
+ 1 _6107r) T (¢7r0+pﬂ'¢7r 1) +p7rj| (¢y0+p (} 1)

(1= pa) + 0905 + 0 (30 + 2631)) (P + s )

In sum, we have two linear equations in the 6 unknowns éﬂ, gEy, &smo, q?),r,l, q~by70, c~by71
0 = {(1—p,) (1=8p,) —ovp, + 07 (Do +p,051) +0 (1= Bp,) (&0 +p,051) } Oy
+ (1= 00) {3 (Pno+0,01) + (1= Bp,) (,0+9,0,1) }
0 = —{(1—=p) (1= Bp,) —0vpr + 07 (kg + prtir) +0 (1= Bp) (D0 + pry) } O
+ (1= Bpr) 07 — (070 + paGra) + u) 0 <s~by,o + Pw%l)
+[(1= po) + 0905+ 0 (50 + p2651)] (Dm0 + Prn )
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8. Special cases
a) With § =0:

0 =« <s57r,o + pﬁ)ﬁ,l) + (1 - Bp,) (iy,o + pyéyJ)
0 = [(X=p)+0(d0+p0)1)] (c?%r,o + pﬂ?bml) + [pr = (Gr0+ Petir)] 0 (c?ﬁy,o + pﬂc?)y,l)

~ ~ 1— - -
0 = (Q%,o + Py¢w,1> + % <¢y,0 + Pyﬁby,l)
Opr — 0O (@bjr,o + pﬂgzs;kr,l) ~ ~
l—p)+o (?bz,o + p7r¢2,1) <¢y70 i pw%’l)

0 = (&Sw,o‘l’f’w%g)"‘(

9. The identified linear combinations

Y 1- Pr +to (sz,o + Ioﬂ'gb'j;l)
A= /ypy Pr (1 ~— Pr +o (¢Z,0 + pw¢z,1))
I pr o (pﬂ' - ¢;,0 - pﬂ'qs;kﬁl)

(1 - 6py) py OPr (pﬂ' - ¢jr,0 - p7r¢;kr,1)

3

=
Q001
e e A ¢
= =] = o

I

(e

write this as

A

TPy Q2 Q2P
. Q1P Q3 Q3P

@ze\z:‘%\z@z
- o = ©
Il
o

y’
y7
The nullspace basis is :
asas (pr = py) a1, — Yasp,
0 Yz — QG
araop, —yasp, || vea (py — pr)
Yoz — Q1o 0

Thus, we can identify the two linear combinations

a3 (pr — py) Grp + (1c2p, — Ya3p,) Gy + (Va3 — 102) @, = 0
(ara2p, —yasp,) Gro + (Y3 — 1) dp 4 + a1 (p, — pr) y0 = O
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