C Technical Appendix

C.1 A Jump-Only Continuous Time Model

In this section, we describe an alternative to the diffusion-based model presented in sec-
tion §2, in which the DM updates her beliefs via a controlled Poisson process. For a deriva-
tion of this model, see Hébert and Woodford (2018). We informally demonstrate that, if the
cost of the Poisson signal is described by a Bregman divergence, Theorem 1 continues to
describe the DM’s value function, even though the beliefs follow a Poisson process as op-
posed to a diffusion. Formally, Theorem 1 and the results in Hébert and Woodford (2018),
taken together, imply this result.
We suppose that the DM’s beliefs follows the stochastic process

dqg; = —Yydt + y,dJ;,

where dJ; is a Poisson process with intensity y; (controlled by the DM), and y, is direction
beliefs jump (also controlled by the DM). There is a trivial restriction to ensure beliefs stay
in the simplex: y, + ¢, € Z(X) (let Y (q,) denote the set of y;, for which this holds). There

is also a non-trivial restriction,

viD*(q: +yillqr) < X,

where D* is a divergence , convex in its first argument, and ) is a positive constant that
indexes the tightness of the constraint.

We will assume that D* satisfies, for all sets of signals S, all T € Z(S), and q, ', {¢s}ses €
P(X) such that Y g Tqs = ¢,

D*(qllg)+ Y mD"(gsllq") = Y D" (gslg)-
ses ses
Note that a Bregman divergence (as defined in equation (11)) satisfies this condition with
equality. In Hébert and Woodford (2018), we prove that this condition leads to immediate
stopping after jumps in the dynamic problem.

The remainder of the model is essentially identical to the one described in section §2.
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The DM maximizes her expected payoff, subject to the aforementioned constraints:

Vig:) = sup E[d(qr) — (T —1)].
{s€Y (gs),ws>0},7>1

Anywhere the value function is differentiable and the DM does not choose to stop, the

Hamilton-Jacobi-Bellman (HJB) equation associated with this problem is

sup  W(V(g+y) —Vi(g) —Vy(q:)y)dt = kdt,
€Y (q:),¥:>0

subject to Y:D*(g; +yellgr) < x.
It immediately follows, by k > 0, that y;" > 0 and the constraint must bind, and thus
V(g +y7) = V(a) = Vglaq)y; = 0D (q: + ¥/ |a:),

1

where 0 = ¥~ k. Optimality requires that

V(g +) = Vala)y; — 0Du(q: +yillqr) > V(g +Y) —Vy(qr)y — 0D (q: +Y'||qr)

for all y' € Y(qy).
We now define, from the divergence D* and the initial beliefs g(, a Bregman divergence
Dy (-]

-), from an entropy function

H(q) = D"(qll0)-

We will guess and verify that the value function described by Theorem 1 satisfies these
equations, with this entropy function. We will assume, to keep the exposition short, that
the optimal posteriors are interior and that all actions are chosen with positive probability,
but neither requirement is necessary.

The envelope theorem and first-order conditions from the static problem (equation (14))

apply. By the homogeneity of degree one of the H function,

g4 - (ua — K — OHy(qa) + 0Hy(q0)) = q1, (ua — k) — 0Dr(qal|q0).-

Plugging this into the definition of the static value function, V(go) = qg k. Therefore, using

57



the envelope theorem and the above expression,

qp “va— (qa—q0)" - V4(qo) — 0D (gal|q0) — V (g0) = 0.

Thus, if V(q4) = g1 - ua, this expression is

V(ga) =V (q0) — (¢a—0)" Va(q0) — 0Dp(qallg0) =0,

and g, is a maximizer of this expression. We appeal to the “Locally Invariant Posteriors”
property shown by Caplin et al. (2018b): ¢, as a prior is a convex combination of the
posteriors chosen from ¢q, and therefore the same set of posteriors will be chosen with g,
as a prior, and hence it must be the case that V(g,) = ¢! - u,, as required.

By the definition of Dy,

V(4a) =V (q0) ~ (da —q0)" V4(q0) = 8D (¢all40),

and hence the first-order condition in the dynamic problem is satisfied. For any ¢’ € £2(X),

V(q)—V(q0) — (4" — q0)"Va(q0) < 0Dk (q'||q0)-

Consequently,

e(V(qd)—V(q0) — (¢ —q0) Vg(q0)) + (1 —€)(V(q0— €(¢' — q0)) — V(90) + €(d — 90)" Vy(q0)
< €0Dy(q'||q0) + (1 —€)0Dyu(V(q0 — (4 — q0)||90)
< £0D*(q'||90) + (1 —€)0D*(V(q0 — €(¢' — q0)40)-

Dividing by € and taking limits,
V(g") = V(g0) — (¢ —q0)" Vq(q0) < D*(¢llq0),

and hence optimality is satisfied.
Therefore, for any y = g, — qo, the static value function solves the HJB equation. For-
malizing this proof would require dealing with boundaries, and verification. Both of these

issues are technical but relatively straightforward in this context.
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C.2 Convergence to the Continuous State Model

For each of a sequence of values for the integer M, we assume a neighborhood struc-
ture of the kind discussed in section 4.2 with M + 1 states. The set of states is ordered,
XM =10,1,...,M}, and each pair of adjacent states forms a neighborhood, X; = {i,i+ 1},
forall i € {0,1,...,M — 1}. We will also assume that there is an M + 1st neighborhood
containing all of the states. Note that M indexes both the number of states and the number
of neighborhoods. We consider the limit as M — oo.

To study this limit, we need to define how the prior beliefs, g, and the magnitude of
the information costs vary with M. For the initial beliefs, we shall assume that there is
a differentiable probability density function ¢ : [0, 1] — R™, with full support on the unit
interval and with a derivative that is Lipschitz continuous. Using this function, we define,

for any i € XM
i+1

T M+1
e qu = / ~ gq(x)dx.

L

M+1

That is, for each value of M, the prior gy, is assumed to be a discrete approximation to the
p.d.f. g(x), which becomes increasingly accurate as M — oo.

For our neighborhood structures, we assume that that the constants associated with the
cost of each neighborhood, c;, are equal to M? for all j < M, and M~! for j = M. In this
particular example, the scaling ensures that the DM is neither able to determine the state
with certainty, nor prevented from gathering any useful information, even as M is made
arbitrarily large; moreover, the scaling ensures that the neighborhood containing all states
plays no role in the limiting behavior, so that in the limit all information costs are local. We
also scale the entire cost function by a constant, 6 > 0.

We also need to define the set of actions, and the utility from those actions. We will as-
sume the set of actions, A, remains fixed as N grows, and define the utility from a particular
action, in a particular state, as

i+l

S q(x)ua(x)dx

M+1

T
€l ua7M - T
€, dqm

Here, the utility u, : [0,1] — R is a bounded measurable function for each action a € A.*?

3 Note that we do not require the payoff resulting from an action to be a continuous function of x at all
points, though it will be continuous almost everywhere. This allows for the possibility that a DM’s payofts
change discontinuously when the state x crosses some threshold, as in some of our applications.
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In other words, as M grows large, the prior converges to ¢(x) and the utilities converge to
the functions u,(x).
We consider only the case of neighborhood cost functions with p = 1. Under these

assumptions, the static model of Theorem 1 can be written as

Vv(gm: M) = max 7ov1(@) (g pg - Gas) — 0 Y., aa (@)D (qa a1 qaas M),
nMe9<A>,{qa,Me@<xM>}aeAa§4 tan e g;, ‘

(23)
subject to the constraint that

ZTCN a)qam = qum-
acA

Here Dy denotes the divergence associated with the neighborhood-based cost function in-

troduced above, specialized to the particular neighborhood structure of this section and
p=1

D(qam||qu; M) = M*(Hy (qapm; 1, M) — Hy (qa; 1,M)) M~ (H (qu; M) — HS (qams M),

where Hy is defined by equation (18) in the main text and H® is Shannon’s entropy.
The following theorem shows that the solution to this problem, both in terms of the
value function and the optimal policies, converges to the solution of a static rational inat-

tention problem with a continuous state space.

Theorem 2. Consider the sequence of finite-state-space static rational inattention prob-
lems (23), with progressively larger state spaces indexed by the natural numbers M. There
exists a sub-sequence of integers n € N for which the solutions to the sub-sequence of prob-

lems converge, in the sense that, for some n* € P (A) and {q; € Z([0,1]) }aca ,
i) im0 Vn(gnsn) = Vn(q);
ii) lim,e @y = 7*; and
iii) for all a € A and all x € [0, 1), im0 Y.L T g2 = [ 2 (v)dly.

Moreover, the limiting value function Vi(q) is the value function for the following continuous-
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state-space static rational inattention problem:

Vv(q) = sup Y n(a) / a(X)qa () dx
€ P(A){9a€ PLipG([0,1]) }aca acA supp(q)

6 ' (gL (x))? 0 [ (d(x))>
—ZZ{n(a)/O —dx}+z/0 ICADNN

ach qa(X) q(x)

subject to the constraint that, for all x € [0, 1],

) m(a)ga(x) = q(x), (24)
acA
and where Z1,;([0, 1]) denotes the set of differentiable probability density functions with
full support on [0, 1], whose derivatives are Lipschitz-continuous. Furthermore, the limiting
action probabilities T*(a) and posteriors g, are the optimal policies for this continuous-

state-space problem.
Proof. See the technical appendix, section C.6. [

This theorem demonstrates that the value function, choice probabilities, and posterior
beliefs of the discrete state problem converge to the value function, choice probabilities, and
posterior beliefs associated with a continuous state problem. The continuous state problem

x:p),
defined locally for each element of the continuum of possible states x, with the expectation

uses a particular cost function, the expected value of the Fisher information 17" (

taken with respect to the prior over possible states. The posterior beliefs in the contin-
uous state problem, g,(x), are required to be differentiable, with a Lipschitz-continuous
derivative, on their support. This is a result; the limiting posterior beliefs of the discrete
state problem will have these properties. This restriction also ensures that the Fisher in-
formation is finite, so that the optimization associated with the continuous state problem is
well-behaved.

The static rational inattention problem for the limiting case of a continuous state space
can be given an alternative, equivalent formulation, in which the objects of choice are the
conditional probabilities of taking different actions in the different possible states, rather

than the posteriors associated with different actions. This is essentially the continuous state

analog of Lemma 3.

61



Lemma 4. Consider the alternative continuous-state-space static rational inattention prob-

lem:

1 1

_ 0 .

o) = s [ g ¥ puua(dr -5 [ g i p)as
PEPLipG(A) O acA 0

where P1ipG(A) is the set of mappings p : [0,1] = P (A) such that for each action a, the

function p,(x)*3 is a differentiable function of x with a Lipschitz-continuous derivative, and

for any information structure p € &1;pG(A), the Fisher information at state x € X is defined

Fisher X — (péz(x))Z
I (x;p) = é—pa(x) :

as

This problem is equivalent to the one defined in Theorem 2, in the sense that the information

structure p* that solves this problem defines action probabilities and posteriors

1 *
o) = [ awn@. 6w - 4)palx) 25)

that solve the problem in Theorem 2, and conversely, the action probabilities and posteri-
ors {m*(a),q}} that solve the problem stated in the theorem define state-contingent action

probabilities
] 7w (a)qy(x)
palx) = ———— (26)
(%) )
that solve the problem stated here. Moreover, the maximum achievable value is the same
for both problems: Vy(q) = Vy(q).

Proof. See the appendix, section C.7. [

C.3 Security Design and Acceptance with Certainty

In this section, we discuss the optimal security design application, and consider the possi-
bility that the seller designs the security to induce the buyer to accept with probability one.
In other words, the buyer’s “consideration set” in his rational inattention problem consists
only of L, instead of both L and R. As mentioned in the text, we have chosen the parameters

of our numerical example to ensure that, for all of the cost functions, the seller is better off

33Here for any x € [0, 1], we use the notation p,(x) to indicate the probability of action a implied by the
probability distribution p(x) € Z(A).
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inducing information acquisition (77, < 1) than avoiding information acquisition (77, = 1).
Note that the ;, = 0 case is equivalent to trading a “nothing” security at zero price, and
hence assuming 7; > 0 is without loss of generality.

Consider the buyer’s problem,
V(g;s,K) = max T T(s—K1
(q ) ﬂLE[O,]LQL,qRGy(X) qL( )

—O0m. Dy (qrllq) — 6(1 — ) Dy (qrl|q),

subject to the constraint that 7q; + (1 — 711 )gr = g. Rewrite the choice variables as §; =
mrqr and g = (1 — 71)gg, and use the homogeneity of the H function, so that the problem

1S

V(g;s,K)= max §F(s—K1)
dr.arer!!

— 0Dy (4r|lq) — 0DH(4r]|9),

subject to g7 + gr = g. Observe that the objective is concave and the constraints linear, so
it suffices to consider local perturbations.

Suppose that it is optimal to set 77, = 1, implying §; = q. Consider a perturbation to
4L = q — €qr, gr = €qR, for any arbitrary gg € &?(X). For such a perturbation to reduce

utility, we must have

—eqp (s — K1) — 0Dp (g — €qr||q) — 0€Du(gr||q) < 0.
Taking the limit as € — 0™, we must have, for all gg, and hence for the minimizer,

. T
min s—Ki1)+6D > 0.
qReg(x)CIR( ) 1 (qrllg) >

If this condition is satisfied, it is at least weakly optimal for the buyer to choose 77 = 1
and gather no information. Consequently, the Lagrangian version of the optimal security

design problem, subject to the constraint of inducing no information acquisition, is

max min q" (Kt —Bs)+A(qk (s — K1)+ 6Dp(grllq)) + o' (v—s),
seR¥ k>01>0,gre 2(X),0cR /Y]

where A is the multiplier on the no-information-gathering constraint and @ is the multiplier
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on the upper-bound of the limited liability requirement.

Defining gg = Agg, the dual of this problem is

min max g’ (Kt —Bs)+Gh(s— K1)+ 0Dg(Gr||q) + o (v—3s),
areR¥ wer™ serl k>0

which can be understood as

min 0Dy (Gr|lq) + o',
GreR™ oerX!

subject to
QR - ﬁq —o< 07

1-ghi <o.

The multipliers of this convex minimization problem are the optimal security design and
price. After solving the problem for gg and @, we can use the first-order condition to

recover the security design:
s — Kt =Hy(q) — Hy(qr)-

We use the convention that in the lowest state, the asset value is zero (eg v = 0), and there-

fore eg s = 0, and hence

efs = (ex—eO)T(Hq(Q) —Hy(gr))-

To implement the problem with the additional requirement of monotonicity for the se-
curity design, write the monotonicity requirement as Ms > 0, where M is an [X| — 1 x |X|

matrix. The dual problem is

. ~ T
. min y 0Dy (Gr|lq) + ©" v,
greR¥ wer™! per X

subject to
Gr—Bg—o+M"p <0,

1—q,€1§0.

As mentioned above, under our parameters it is not optimal for the seller to avoid in-
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formation acquisition. For completeness, we present the optimal securities that avoid in-

formation acquisition below. Note the shapes of these securities are very similar to their

optimal counterparts, although the level is often quite difference.

12 -
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—— Selling Everything
s Shannon Entropy
— Weighted S. Entropy
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Figure 5: Optimal Security Designs that Avoid Info. Acquisition by Entropy Function
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Figure 6: Optimal Monotone Security Designs that Avoid Info Acquisition by Entropy

Function
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C.4 The Linear-Quadratic-Gaussian Tracking Problem

Here we solve the problem in the calculus of variations stated in Section 5.4. We begin by

noting that the objective (21) that we wish to minimize is of the form

[ ) [ Flapao).pio)ix) dad,

where for each pair (x,a), the function

0 g°

F(a,f,g:x) = f-(a—x) + ir
is a convex function of the arguments (f,g) everywhere on its domain (the half-plane on
which f > 0). This can be seen from the fact that (for any fixed values of (x,a)) F(f,g) is
equal to f times a convex function of g/ f.

Given the convexity of the objective, the first-order conditions are both necessary and
sufficient for an optimum. The relevant first-order conditions are furthermore the same as

those for minimization of the Lagrangian

[ 9 [ Llapu(a).pl(x)in) da,

where

L(a,f,g:x) = F(a,f,g:x) + ¢(x)f. (27)

Here ¢(x) is the Lagrange multiplier associated with the constraint

/A pa(x)da =1 (28)

for each x € X, as is required in order for p,(x) to be a probability density function.

For given Lagrange multipliers, the problem of minimizing the Lagrangian can further
be expressed as a separate minimization problem for each possible action a. Then if we
can find a function ¢(x) and a function p,(x) for each a € A, with p,(x) > 0 for all x, such

that (i) for each a € A, the function p,(x) minimizes

/X 4(¥)L(@, pa(x), Pl (x): ) dx, (29)
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and (ii) condition (28) holds for all x € X, then we will have derived an optimal information
structure.
For the problem of choosing a function p,(x) to minimize (29), the first-order condi-

tions are given by the Euler-Lagrange equations

) 5 @) Ph0) = 4 L) 5. )0
or equivalently,
S0P 3)0) = 0 pa), P00 o)) + 5 |5 aupal), )]

In the case of the objective function (27), we have

oL 0, ,

W = (a_x)z 2 (Va(x))2 + o(x),
JL 0 ,
8_g = Eva(.X),

where v, (x) = log p,(x). Under our assumption of a Gaussian prior, we also have

—X
o?

< flogq(v)] =

Substituting these expressions, the Euler-Lagrange equations take the form

(@0 + ()~ 3 (4007 = SEZN 00+ i)

for all x and a.

In the case that 8 < 46, these equations have a solution given by
va(x) = Ala—Bx—(1-B)u], (30)

o(x) = [Bx+(1—PB)u][2— (Bx+(1—B)u)] —x* —2B(1 —B)o?,

where
2 0 1/2

which implies (given the bound on 6) that 0 < 8 < 1. Equation (30) is further observed to

A
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correspond to the density function p,(x) for a Gaussian distribution with mean
Elalx] = Bx+(1-B)u (32)

and variance

var[alx] = g = ¢’B(1-B) > 0. (33)

This solution for the distribution of a conditional on x further corresponds to a noisy rep-
resentation of the state, s = x + €, where the “observation error” € is normally distributed,
with mean zero and a variance v2, and independent of the value of x; and an estimate a of

the state given by the expectation of x conditional on the noisy representation:
a = E[x|s] = Bs+(1—-B)u. (34)

(This is of course the estimate that minimizes the mean squared error, under the constraint
that the estimate must be a function of s.)
The second equality in (34) holds if and only the variance of the observation error

satisfies
— =p1-1>0. (35)

The decision rule (34) then implies that the distribution of a conditional on x will be Gaus-
sian, with the moments (32)—(33).
Comparison of (35) with (31) indicates that the optimal degree of noise in the represen-

tation s is given by
2
Vo pe2p-1/2_ q1-1

as stated in the text. This is an increasing function of the information cost parameter 0, that
approaches zero (the limiting case of perfectly accurate representation, and hence perfectly
accurate estimation of the state) as 6 approaches zero, and becomes unboundedly large
(the limiting case of a completely uninformative information structure) as 6 approaches
the upper bound 45* from below.

In the case that & > 40*, instead, there is no solution to the Euler-Lagrange equations,
and we can show that there is no interior solution to the optimization problem. Instead, as
stated in the text, it is optimal to choose a completely uninformative information structure,

and to choose the estimate a = u at all times. This is because in this case, one can show
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that any information structure and estimation rule implies that

0
V = Ella—x)7 + JEI®)] > E[(x—p)’] = o7,
with the lower bound achieved only in the case that a = p with probability 1.
To prove this, we begin by observing that the Cramér-Rao bound for a biased estima-

tor>* implies that

E[(a_x)2’x] > (d/(x))z

— a(x) —x)?
> S @ -

where d(x) = E[a|x], and I(x) is the Fisher information. Thus

(@ (x))?

0 _
T 30+ (@)

4

)

7 (x))2

( (I)) + gl} + (a(x) —x)?
6'/21d (x)| + (a(x) —x)?

20%1d (x)| + (a(x) —x)°

2023 (x) + (a(x) —x)?,

Ela—x?l + 21 >

v

mint

_|_
+

v

v

where the next-to-last inequality follows from the assumption that 8 > 4c*. Taking the

expected value under the prior g(x), it then follows that
Vv > / q(x)[26%d (x) + (a(x) —x)*]dx. (36)

We wish to obtain a lower bound for the integral on the right-hand side of (36). To
do this, we solve for the function d(x) that minimizes this integral, using the calculus of
variations. Once again, we note that the integrand is a convex function of @ and @, so that
the first-order conditions are both necessary and sufficient for a minimum. The first-order

conditions are given by the Euler-Lagrange equations

2¢(x)(a(x) —x) = 20°¢ (x),

which have a unique solution a(x) = u for all x.

34See Cover and Thomas (2006), p. 396.
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Substituting this solution into the integral (36), we obtain the tighter lower bound

V> / ") (x— )P dx = o 37

But this lower bound is achievable by choosing @ = u with probability 1, regardless of
the value of x (the optimal estimate in the case of a perfectly uninformative information
structure). Hence a perfectly uninformative information structure is optimal for all 8 >
404,

This solution is not only one way of achieving the lower bound, it is the only way. It
follows from the reasoning used to derive the lower bound for V' that the lower bound can
be achieved only if each of the weak inequalities holds as an equality. But the bound in
(37) is equal to the bound in (36) only if a(x) = u almost surely; thus optimality requires
this. And the restriction that E[a|x] = u for a set of x with full measure implies that we
must have

E[(a—x)*lx] = (x—p)? + varfalx].

This in turn implies that
E[(a—x)%] = E[(x—u)?| + E[var[a|x]] = o + E[varlalx]].

Hence the lower bound can be achieved only if E[var[a|x|] = 0.
Given that the variance is necessarily non-negative, this requires that var[a|x] = 0 almost
surely. This together with the requirement that E[a|x] = u almost surely implies that a = u

almost surely. Hence optimality requires that a = u with probability 1, whenever 6 > 46*.

C.5 Additional Definition and Lemmas

Definition 1. Let X¥ be a sequence of state spaces, as described in section 5.3. A sequence

of policies {py € Z(XM)} men satisfies the “convergence condition” if:

1) The sequence satisfies, for some constants cy > ¢y, > 0, all M, and all i € XM
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ii) The sequence satisfies, for some constant K1 > 0, all M, and all i € X"\ {0, M},
sLor T T
M]3 (eip1 +eiy —2¢; )pu| < Ki,

and .
lei(e}@ — ey 1)pu| <K
and

1
M2 (ef — el pul < K.

Definition 2. Let {py € Z(X™)} e be a sequence of probability distributions over the
state spaces associated with Theorem 2. The interpolating functions {py € Z([0,1]) }pen

are, for x € [Z(Ml—i-l)’l_ 2(Ml+1)),

Hy(x) = 1 Dt s Dt Lpyel

Pu(x) = (M (M Dt — M+ e S )el 0 purt

1 1
+ (M D5 = M+ Dt (M4 Dx+ 2 e oms
and, for x € [0, m)
Pu(x) = (M +1)ef g,

and. for x € [1 — 52—, 1],

IIESIE
pu(x) = (M+1)ejqu.

Lemma 5. Given a function p € 2(|0,1)), define the sequence {py € 2(X™)}yren,

T M+1
€, Pm :/i p(X)dX,

M

+

where XM is the state space described in section 5.3. If the function p is strictly greater
than zero for all x € [0, 1), differentiable, and its derivative is Lipschitz continuous, then the
sequence {py € P(XM)}yen satisfies the convergence condition, and satisfies, for some
constant K > 0, all M, and all i € XV \ {0,M},

1 1
M2|1n(§(€iT+1 e Jam) +In(5 (el + ¢ Jau) = 2In(ef gu)| < K,
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and

1
M| ln(i(elT +e§)qm) —In(eggm))| < K
and

1
M{In(2 (eyy + ey—1)am) — In(eyqu))| < K.
Proof. See the technical appendix, C.8. [

Lemma 6. Let {py € P (XM)}yen be a sequence of probability distributions over the
state spaces associated with Theorem 2. If the sequence {py € P (XM)}yen satisfies the
convergence condition (Definition 1), then there exists a sub-sequence, whose elements we

denote by n, such that:

i) The interpolating functions (2) pn(x) converge point-wise to a differentiable function
p(x) € Z([0,1]), whose derivative is Lipschitz-continuous, with p(x) > 0 for all
x €10,1],

ii) the following sum converges:

i ¥ (sl ) s(elnn) ~28h el elpy = & [ C0
n—oo ieXmin} 1 en i+1Fn o\ i+1/Fn 4 0 p(x) )

where g(x) = xIn(x),
iii) for all a € A, limyseoul ,py = [} ta(x) p(x)dx,

iv) and, if the sequence {py € P(XM)}yen is constructed from some function p(x), as
in Lemma 5, then p(x) = p(x) for all x € [0,1].

Proof. See the technical appendix, section C.9. [

Lemma 7. Let my(a) € P(A) and {qay € P(XM)}4ea denote optimal policies in the
discrete state setting described in section 5.3. For each a € A, the sequence {q, N} satisfies

the convergence condition (Definition 1).

Proof. See the technical appendix, section C.10. [
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C.6 Proof of Theorem 2

By the boundedness of &?(A), there exists a convergent sub-sequence of the optimal policy
7, (a), which we also denote by n. Define
n(a) = r}l_r&nn(a)

By Lemma 7, for all a € A, each sequence of optimal policies {g,,} satisfies the conver-
gence condition (Definition 1). Therefore, by Lemma 6, each sequence of interpolating
functions (2), {§a(x)}, has a convergent sub-sequence that converges to a differentiable
function g,(x), whose derivative is Lipschitz continuous. We can construct a sub-sequence
in which 7,(a) and all {§,,(x)} converge by iteratively applying this argument. Pass to
this subsequence.

We can write the discrete value function, using Lemma 2, and defining g(x) = xInux, as

Vn(gn;n) = max e aniag(q)unea
{Pxn€P(A)}iex qep

n—1

e'TCIan e'qua”
072 Y (¢ puan) . [0 4 g( 1%

aeA i—0  4ian 4ian
T
CIN € 19N
+0n* Y [g(F=) +g(—=
lZ()[ QIaN) ( qi,a,N )]

n—1
—0n 'Y (e] 4u)Dir(pueil|Pugn)-

i=0

We can re-arrange this to

Vn(gnsn) = max el p.Diag(q)upe
" (PPN hiex 2 4" e

n—1
1
—6n* Y (el pg) Z el qan) +glel 1qan) —28(5 (el + el 1)qan)]

(
acA i=0 2

1
"’9”12 Z e CIn ZH‘]n)_Zg(_

(el +el)an)]

—6n~! Z (el qn)DiL(Pinl|Pndn)-
=0
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By Lemma 6 and the boundedness of the KL divergence,

1
hm VN qn;n Z Tla /0 Qa( )d

acA
@R 0 [P,
;ﬁ o [ g |

Suppose that 7(a) and the g,(x) functions do not maximize this expression (subject to the

constraints stated in Theorem 2). Let 7*(a) and ¢;(x) be maximizers. Define, for all n,

Note that, by construction, g, , € & (X") and Y ,c4 @in(a)dan = gn- That is, the constraints
of the discrete-state problem are satisfied for all n. Denote the value function under these
policies as Vi (qn;n).

Because of the constraints stated in Theorem 2, each ¢, satisfies the conditions of
Lemma 5, and therefore the sequence g, , satisfies the convergence condition for all a € A.
It follows by Lemma 6 that this sequence of policies delivers, in the limit, the value func-
tion Viy(g). If this function is strictly larger than lim,_,. Vy(g,;n), there must exist some 7
such that

Vn(gm;it) > Vi (qas; 1),

contradicting optimality. Therefore, the functions ¢,(x) and 7(a) are maximizers.

It remains to show that

|xn] X
lim Z €; qan :/0 qa(y)dy.

n—oo

Note that

FES 2i+1
Lan =00 [
n+i

n+
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where g, , 1s the function defined in Lemma 6. Therefore, the sum is equal to

[xn]+1

= GGV ES IS
elT an:/ Jan 2 2)dy.
,-;) dan = | Gan( D) )dy

By the boundedness of g, , (which follows from the convergence condition) and the domi-

nated convergence theorem,

[xn+1 1 1
. [+ )y+3]+2 *
I ) dy = d
Jim | q( CEs) ) /0 qa(y)dy,

as required.

C.7 Proof of Lemma 4

We begin by observing that any information structure p € Z?1,,G(A) defines unconditional
action frequencies = € Z(A) and posteriors g, € Z1ipc([0,1]) satisfying (24), using def-
initions (25). And conversely, any unconditional action frequencies and posteriors satisfy-
ing (24) define an information structure, using definitions (26). Hence the set of candidate
structures is the same in both problems, and the problems are equivalent if the two objective
functions are equivalent as well. It is also easily seen that in each problem, the first term
of the objective function is the expected value of the DM’s reward u(x,a), integrating over
the joint distribution for (x,a). Hence it remains only to establish that the remaining terms
of the objective function are equivalent as well.

Consider any information structure p € &1;,;(A) and the corresponding unconditional
action frequencies and posteriors, and let x be any point at which g(x) > 0, and at which
pa(x) is twice differentiable for all a (and as a consequence, g,(x) is twice differentiable
for all a as well). (We note that, given the Lipschitz continuity of the first derivatives, the
set of x for which this is true must be of full measure.) Then the fact that Y ,c4 pa(x) = 1

for all x implies that

Y. pi(x) =0, (38)

acA

and similarly, constraint (24) implies that

Y wla)d,(x) = 4" (x). (39)

acA
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At any such point, the definition of the Fisher information implies that

IFisher(x) — Z(p;(x))z

B acA p“(x)
2 X
= Lo - Ly 5
a)gq(x 2
— ) 2 fogn(a) +logau(x) ~loga(r)]
B U N /1)) i WS 4 ) LN
- q(x) _aGZAn( ) qa(x) aéln( )Qa( ) q(x) +C] ( )
_ [y o @@? @)
= 0 |5 e

Here the first line is the definition of the Fisher information (given in the lemma), and the
second line follows from twice differentiating the function log p,(x) with respect to x. In
the third line, the first term from the second line vanishes because of (38); the remaining
term from the second line is rewritten using (26). The fourth line follows from the third
line by twice differentiating each of the terms inside the square brackets with respect to x.
The fifth line then follows from (39).

Since this result holds for a set of x of full measure, we obtain expression

: Fisher _ a l(q;(x))2 X — l(q/(x))2 X
J ot = gt |G g

for the mean Fisher information. This shows that the information-cost terms in both objec-
tive functions are equivalent, and hence the two problems are equivalent, and have equiva-

lent solutions.

C.8 Proof of Lemma 5

Proof. The function p is strictly greater than zero, and continuous, and therefore attains
a maximum and minimum on [0, 1], which we denote with ¢y and ¢, respectively. By

construction,
cr

M+1

T
e; M >

and likewise for cy, satisfying the bounds.
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For all i € XM\ {M},

( €ir1—

/M plx+ m)—p(x))dx

M+1
/ P (x+y)dydx

M

and therefore, letting K be the maximum of the absolute value of p’ on [0, 1] (which exists

by the continuity of p’), we have

1

WKZ’ (40)

[(ef1 —ei )pm| <

satisfying the convergence condition for the endpoints.
For all i € X\ {0, M},

(el +el —2el )y = / T o ) 4 plee )~ 2p(x))dx

; M+1 M+1
M+1
it
M+1 M+1 ,
= / (P (x+y)—p'(x—y))dydx
w Y0

Let K3 denote the Lipschitz constant associated with p’. It follows that

2K3

(el +el 1 —2¢] )pu| < M1y

Therefore, the convergence condition is satisfied for K| = maX(%Kz, K3).

By the concavity of the log function, and the inequality In(x) < x—1,

_aletei —2eiT)pM'

eiTPM

Therefore, by the convergence condition we have established,
s(ely+el)pu el +epu,  M+1)K _ 2K
2\"i+ i ) + ln( 2\"i— - ) < <

In .
( eiTpM e; pm M3c; — M?cp
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By the inequality — ln()—lc) <x—1,
1(,T T L(,T T
slef te )PMH_IH(E(Q’A +e )PM) >

1 1
2 2
T T — 1/, T T 1/ T T :
e; PM e; PM slei e )pm  5le_ +ef )pu

In(

We can rewrite this as

1 |
el +el )pm stel +e )pu

In + In( ) >
( €,-TPM ) e,-TPM
(%(ffﬁﬁeﬁl —2¢[)pu | 3(el, eiT)pM(%(ezil"’_ezT)pM —1)
s(el +elpu el +elpu 3(el +el)pu
By the bounds above,
%(eiTJrl —|—el~T_l —ZeiT)pM o 2K
s relpy T M
and, using equation (40),
1 1
sel —el)pu %(eiTJrl +el)pu )= s(el _ezr)pM(i(eiY:i—l —el_\)pu
— 1
(el +elpu (el +el)pm sl +elpu 3(el +el)pu
M?> 1 )
———— (K
EACERYI
K>
> —(5—)%.
2Mcy,
Therefore,
2 el +el)pu 2l +elpu 2Ki K>
M2 in( 2L IR g AL TSP SR (P22
€ Pm € Pm cL CL

For the end-points,

(el —el)am el +el)gu. (el —el)qu

1, T T < In( T ) < T

5(e1 +eq)am eyqm eyqm

and therefore

A similar property holds for the other endpoint, and therefore the claim holds for K =
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K» 2K
max(CLz, CLI +(26L)2). ]

C.9 Proof of Lemma 6

Proof. We begin by noting that the functions pys(x) are absolutely continuous. Almost

- 2(Ml+l)]’

everywhere in [2(Ml+l) ,

R B 2T T
Pu(x) = (M+1) (€ s 1yes L) ~ €M1y k-1 PM

and outside this region, pj,(x) = 0. Let p),(x) denote the right-continuous Lebesgue-
integrable function on [0, 1] such that

X
) = pu0) + [ Biuts)a
which is equal to p),(x) anywhere the latter exists.
The total variation of j},(x) is equal to

—1
(M+1)*|(ef ) +ely —2el ) pu)|+

ME

TV (Py) =

i=1

+(M+1)|(ely — ebg—1)pm| + (M +1)%|(e] —ef)pml.
By the convergence condition,

1v () < M

2K17
M3

and therefore the sequence of functions Py (x) has uniformly bounded variation.

For any 1 — (M+1) >x>y>5 (M+1) , the quantity
[(M4+1)x+1 ]
) =B =M +1? Y (el +el 1 —2¢] )pul
i=|(M+1)y+3]
M4+1)2(M+1)(x—y)+2
< O D) 42)
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At the end points, for all x € |0, m),

1 2K
~/ o ~/ <

and for all x € [1 — m, 1],

n(x) —  lim P <.
P (%) o, PO = 3

3T
By p,,(0) = 0, we have, for all x € [0, 1],

M+ ((M+D)(1 = g7777) +2) 1
M3 M+1

[P ()] < (

proving that j),(x) is bounded uniformly in M for all x € [0, 1].
Therefore Helly’s selection theorem applies. That is, there exists a sub-sequence, which
we denote by n, such that p} (x) converges point-wise to some p’(x). Moreover, by the

point-wise convergence of j, to p/, for all x >y,

1P'(x) = p'()| <2K1(x—y),

meaning that p’ is Lipschitz-continuous. By the fact that p/(0) = 0, this implies that
|p'(x)| < 2K, forall x € [0,1].

By the convergence condition, ¢ < py(0) < cy. Therefore, there exists a convergent
sub-sequence. We now use n to denote the sub-sequence for which lim,, . p,(0) = p(0)
and for which p/,(x) converges point-wise to p’(x). By the dominated convergence theorem,
for all x € [0, 1],

X

fim (0 = fim {5,(0) + [ 7,0)as) = p(0)+ [ 9/

n—oo 0

Define the function p(x) = p(0) + [ p'(y)dy for all x € [0,1]. By the convergence condi-
tions, this function is bounded, 0 < ¢z < p(x) < cg, by construction it is differentiable, and

its derivative is Lipschitz continuous. Moreover,

[ =1,
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and therefore p € 22([0,1]).
Next, consider the limiting cost function. We have, using the function g(x) = xInx and

Taylor-expanding,

80) = 8() +8/ () —0) + 58 (e + (1 )y )2

for some ¢ € (0, 1). Therefore,

1
glef pu) +8(elyipm) = 28(5 (] +elir)pm) =

l//

1
s¢ (el pu+(1=cn)3 (el +el)pa) (el — el pur)?

1 1
+ gg”(czeprvL (1 —02)5(6; +ef)pm) (el — €] )pm)?

for constants c1,c; € (0,1). Note that, by the boundedness py(x) from below, e! py >
(M +1)~"¢cy forall i € XM Tt follows that

1

1
" T T T -1
g (cre; py+(1—ci)=(e; +ej )pm) = < (M+1)c; .
! 20 cleiTpM+(1—c1)%(eiT+eiT+1)pM L
Therefore,
1 (M+41)c; !
0 < g(ef pm) +8(efr1pm) = 28(5 (el +elyr)pm) < L= ((efe1 — e Jpm)*.

By construction,

r 1 2itd

“ = G Garn
Therefore,

(M 1) (el par) + 2l ) 2805 ]+l )ow) =
P+ 8w s ) = 28w )
and
;! i i

ele] pu) +s(elpu) =26 (] +el.0)w) < s ()~ P -
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By the boundedness of 7,(x),

2i+1 2i+3 2i+2 B
= A —— )) — <
2(M + 1))>+g(p<2(

g(p(

for some finite bound B.

Writing the limiting cost as an integral, and switching to the sub-sequence n defined

above,
Y {g(eiTpn)+g(eiT+1pn)—2g(%(ef+ef+l)pn)}:
ieX™\{n}
[nx] +1 . 2[nx] +3 . 2|nx] +2
n+1/ {a(p +1) ))+g(p"(m))—Zg(Pn(m))}dx.
By the bound above,
|nx|+1 . 2|nx|+3 - 2|nx]+2
n+1/ {a(p ) ))Jrg(l’n(m))—2g(pn(m))}dx§

n3 1
_— Bdx.
(n+1)3/o *

Applying the dominated convergence theorem,

1

limn? Y {s(el pa) +g(el1pn) 285 (€] +el)pn)} =
ieX™ {n}
Lo . 2 nx]+1 . 2|nx|+3 . 2| nx]+2
[ Jim e G )+ sy o) =28 Gy D
By the Taylor expansion above,
.o . 2 nx]+1 . 2|nx|+3 L2 nx] 4200
nlg{}on_l_l{g(Pn(m))Jrg(Pn(m))—Zg(Pn(m))}—
1 " " L 2lnx|+30 . 2lnx]+1
:}aw8n+l{g ()+eg (')}(Pn(m)—l?n(m))z-
By definition,
(1 D) — D) = )
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and

. a2 nx]| 42 L 2lnx] 430, 2(mx]+2. 1
r}glolog (Pn(m)+cn(Pn(m)—Pn( 2(n+1) ) = ()’
with ¢, € (0, 1) for all n, and therefore
.o . 2| nx]+1 . 2|nx]+3 L 2 nx) 420
Jg}on+1{g(Pn(m))+g(Pn(m))—Qg(l?n(m))} =
W)
n—eod p(x)

proving the second claim.

Turning to the third claim, recall that, by definition,

i+1

We define the function, for x € [0, 1), as

ua,M(x) = e{(M+1)xj Ua M,

and let ug (1) = ed;u, 1. We also define the function

2((M+ x| +1

W)= =500

By construction, py(fy(x)) = (M + l)e{( x| Pam for all x € [0,1), and equals el p, p

M+1
for x = 1. Therefore,

up ypm =Yy, (€] uan)(ef pu)
iexM
1
— | bl ) taaa()a
0

By the measurability of u,(x),

A/llgnw Uagm(X) = uq(x).
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Therefore, by the boundedness of utilities and the dominated convergence theorem,

1
lim ua uDn = /0 p(x)ug(x)dx.

n—oo
Finally, suppose that, for all M

H—l1
M+

T ~
6’1 pa7M:/i

M+1

It follows that lim,,—;e. P n(x) = p(x) for all x € [0, 1], and therefore p(x) = p(x). O

C.10 Proof of Lemma 7

Proof. We begin by noting that the conditions given for the function g(x) satisfy the condi-
tions of Lemma 5, and therefore the sequence gy, satisfies the convergence condition. We
will use the constants ¢y and ¢y, to refer to its bounds,

CH CL

> el gy >
M1 =M=

and the constants K] and K to refer to the constants described by convergence condition
and Lemma 5 for the sequence gy. By the convention that g,y = gu if mr(a) =0, gam
also satisfies the convergence condition whenever my(a) = 0.

The problem of size M is
Vv(gm: M) = max 71 (@) (g pr - Gasr) — 0y, s (@)D (qa || gas M)
T EP(A) {dame P (XM )}aeAag ot % ’
subject to
Z T (a)qam = qum;
acA
where

Dy/(qaml|gm; P, M) = M*(Hy(qam; 1, M) —Hy (qu; 1L,M)) + M~ (H® (qap;: M) — H® (qu; M)
and

Hy(q;1,M) = Z GiH® (i)
=0
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Let uy denote that | X | x |A| matrix whose columns are u, . Using Lemma 3, we can

rewrite the problem as

Wn(gm;M) = max €aPuDiag(q)une
{Pi,Megj(A)}iexMc;x ‘ ’

M—1 T T
pim(e; qu) + pivim(e;, 1qm)
—9M2 (eTQM)DKL(PMH )y i )y i+
i_;) l l (eiT‘i'eiTJrl)CIM

M T T

pim(e; gn)+pi—1m(e;_1qm)

— MY (e] qu)Dir(pim|| —— S
i:ZI l l (eiT +eiT—1)QM

)

)

M—1
—0M~" Y (ef qu)Dk(piml|pyam).
=0

The FOC for this problem is, for all i € [1,M — 1] and a € A such that el p; s > 0,

el pim(el +el)am

T 2
e; ugp — OM” In(
e el (pim(el au) + pivim(el, yau))

eqpim(el +el |)gu
el (pim(el qu) + picin(el am))

T,.
)— OM In(—a My T =0,

—OM?*1n ;
( elpmau”

where Ky € RM*! are the multipliers (scaled by el gj) on the constraints that ¥ ,c 4 2 p; yr =
1 for all i € X. Defining eiT_lqM = e{,[HqM =0, and defining p_; s and pys 41 p in arbitrary
fashion, we can recover this FOC for all i € X.

Rewriting the FOC in terms of the posteriors, and again defining e/ gam = €}, |qay =
0, for any a such that my(a) > 0,

eiT q eiT7 q
) (a5 T+ G
e; (g — Ku) = OM*In( : 7 )+ OM~ In( : 7
(ez—l-] +el) qaM (ez—l +el) qaN
T ,.
+6M ! In(—a LM
e, Pmam
) e'T+1an ) eTHQM 2 e~T_1QaM
= —OM"In(1+ —=——)+6M"In(1+ ——) — OM"In(1 + ———
€; qamM € qm € 4a.M
T T
e .
+OMPIn(1+ 1y 4 gyt (e
€ dm €, dm
l l
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which can be rewritten as

1 1 _
e (tam = Kur) = —OM>(In(5(ely +ef )gan) +In(5 (el +e€f )gam) — (2+M ) In(e] gam))

£ OM2(n(3 (el el )aw) +In(3 (el + €l haw) — (2+-M~) (el ).
(41)

Our analysis proceeds by analyzing this first-order condition.

We next describe a series of lemmas that use this first-order condition to establish var-
ious bounds, which will ultimately be used to establish the bounds required by the con-
vergence condition. As part of the proof, we find it useful to consider the interpolating
functions g, p(x) (2) constructed from g, . We define from these interpolating functions

the function

. R 1
la,N(x) = <M+ 1)(ln(QG7M(x)) - ln(an(x— 2(M+ 1) ))>
onx € [m, 1], observing that, for any i € X™\ {0},
2i+1 (M +1)ef gam
an(5rgy) = (M+ Dn(y L ,
(M+1) 5(M+1)(ef +e_{)qam

and for any i € XM\ {M},

2i+2 SM+1) (el +e
2(M+1) (M+1)e; qam

a,M(

]
Lemma 8. Forall M € Nand i€ XM\ {0,M}, eiT Kym < By for some positive constant By.
Proof. See the technical appendix, section C.11. [

Lemma 9. Forall M € N and i € {0,M}, |e! k| < By for some positive constant By, and

1, T T

5(ey +e
1MJOT1M”S§M4&
€yqaM

Cll’ld
e
MY9aM

In(
2(ehr el 1)dam

)>—-M"'B,
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for some positive constant B.
Proof. See the technical appendix, section C.12. [l

Lemma 10. Forall M € Nand j € {2,3,...,2M + 1}, and some positive constant By,

J
N(=—2—)| <B,.
I7N(2(M—l—1))’ !

Proof. See the technical appendix, section C.13. The proof uses the previous two lemmas.
[

C.10.1 Proof tha

M—H M—H

We next apply the above lemmas to prove that the first part of the convergence condition

is satisfied. Begin by observing that there must exist some i, 3 € XM such that e;T daM >

ﬁ, implying that

In((M + 1)€,Z;M61a,M) > 0.

By the definition of /, y, for any i € X"\ {0},

2i+1 2i (M +1)el gum

ey ey T MG g

For any i > me, using Lemma 10,

M+1)eTq M
In((M + 1)e; gapr) = (M +1)e] | qam) + Z (G De -
j= laM+1 + )J lan
1 i 2j+1 2j
=In((M+1)e —_— Liyy(———— )+, Ny(——

a,M+1

_—— Z 2B,

.] la m+1
_2B,.

Similarly, for any i < i, u,

la.1 (N+ 1)eTqa N
In((M +1)ej, gam) =In((M+1)ej qapr) + Y, In( :
l j—;rl (N+1)ef_ qan
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Therefore, for any i < 17071\/1,

Wt (M4 1)el gau
In(M+1)e] gap) > — Y, In( 7 :
i (MA+1)e; 1 qgam

and thus, using Lemma 10, for all i € XM
In((M+1)el gupr) > —2B,.

Repeating this argument, there must be some faM such that efT ,daM <M ! and using the

bounds on /, s in similar fashion yields
In((M+1)el qam) < 2By.

It follows that, for all M, a € A such that my(a) > 0, and i € XM,

exp(2B) > Ty exp(—2B;)

. > — 42
<M+1>_ 1 a,M_ M+1 I ( )

demonstrating that g, y satisfies the first part of the convergence condition.

C.10.2 Proof that M>|} (el | + el | —2eT)q.m| < K

We start by proving a bound on (M + 1)?|3 (e | —el)gq |-
Using Lemma 10, and a Taylor expansion of In(1 + x), for some ¢ € (0,1), for any
ie XM\ {Mm},

2i+2 s(M+1)(ef +el\)qam
)| = |(M+1)In( T
2(M+1) (M + l)ei GaM
_ (M+1)|5(el, | — el )qam]
e,'TCIa,M + %(eiTH - eiT)qu

SBZ;

)|

|la,M(

and therefore, by the bound on e/ g, u, for any i € XM\ {M},

1
(M +1)*|5(efs1 — €] )gau| < Brexp(=2B). (43)
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Returning to the first-order condition, for i € X"\ {0,N}, and using the bounds on

utility and on the terms involving gy,

T 1 e'TCIM
el > —ii— 0K + M~ ' In(— )
€; daM
1 1
+ OM*(In(5(ef 1 + € )gam) +1n(5 (el +e€f )am) = 2In(e] ganr))-
We have .
M (S > i (—E ),
e; qam exp(2B;)
and therefore
1/,T T 1/, T T
5(eite; 561 t+e
eiTKMZ—12—6K+M*11n(C—L)+9M2(ln(2( ’HT : )qa’M)+1n(2( ”1T ! )qa’M))_
exp(2B;) €; qaM €; 4aM

Using the mean-value theorem, for some ¢; € (0, 1),

1 1
. stel i +el)qam, el —el)qam

1 =In(1+
_ el qam %(eiTJrl —el)qam
eiTqa,M +c %(eiT.H - eiT)CIa,M eiT(Ia,M ’
and likewise
11’1( %(eiT—l + eiT)qﬂhM) _ %(eiT—l - iT)Qa,M
eiTq%M (1 - %CZ)el‘TC[a,M + %Clelr_lq%M
for some ¢, € (0, 1). Therefore,
T _ —1 CL
Ky > —u—0K+M "In(—————
ej Ky > —i + n<exp(2B;))
1(,T T 1/,T T
+ 9M2( 3(€ip — € )dam n 3(ei1—¢ )qam

[ \T . T 0 .7 :
(1—3c1)ej qam+3c18i 1gam (1= 73C2)€ qam+5¢2€;_1Gam
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Multiplying through,

1 1 _ _ cL

(1= Sen)ei qam+ 5016 1qam] (e Ky + i+ 6K —M lln(eXP(ZBl) )

1 | (1=3c1)el qam+3c1€l, 1gam

> OM2 (- (ely) — el Vqans + (el ) — el qap—2 =t T TR

2 i+ 1 a 2 4 1 a (1 _ %Cz)eiTQa,M —+ %Czei];lanw

1 1 lcl el —el M—lcz e-T—e-Tf M
> OM2(8 (el el 126 Y+ 2 — el gy (2t~ aeEL ),

2 2 (1 —3c2)€; qam + 5¢26;_1Gam

Using equations (42) and (43),

CL

1 1 7 !
[(1=5e1)e] qam+ 5cie]s1qaml(e] ku+ia+ 0K —M IH(W))

2 2
2B;exp(2B;)
Biexp(By) ez
(M+1)2  exp(=2B)
M+1
2B?M?exp(6B;)
(M+1)3

1
> 9M2(5(eiT+1 el —2e] )qam —

1
> QMZE(%TH +el | —2¢] )qam— 6

Summing over a, weighted by 7y (a), and applying Lemma 5,

K i ZBIZM2 exp(6B;)
_ _ cL M (M+1)3
(e-TKM+u—|— 0K —M 1ln(—)) > —0
! exp(2B)) (MC—-LH)

> —0c; ' (2K +2B7 exp(6B))).

Therefore, |e! ky| is bounded below by some B;f > 0 for all i € XV (recalling that this was
shown for i € {0,N} in Lemma 9 and in the other direction in Lemma 8).

It also follows, using equation (42), that

1 _ - cL
GMZ(M+ 1)§(€Z’_1 +€IT_1 — ZeiT)an S exp(2Bl)(B—,§ +u+ 0K —-M lln(m)
2B?M? exp(6B))
(M+1)2 7

which establishes one side of the bound on |§(el, | + el | —2el) gy um].

Rewriting the FOC (equation (41)) and using Lemma 5 and the boundedness of the
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utility and the bound on |e! ky/,

1 €~T61M
—Bf —i—60K—6M" ' In(———)
€; aM
1 1
<OM*(In(5(efs +ei )anm) +1n(5 (e + e )an) —2In(ef gam))-
By equation (42),
1 el qu 1 CH
M In(————) <M In(———5~);
¢; da exp(—2B))

and therefore, by the concavity of the log function,

1,T T T
(e, te +2e g,
B —i— 60K —6OM 'In(— )§29M21n(4( ol ol )4 My,
exp(—ZBl) €, daM
By the inequality In(x) < x—1,
1(,T T T
zle  +e_|—2e;
—BJKF—ﬁ—GK—OM_Iln(C—H) §29M2(4( i+1 lT—l i )%,M),
exp(—2B;) €; da.M

and therefore, using the lower bound on eiTqa’M (equation (42)),

CH

1
—H v < oMEM 1)~ (e el —2eT)q,
exp(—ZBl)) = ( + ) (el+1 tei € )C[ M

—Bf —ii— 6K —6M 'In( 5

which proves the other side of the bound.

C.10.3  Proof that M?|J (el — el)qam| < K

By Lemma 10,
%(eg +el )qam

T
€yqaM

—B; < (M+1)In(

) <B.
Using the mean-value theorem, for some ¢ € (0, 1),

s(ef —eb)qam
(1 - %C)egQa,M + %CeiTQcLM

1, T T
j(eo + 1 )qam
65%,1\4

In( )=
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Therefore, by equation (42),

exp(2B))
M+12" =2

T T exp(2B;)
(e1 —ep)qam > —WBh

proving the bound. The proof for the other endpoint is identical.

C.11 Proof of Lemma 8

First, using Lemma 5, for all i € XM\ {0,M}, observe that

1 1
M2[1n(5 (eFy + el Jau) +In(5 (el +eFaur) — 2n(el aw)| < K.

Rewriting the FOC (equation (41)) and using this bound,

el ki < el ugpy+0K+0M 'n(e! gu)

1 1 _
+ GMZ(IH(E(JH +e! )qam) + ln(i(eﬁl +el )qam) — (2+M ) In(e] gam))-
By the boundedness of the utility function, this can be rewritten as

T T T
ei qa7M )+1n( el %z?M )) o GM_I ln(equa7M),

T - 2
e; ky <i+0K—0M(In(
l s(elii el )qam sl +el )qam ¢ qm

By the concavity of the log function,

1 1 _
In(3 (/1 + €] )gam) +In(5 (ely +ef )gam) + M~ In(e] qu) <
_ M3
(2+M 3)ln(m(€f+1 +el 1 +2¢] Vqam+ mefcm),

It follows that

N—3
f 2(2+5w—3) (efpy +el ) +2e] )qam+ 57 5sel au

el iy <a+60K+(2+M3)oM*1

T
€, 4aM
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Exponentiating,

1

(ezqa7M)eXp<—m9_1M—2(ﬁ+éK_eiTKM)) S
! M3
m(aﬂl +el | +2el ) qam+ meiTQM'

Summing over a, weighted by 7y (a),

(e;'qu>eXp(—m9*1M72(b_l+éK_elTKM)) <
1 M3
m(&al +el | +2eN)qu+ meiTCIM-
Taking logs,
! r T T M3 T
_;QflM*Z(ﬁ—f— 0K — el k¢ ) < In( m(eHl +e_ | +2e Yam + el au
2+M_3 i M) > (equM)
M3 1 K[M_3

In(1+ ),

24+M-3 + 24+M-3 e M1
where the last step follows by Lemma 5, recalling that ¢z, is the lower bound on ¢(x). We

have

M- o K2y parek
— u

24M3 24M 3¢

39M‘1+ 30 K

24M3  24M3 ¢

30 360K,

2 2CL

eiTKN < 39M21n(1 +

where the second step follows by the inequality In(1 +x) < x for x > 0.
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C.12 Proof of Lemma 9

For the lower end point, the FOC (equation (41)) can be simplified to
1 1 _
e (ttam — Knr) = —9M2(1n(§(elT +e§)qam) + In(5) - (1+M *)In(eg gam))
1 1 _
+ OM(n( (e] +ef Jam) +1n(3) — (1+M ) In(ef a)).

Rearranging this,

L 1
0~ 'M2el (uapr — 1ur) +1n(§(€1T +e§)qam) =

T
_ ey daM 1
(1+M 3)1n(—§Tan )+ln(§(e{+eg)qM).
0

Exponentiating,

1

5 (el +eq)qamexp(8™ M e (uanm —Kur)) = (

egqa7M ) 1+M73 1
2

—(eT + €T)qM.

By the boundedness of the utility function,

€odastyrow L r oy

1 — — _
§(€1T+€g)qa,MexP(9 "M (- efku)) > (-2 >
eoqdm

Taking a sum over a, weighted by 7(a), and applying Jensen’s inequality,

1 s 1
S +eb)auexp(0~ M@~ ef k) = 5 (e] +efau,
and therefore
egK'MSL_t.
Observing that
T
M M
M (02N < (T <M (= 1) < (44)
L
edam cr cr
we have
—12s-2.T L 7 7 -2 -1 eg‘Ia,M L7 7
0'M eo(ua,M—KM)+1n(§(€1 +ep)qam) <M “cp +1n(m)+ln(§(e1 +e0)qm)-
0
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Exponentiating,

T
eodam 1, 71
eTa )§(€1+€0)61M
e

1 g _
S(€T +€f)anexp(6~ M2 (=0c !+ (tann — 1)) < (
Using the boundedness of the utility function, then taking a sum over a, weighted by 7(a),

(el +¢§)am.

| =

1 S -1 -
i(elT+eg)qa7Mexp(6 M2 (—0c,' —ia—elxu)) <

Therefore,
egKM > —in— GCL_l,
and thus

|€gKM| S B()

for By =i+ OCZI. A similar argument applies to the other end-point (el, k).
Using the bound on utility and equation (44), the FOC requires that
(ef +ed)am

1.,T T 1
(e te >
eoq9aM eodm

By Lemma 5, it follows that

1/,.T T
~ler +e
1n(2( L O)q“’M) <O 'M(a+By+6c, )+ MK,
€yqaM

and therefore the constraint with By = K + 87! (i -+ By -+ 8¢ ') is satisfied.
Similarly, the FOC for the highest state is

(61{4 + 31{4— 1)qam _

1
0_]M_2e;,[(ua’M — K'M) + ln( 2

e]{/[‘]a,M
-3 ez{ﬂa,M 1 7 T
(1+M ) In(—Z—— )+ln<§(eM+eM—1)qM)7
eydm
and therefore
1/, T T 1/.T T
(e _|_€ 5\ € +e _
ln(z( M - M_])qa,M) S G_IM_Z(L7+BO+9CZ1)+IH(2( M - M 1)(]M),
ey9aM eydm
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implying that

(ej{/[ + e}@—l)‘la,M

T
€yam

1
In(2 ) <O "M 2(a+By+0c; )+ MK,

and therefore ;
ey9aM

%(e;[ + 61{4—1 )qa.m

In( )>—-M"'B.

C.13 Proof of Lemma 10

The first-order condition is, for any i € X\ {0,M} can be re-written using the function
la.m (and the function [, defined from gy, along the same lines) as
Tk )+9M_11n(eiTqa7M> 0 M? (Lo 2i42 ) L 2i+1
é: — U = _— _— ) — _—
C el eFau '~ M1 oM 1) M2 (M4 T)
M? (I 2i+2 - 2i+1 )
M+1) "M 2m+1)) Mam 1)

)

-0

Note that

) < eM*I(Aﬁ— 1)< 6c; '

T
€; daM —1
LYy < oM 1
( )< n( M-~ cL

€, qm CL

OM 'In

By Lemma 5 and Lemma 8 and the bound on utility,

M? 2i+2 2i+1 i -
G(M—+1)(ZG’M(2(M—4-1)) _la,M(m) <Byx+i+60K+06c; "

We also have, for all i € XM\ {M}

M? 2i+3 2i+2
(Lo (— T Y (——
1l Gy e G
— M2(In( (M +1)el, \qam )_ln(%(M-l-l)(eiT-l-eiTJrl)qu
s(M+1)(e] +elgam (M +1)el gam

<0,

)
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by the concavity of the log function. Observe also that, by Lemma 9,

1, T T
It follows that, for all j € {2,3,...,2M + 1},
' 2 i k+1 k
ol 7)) = oz )+ X lam(5y 51~ o o)
<O '(Bx+ii+ 6K+ ecLl)]WT‘;l(j—z)+MA}L 131.
Similarly, for all j € {2,3,...,2M + 1},
2M +1 j wm k+1 k

”’M(Z(M+ 1)) - la’M<2(M+ 1))+,§j(l“’M(2(M+ 1)) _l“’M<2(M+ 1)))'

Observing that

2M +1 )= In( (M +1)el;qam M+l
— )= —1n <
2(M+1) sM+1)(efy+ely o — M

- a,M(

using Lemma 9,

J 1 i} M+ . M+1
—1 — )< 0 (B 6K + 6 ——(2M — 1 B;.
It follows that, for all j € {2,3,...,2M + 1},
J 1 _ M1 M+1
[iN(————)| <06 (B 6K+ 6 2M — 1 B

<407 '(Bx+ia+6K+60c; ') +2B).
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