
A Proofs

A.1 Bargaining and portfolio problems

The second-subperiod value functions can be written as

W I
t (at, a

b
t , kt) = φmt a

m
t + φsta

s
t + abt − kt + W̄ I

t (128)

WB
t (at, a

b
t , kt) = φmt a

m
t + φsta

s
t + abt + kt + W̄B

t (129)

WE
t (at) = φmt a

m
t + φsta

s
t + W̄E

t , (130)

where

W̄ I
t ≡ Tt + max

(ãmt+1,ã
s
t+1)∈R2

+

[
−φmt ãmt+1 − φst ãst+1

+ βEt
∫
V I
t+1

[
ãmt+1, ηã

s
t+1 + (1− η)As, ε

]
dG(ε)

]
(131)

W̄B
t ≡ max

(ãmt+1,ã
s
t+1)∈R2

+

[
−φmt ãmt+1 − φst ãst+1 + βEtV B

t+1(ãmt+1, ηã
s
t+1)

]
(132)

W̄E
t ≡ max

(ãmt+1,ã
s
t+1)∈R2

+

[
−φmt ãmt+1 − φst ãst+1 + βEtV E

t+1(ãmt+1, ηã
s
t+1)

]
. (133)

Proof of Lemma 1. In a nonmonetary economy, (128) reduces to

W I
t (at, a

b
t , kt) = φsta

s
t + abt − kt + W̄ I

t .

(i)(a). In a nonmonetary equilibrium (3) implies as10t(a
s
t , ε) = arg max0≤ast≤ast (εyt + φst ) a

s
t .

(i)(b). In a nonmonetary economy, (4) implies[
ab01t(a

s
t , ε), k01t (ast , ε)

]
= arg max

−λφstast≤abt≤0,0≤kt

(
abt − kt

)θ
k1−θ
t .

(i)(c). In a nonmonetary economy, (5) implies
[
as11t (ast , ε) , a

b
11t (ast , ε) , k11t (ast , ε)

]
is the

solution to

max
(ast ,kt)∈R2

+,a
b
t∈R

[
(εyt + φst ) (ast − ast ) + abt − kt

]θ
k1−θ
t

s.t. φ̄
s
ta
s
t + abt = φ̄

s
ta
s
t (134)

−λφstast ≤ abt . (135)

Notice that the first-order condition with respect to kt implies

k11t (ast , ε) = (1− θ)
{

(εyt + φst ) [as11t(a
s
t , ε)− ast ] + ab11t(a

s
t , ε)

}
, (136)

84

ricardolagos
Typewritten Text

ricardolagos
Typewritten Text
Online Appendix for "On Money as a Medium of Exchange in Near-CashlessCredit Economies" by Ricardo Lagos and Shengxing Zhang



so the bargaining solution can be found by solving the following auxiliary problem

max
ast∈R+,abt∈R

[
(εyt + φst ) (ast − ast ) + abt

]
s.t. (134), and (135).

Since (134) implies abt = φ̄
s
t (a

s
t − ast ),

as11t (ast , ε) = arg max
ast

(ε− εnt ) ast s.t. 0 ≤ ast and
(
φ̄
s
t − λφst

)
ast ≤ φ̄

s
ta
s
t .

The problem has no solution (for ε > εnt ) if φ̄
s
t − λφst ≤ 0. Provided φ̄

s
t − λφst > 0, the solution

exists for all ε and is given by (15). Given as11t (ast , ε), a
b
11t (ast , ε) = φ̄

s
t [ast − as11t (ast , ε)] as in

(16), and k11t (ast , ε) is given by (136), or equivalently, (17).

(ii) In a nonmonetary equilibrium, a bond broker’s problem in the OTC is identical to that

of an investor who is able to contact only the bond market.

(iii) In a nonmonetary equilibrium, an equity broker’s problem in the OTC is identical to

that of an investor who is able to contact only the equity market.

Proof of Lemma 2.

(i)(a). With (128), it is easy to show that the solution to the optimization problem in (3)

given by (21) and (22).

(i)(b). With (128), (4) can be written as

max
(amt ,kt)∈R2

+,a
b
t∈R

[
φmt a

m
t + abt − kt − φmt amt

]θ
k1−θ
t

s.t. qta
b
t = amt − amt

−λφstast ≤ abt .

Notice that the first-order condition with respect to kt implies kt = (1− θ)
[
φmt (amt − amt ) + abt

]
,

so the am01t (at, ε) and ab01t (at, ε) can be found by solving the following auxiliary problem

max
amt ∈R+,abt∈R

[
φmt a

m
t + abt

]
s.t. qta

b
t = amt − amt and − λφstast ≤ abt (137)

and given [am01t (at, ε) , a
b
01t (at, ε)], the fee is

k01t (at, ε) = (1− θ)
{
φmt [am01t (at, ε)− amt ] + ab01t (at, ε)

}
. (138)

Thus the solution to (4) is given by (23) and (25), and (26).
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(i)(c). With (128), (5) can be written as

max
(amt ,a

s
t ,kt)∈R3

+,a
b
t∈R

{
(εyt + φst ) [ast − as10t(at, ε)] + φmt [amt − am10t(at, ε)] + abt − kt

}θ
k1−θ
t

s.t. amt + pta
s
t + qta

b
t = amt + pta

s
t (139)

−λφstast ≤ abt . (140)

Notice that the first-order condition with respect to kt implies (31) so the bargaining solution

can be found by solving the following auxiliary problem

max
(amt ,a

s
t )∈R2

+,a
b
t∈R

{
(εyt + φst ) [ast − as10t(at, ε)] + φmt [amt − am10t(at, ε)] + abt

}
s.t. (139), and (140).

Once the solution am11t(at, ε), a
s
11t(at, ε), and ab11t(at, ε) to this problem has been found, k11t (at, ε)

is given by (31). If we use (139) to substitute for abt , the auxiliary problem is equivalent to

max
(amt ,a

s
t )∈R2

+

[(
εyt + φst −

1

qt
pt

)
ast +

(
φmt −

1

qt

)
amt

]
(141)

s.t. 0 ≤ amt + pta
s
t − amt − (pt − λqtφst ) ast . (142)

This problem has no solution if pt ≤ λqtφst . To see this, assume pt ≤ λqtφst . Set āmt = amt +pta
s
t

(a feasible choice), and notice (142) is satisfied by any āst ∈ R+. Thus the value of (141) is

bounded below by (
φmt −

1

qt

)
(amt + pta

s
t ) + max

ast∈R+

[εyt + (1− λ)φst ] a
s
t ,

which is arbitrarily large. Hence condition (27) is necessary for the bargaining problem to have

as solution. The Lagrangian corresponding to the auxiliary problem (141) is

L =

(
εyt + φst −

1

qt
pt

)
ast +

(
φmt −

1

qt

)
amt

+ ξb [amt + pta
s
t − amt − (pt − λqtφst ) ast ] + ξmamt + ξsast ,

where ξb, ξm, and ξs are the multipliers on the constraints (142), 0 ≤ amt , and 0 ≤ ast , respec-

tively. The first-order conditions are

εyt + φst −
1

qt
pt + ξs − (pt − λqtφst ) ξb = 0

φmt −
1

qt
+ ξm − ξb = 0.
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By working out the eight possible binding patterns for the multipliers
(
ξb, ξm, ξs

)
and collecting

the optimal allocations along with the inequality restrictions implied by each case, we obtain

(28)-(31).

(ii). From (129), it is easy to show the solution to (2) is the same as the solution to (137).

(iii). The optimization problem (1) is the same as (3) with ε = 0.

A.2 Value functions

In this section we derive the value functions for brokers and investors, in a monetary economy

(Lemma 3), and in a nonmonetary economy (Lemma 4).

Lemma 3 Consider an economy with money. (i) The value function of a bond broker who

enters the OTC round of period t with portfolio at is

V B
t (at) = vmBta

m
t + vsBta

s
t + Ξt + W̄B

t , (143)

where

vmBt ≡
1

qt

[
1 + (qtφ

m
t − 1) I{1<qtφmt }

]
vsBt ≡

[
1 + λ (qtφ

m
t − 1) I{1<qtφmt }

]
φst

Ξt ≡
∫ [

αB01k01t (ãt, ε) + αB11k11t (ãt, ε)
]
dHIt (ãt, ε) .

(ii) The value function of an equity broker who enters the OTC round of period t with

portfolio at is

V E
t (at) = vmEta

m
t + vsEta

s
t + W̄E

t , (144)

where

vmEt ≡ φmt −
1

pt
I{ε∗10t<0}ε

∗
10tyt

vsEt ≡ ptvmEt.

(iii) The value function of an investor who enters the OTC round of period t with portfolio

at and valuation ε is

V I
t (at, ε) = vmIt (ε) amt + vsIt (ε) ast + W̄ I

t , (145)
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where

vmIt (ε) ≡ φmt + [α10 + α11 (1− θ)] I{ε∗10t<ε} (ε− ε∗10t) yt
1

pt

+ (α01 + α11) θI{qtφmt <1}

(
1

qt
− φmt

)
+ α11θI{ε∗11t<ε} (ε− ε∗11t) yt

1

pt − λqtφst
vsIt (ε) ≡ εyt + φst + [α10 + α11 (1− θ)] I{ε<ε∗10t} (ε∗10t − ε) yt

+ (α01 + α11) θ

(
φmt −

1

qt

)
I{1<qtφmt }λqtφ

s
t

+ α11θ (ε− ε∗11t) yt
λqtφ

s
t − I{ε<ε∗11t}pt
pt − λqtφst

.

Proof. With (129), (130), and (128), the value function (10) becomes

V B
t (at) = φmt ā

m
Bt (at) + φsta

s
t + ābBt (at) + Ξt + W̄B

t

with Ξt as defined in the statement, the value function (9) becomes

V E
t (at) = φmt ā

m
Et (at) + φst ā

s
Et (at) + W̄E

t ,

and the value function (11) becomes

V I
t (at, ε) = W̄ I

t + α00 [(εyt + φst ) a
s
t + φmt a

m
t ]

+ α10 [(εyt + φst ) a
s
10t(at, ε) + φmt ā

m
10t (at, ε)]

+ α01

[
(εyt + φst ) a

s
t + φmt ā

m
01t (at, ε) + āb01t (at, ε)− k01t (at, ε)

]
+ α11

[
(εyt + φst ) ā

s
11t (at, ε) + φmt ā

m
11t (at, ε) + āb11t (at, ε)− k11t (at, ε)

]
. (146)

(i) With Lemma 2, V B
t (at) can be written as (143). (ii) With Lemma 2, V E

t (at) can be

written as (144). (iii) Substitute k11t (at, ε), k01t (at, ε), ā
b
01t (at, ε), and āb11t (at, ε) with (31),

(138), āb01t (at, ε) = − 1
qt

[ām01t (at, ε)− amt ], and (30), respectively, to obtain

V I
t (at, ε) = W̄ I

t + (εyt + φst ) a
s
t + φmt a

m
t

+ [α10 + α11 (1− θ)] {(εyt + φst ) [as10t(at, ε)− ast ] + φmt [ām10t (at, ε)− amt ]}

+ α01θ

(
φmt −

1

qt

)
[am01t (at, ε)− amt ]

+ α11θ

{(
εyt + φst −

1

qt
pt

)
[ās11t (at, ε)− ast ] +

(
φmt −

1

qt

)
[ām11t (at, ε)− amt ]

}
.
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Then use Lemma 2 to replace the post-trade allocations as10t(at, ε), ā
m
10t (at, ε), a

m
01t (at, ε),

ās11t (at, ε), and ām11t (at, ε), and rearrange terms to arrive at (145).

Lemma 4 Consider an economy without money. (i) The value function of a bond broker who

enters the OTC round of period t with equity holding ast is

V B
t (ast ) = φsta

s
t + Ξt + W̄B

t , (147)

where

W̄B
t ≡ max

ãst+1∈R+

[
−φst ãst+1 + βEtV B

t+1(ηãst+1)
]

(148)

and Ξt ≡ αB11

∫
k11t (ãst , ε) dHIt (ãst , ε). (ii) The value function of an equity broker who enters

the OTC round of period t with equity holding ast is

V E
t (ast ) = φsta

s
t + W̄E

t , (149)

where

W̄E
t ≡ max

ãst+1∈R+

[
−φst ãst+1 + βEtV E

t+1(ηãst+1)
]
. (150)

(iii) The value function of an investor who enters the OTC round of period t with equity holding

ast and valuation ε is

V I
t (ast , ε) =

{
εyt + φst + α11θ (ε− εnt ) yt

[
χ (εnt , ε)

φ̄
s
t

φ̄
s
t − λφst

− 1

]}
ast + W̄ I

t , (151)

where

W̄ I
t ≡ max

ãst+1∈R+

[
−φst ãst+1 + βEt

∫
V I
t+1

[
ηãst+1 + (1− η)As, ε

]
dG(ε)

]
. (152)

Proof. In a nonmonetary economy, (128)-(133) reduce to

W I
t (ast , a

b
t , kt) = φsta

s
t + abt − kt + W̄ I

t (153)

WB
t (ast , a

b
t , kt) = φsta

s
t + abt + kt + W̄B

t (154)

WE
t (ast ) = φsta

s
t + W̄E

t , (155)

where W̄B
t , W̄E

t , and W̄ I
t are given by (148), (150), and (152). (i) With (154) and Lemma 1,

(10) reduces to (147). (ii) With (155) and Lemma 1, (9) reduces to (149). (iii) With (153),

and Lemma 1, (11) reduces to (151).

89



A.3 Euler equations

In this section we derive the Euler equations that characterize the optimal portfolio choices

in the second subperiod, in a monetary economy (Lemma 5) and in a nonmonetary economy

(Lemma 6).

Lemma 5 Consider an economy with money. Let
(
ãmkt+1, ã

s
kt+1

)
denote the portfolio choice of

an agent of type k ∈ {B,E, I} in the second subperiod of period t. The portfolio
(
ãmkt+1, ã

s
kt+1

)
is optimal for k ∈ {B,E, I} if and only if it satisfies(

φmt − βEtv̄mkt+1

)
ãmkt+1 = 0 ≤ φmt − βEtv̄mkt+1 (156)(

φst − βηEtv̄skt+1

)
ãskt+1 = 0 ≤ φst − βηEtv̄skt+1, (157)

where v̄jkt+1 = vjkt+1 for k ∈ {B,E} and j ∈ {m, s},

v̄mIt+1 ≡ φmt+1 + (α01 + α11) θ

(
1

qt+1
− φmt+1

)
I{qt+1φ

m
t+1<1}

+ [α10 + α11 (1− θ)]
∫ εH

ε∗10t+1

(
ε− ε∗10t+1

)
yt+1

1

pt+1
dG(ε)

+ α11θ
1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG(ε),

and

v̄sIt+1 ≡ ε̄yt+1 + φst+1 + (α01 + α11) θ

(
φmt+1 −

1

qt+1

)
I{1<qt+1φ

m
t+1}λqt+1φ

s
t+1

+ [α10 + α11 (1− θ)]
∫ ε∗10t+1

εL

(
ε∗10t+1 − ε

)
yt+1dG (ε)

+ α11θ

[∫ ε∗11t+1

εL

(
ε∗11t+1 − ε

)
yt+1dG (ε) +

λqt+1φ
s
t+1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG (ε)

]
.

Proof. With (143) and (132), the portfolio problem of a bond broker in the second subpe-

riod can be written as

W̄B
t ≡ βEt

(
Ξt+1 + W̄B

t+1

)
+ max

(ãmt+1,ã
s
t+1)∈R2

+

[(
βEtvmBt+1 − φmt

)
ãmt+1 +

(
βηEtvsBt+1 − φst

)
ãst+1

]
.

With (144) and (133), the portfolio problem of an equity broker in the second subperiod can

be written as

W̄E
t ≡ βEtW̄E

t+1 + max
(ãmt+1,ã

s
t+1)∈R2

+

[(
βEtvmEt+1 − φmt

)
ãmt+1 +

(
βηEtvsEt+1 − φst

)
ãst+1

]
.
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With (145) and (131), the portfolio problem of an investor in the second subperiod can be

written as

W̄ I
t ≡ Tt + βEt

[
W̄ I
t+1 + v̄sIt+1 (1− η)As

]
+ max

(ãmt+1,ã
s
t+1)∈R2

+

[(
βEtv̄mIt+1 − φmt

)
ãmt+1 +

(
βEtηv̄sIt+1 − φst

)
ãst+1

]
,

where v̄kIt+1 ≡
∫
vkIt+1 (ε) dG(ε) for k ∈ {m, s}.

Lemma 6 Consider an economy with no money. Let ãskt+1 denote equity holding chosen by an

agent of type k ∈ {B,E, I} in the second subperiod of period t. Then ãskt+1 is optimal if and

only if it satisfies(
φst − βηEtφst+1

)
ãskt+1 = 0 ≤ φst − βηEtφst+1, for k ∈ {B,E} (158)

and

− φst + βηEt

{
ε̄yt+1 + φst+1 + α11θ

[∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

+
λφst+1

φ̄
s
t+1 − λφst+1

∫ εH

εnt+1

(
ε− εnt+1

)
yt+1dG(ε)

]}
≤ 0, with“ = ” if ãsIt+1 > 0. (159)

Proof. With (147), (148), (149), and (150), the portfolio problem of a bond broker or of

an equity broker in the second subperiod can be written as maxãst+1∈R+

[
−φst + βηEtφst+1

]
ãst+1.

With (151) and (152), the portfolio problem of an investor in the second subperiod can be

written as

max
ãst+1∈R+

[
−φst + βηEt

{
ε̄yt+1 + φst+1 + α11θ

[∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

+
λφst+1

φ̄
s
t+1 − λφst+1

∫ εH

εnt+1

(
ε− εnt+1

)
yt+1dG(ε)

]}]
ãst+1.

A.4 Market-clearing conditions

In this section we derive the market-clearing conditions for equity and bonds in the OTC round,

in a monetary economy (Lemma 7) and in a nonmonetary economy (Lemma 8).

91



Lemma 7 In a monetary equilibrium, the market-clearing conditions for equity, ĀsEt + Ās10t +

Ās11t = AsEt + (α10 + α11)AsIt, and bonds, ĀbBt + Āb11t + Āb01t = 0, in the OTC round are:

0 = α10 [1−G (ε∗10t)]
AmIt + ptA

s
It

pt
+ α11 [1−G (ε∗11t)]

AmIt + ptA
s
It

pt − λqtφst
− [AsEt + (α10 + α11)AsIt] (160)

0 = [1− χ (1, qtφ
m
t )]

1

qt
AmBt − χ (1, qtφ

m
t )λφstA

s
Bt

+ α01

{
[1− χ (1, qtφ

m
t )]

1

qt
AmIt − χ (1, qtφ

m
t )λφstA

s
It

}
+ α11

{{
1− I{1<qtφmt } − I{qtφmt =1} [1− χ (1, qtφ

m
t )]
}
G (ε∗11t)

− λqtφ
s
t

pt − λqtφst
[1−G (ε∗11t)]

}
AmIt + ptA

s
It

qt
. (161)

Proof. By Lemma 2, the aggregate post-trade holdings of equity for agents who trade in

the equity market in the OTC round of period t are

ĀsEt = NE

∫
āsEt (at) dFEt (at) = χ (ε∗10t, 0)

AmEt + ptA
s
Et

pt
= 0

Ās11t = α11NI

∫
as11t(at, ε)dHIt(at, ε) = α11 [1−G (ε∗11t)]

AmIt + ptA
s
It

pt − λqtφst

Ās10t = α10NI

∫
as10t(at, ε)dHIt(at, ε) = α10 [1−G (ε∗10t)]

AmIt + ptA
s
It

pt

and the the aggregate post-trade holdings of bonds for agents who trade in the bond market in

the OTC round of period t are

ĀbBt = NB

∫
ābBt (at) dFBt (at) = [1− χ (1, qtφ

m
t )]

1

qt
AmBt − χ (1, qtφ

m
t )λφstA

s
Bt

Āb11t = α11NI

∫
ab11t(at, ε)dHIt(at, ε)

= α11

{{
1− I{1<qtφmt } − I{qtφmt =1} [1− χ (1, qtφ

m
t )]
}
G (ε∗11t)

− λqtφ
s
t

pt − λqtφst
[1−G (ε∗11t)]

}
AmIt + ptA

s
It

qt

Āb01t = α01NI

∫
ab01t(at, ε)dHIt(at, ε) = α01

{
[1− χ (1, qtφ

m
t )]

1

qt
AmIt − χ (1, qtφ

m
t )λφstA

s
It

}
.
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Lemma 8 In a nonmonetary equilibrium, the market-clearing condition for equity, ĀsEt+Ā
s
10t+

Ās11t = AsEt + (α10 + α11)AsIt (or bonds, ĀbBt + Āb11t + Āb01t = 0) in the OTC round is:

1 = [1−G (εnt )]
φ̄
s
t

φ̄
s
t − λφst

. (162)

Proof. By Lemma 1, the aggregate post-trade holdings of equity for agents who trade in

the equity market in the OTC round of period t are

ĀsEt = NE

∫
āsEt (at) dFEt (at) = AsEt

Ās11t = α11NI

∫
as11t(at, ε)dHIt(at, ε) =

∫
α11χ (εnt , ε)

φ̄
s
t

φ̄
s
t − λφst

AsItdG (ε)

Ās10t = α10NI

∫
as10t(at, ε)dHIt(at, ε) = α10A

s
It

and the the aggregate post-trade holdings of bonds for agents who trade in the bond market in

the OTC round of period t are

ĀbBt = NB

∫
ābBt (at) dFBt (at) = 0

Āb11t = α11NI

∫
ab11t(at, ε)dHIt(at, ε) =

∫
α11φ̄

s
t

[
1− χ (εnt , ε)

φ̄
s
t

φ̄
s
t − λφst

]
AsItdG (ε)

Āb01t = α01NI

∫
ab01t(at, ε)dHIt(at, ε) = 0.

A.5 Equilibrium conditions

In this section we state the operational definitions of monetary and nonmonetary equilibrium

that are used in the analysis.

A.5.1 Sequential nonmonetary equilibrium

Definition 4 A (sequential) nonmonetary equilibrium is an allocation (Ãsjt+1)j∈{B,E,I} and a

sequence of prices, {φst , φ̄
s
t}∞t=0, that satisfy the three optimality conditions, (158) and (159)

(with ãkjt+1 = Ãkjt+1), and the market-clearing conditions ÃsBt+1 + ÃsEt+1 + ÃsIt+1 = As and

(162).

Definition 4 follows from Definition 1 after recognizing that all agents of the same type j ∈
{B,E, I} choose the same end-of-period portfolio that is characterized by the Euler equations
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derived in Lemma 6, and using the explicit version of the market clearing condition for equity

and bonds in the OTC round derived in Lemma 8. Given the equilibrium objects in Definition

4, the bargaining outcomes, which are part of Definition 1 but not Definition 4, are immediate

from Lemma 1.

According to Definition 4, a nonmonetary equilibrium can be characterized by sequence of

prices, {φst , φ̄
s
t}∞t=0 and an allocation (Ãsjt+1)j∈{B,E,I} that satisfy the market-clearing conditions

As = ÃsBt+1 + ÃsEt+1 + ÃsIt+1 (163)

1 = [1−G (εnt )]
φ̄
s
t

φ̄
s
t − λφst

(164)

and the optimality conditions(
φst − βηEtφst+1

)
Ãsjt+1 = 0 ≤ φst − βηEtφst+1, for j ∈ {B,E} (165)

and

− φst + βηEt

{
ε̄yt+1 + φst+1 + α11θ

[∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

+
λφst+1

φ̄
s
t+1 − λφst+1

∫ εH

εnt+1

(
ε− εnt+1

)
yt+1dG(ε)

]}
≤ 0, with“ = ” if ÃsIt+1 > 0, (166)

where εnt is given by (13).

A.5.2 Recursive nonmonetary equilibrium

The following result summarizes the conditions that characterize a recursive nonmonetary equi-

librium (RNE).

Lemma 9 A recursive nonmonetary equilibrium is a vector (εn, φs, (Ãsk)k∈{B,E,I}) that satisfies

the following conditions

0 = ÃsB + ÃsE + ÃsI −As

1 = [1−G (εn)]
εn + φs

εn + (1− λ)φs

φs ≥ β̄η
{
ε̄+ φs + α11θ

[∫ εn

εL

(εn − ε) dG(ε) +
λφs

εn + (1− λ)φs

∫ εH

εn
(ε− εn) dG(ε)

]}
with “=” if ÃsI > 0, and

(
1− β̄η

)
Ãsk = 0 for k ∈ {B,E}.
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Proof. The equilibrium conditions in the statement of the lemma are obtained from (163)-

(166) by using φst = φsyt, φ̄
s
t = φ̄

s
yt, A

s
jt = Asj for j ∈ {B,E, I}, and εnt =

(
φ̄
s
t − φst

)
1
yt

=

φ̄
s − φs ≡ εn.

The first equation in the statement of Lemma 9 is the second-subperiod market-clearing

condition for equity. The second equation is the first-subperiod market-clearing condition for

equity (or bonds). The remaining three conditions are the Euler equations for equity corre-

sponding to investors, bond brokers, and equity brokers, respectively.

A.5.3 Sequential monetary equilibrium

Definition 5 A (sequential) monetary equilibrium is an allocation
(

(Ãkjt+1)k∈{m,s}

)
j∈{B,E,I}

and a sequence of prices, {pt, qt, φmt , φst}∞t=0, that satisfy the six optimality conditions, (156)-

(157) (with ãkjt+1 = Ãkjt+1), and the four market-clearing conditions, ÃsBt+1 + ÃsEt+1 + ÃsIt+1 =

As, ÃmBt+1 + ÃmEt+1 + ÃmIt+1 = Amt+1, (160) and (161).

Definition 5 follows from Definition 1 after recognizing that all agents of the same type j ∈
{B,E, I} choose the same end-of-period portfolio that is characterized by the Euler equations

derived in Lemma 5, and using the explicit version of the market clearing condition for equity

in the OTC round derived in Lemma 7. Given the equilibrium objects in Definition 5, the

bargaining outcomes, which are part of Definition 1 but not Definition 5, are immediate from

Lemma 2.

According to Definition 5, a monetary equilibrium can be characterized by sequence of prices,

{pt, qt, φmt , φst}∞t=0 and an allocation
(

(Ãkit+1, Ã
k
jt+1)k∈{m,s}

)
j∈{B,E,I}

that satisfy the following

market-clearing conditions

0 = ÃsBt+1 + ÃsEt+1 + ÃsIt+1 −As

0 = ÃmBt+1 + ÃmEt+1 + ÃmIt+1 −Amt+1

0 = α10 [1−G (ε∗10t)]
AmIt + ptA

s
It

pt
+ α11 [1−G (ε∗11t)]

AmIt + ptA
s
It

pt − λqtφst
− [AsEt + (α10 + α11)AsIt]

0 = [1− χ (1, qtφ
m
t )]

1

qt
AmBt − χ (1, qtφ

m
t )λφstA

s
Bt

+ α01

{
[1− χ (1, qtφ

m
t )]

1

qt
AmIt − χ (1, qtφ

m
t )λφstA

s
It

}
+ α11

{[
1− I{1<qtφmt } − I{qtφmt =1} (1− χ11)

]
G (ε∗11t)−

λqtφ
s
t

pt − λqtφst
[1−G (ε∗11t)]

}
AmIt + ptA

s
It

qt
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and optimality conditions(
φmt − βEtv̄mBt+1

)
ÃmBt+1 = 0 ≤ φmt − βEtv̄mBt+1(

φst − βηEtv̄sBt+1

)
ÃsBt+1 = 0 ≤ φst − βηEtv̄sBt+1(

φmt − βEtv̄mEt+1

)
ÃmEt+1 = 0 ≤ φmt − βEtv̄mEt+1(

φst − βηEtv̄sEt+1

)
ÃsEt+1 = 0 ≤ φst − βηEtv̄sEt+1(

φmt − βEtv̄mIt+1

)
ÃmIt+1 = 0 ≤ φmt − βEtv̄mIt+1(

φst − βηEtv̄sIt+1

)
ÃsIt+1 = 0 ≤ φst − βηEtv̄sIt+1

where ε∗10t is given by (19), ε∗11t is given by (20), imt ≡ 1
qtφ

m
t
− 1,

v̄mBt+1 ≡
1

qt+1

(
1−

imt+1

1 + imt+1

I{imt+1<0}

)
v̄sBt+1 ≡

(
1− λ

imt+1

1 + imt+1

I{imt+1<0}

)
φst+1

v̄mEt+1 ≡ φmt+1 −
1

pt+1
ε∗10t+1yt+1I{ε∗10t+1<0}

v̄sEt+1 ≡ pt+1v̄
m
Et+1,

and

v̄mIt+1 ≡ φmt+1 + (α01 + α11) θ

(
1

qt+1
− φmt+1

)
I{qt+1φ

m
t+1<1}

+ [α10 + α11 (1− θ)]
∫ εH

ε∗10t+1

(
ε− ε∗10t+1

)
yt+1

1

pt+1
dG(ε)

+ α11θ
1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG(ε)

v̄sIt+1 ≡ ε̄yt+1 + φst+1 + (α01 + α11) θ

(
φmt+1 −

1

qt+1

)
I{1<qt+1φ

m
t+1}λqtφ

s
t+1

+ [α10 + α11 (1− θ)]
∫ ε∗10t+1

εL

(
ε∗10t+1 − ε

)
yt+1dG (ε)

+ α11θ

[∫ ε∗11t+1

εL

(
ε∗11t+1 − ε

)
yt+1dG (ε) +

λqt+1φ
s
t+1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG (ε)

]
.

A.5.4 Sequential monetary equilibrium with credit

The following result states that the credit market would be inactive if the net nominal interest

rate on bonds, imt ≡ 1
qtφ

m
t
− 1, were negative.
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Lemma 10 Consider a monetary equilibrium. If the bond market is active in period t, then

qtφ
m
t ≤ 1.

Proof. In an equilibrium with 1 < qtφ
m
t , the market-clearing condition (161) becomes

0 = λφst (AsBt + α01A
s
It) + α11

λφst
pt − λqtφst

[1−G (ε∗11t)] (AmIt + ptA
s
It) .

This condition can only hold if AsBt = AsIt = [1−G (ε∗11t)] (AmIt + ptA
s
It) = 0, i.e., if the bond

market is inactive. The condition 1 < qtφ
m
t implies bond demand is nil, so the bond market

can only clear with no trade.

According to Lemma 10, a monetary equilibrium with an active bond market can be charac-

terized by sequence of prices, {pt, qt, φmt , φst}∞t=0 and an allocation
(

(Ãkit+1, Ã
k
jt+1)k∈{m,s}

)
j∈{B,E,I}

that satisfy the following market-clearing conditions

0 = ÃsBt+1 + ÃsEt+1 + ÃsIt+1 −As

0 = ÃmBt+1 + ÃmEt+1 + ÃmIt+1 −Amt+1

0 = α10 [1−G (ε∗10t)]
AmIt + ptA

s
It

pt
+ α11 [1−G (ε∗11t)]

AmIt + ptA
s
It

pt − λqtφst
− [AsEt + (α10 + α11)AsIt]

0 =
(
1− I{qtφmt =1}χB

) 1

qt
AmBt

+ α01

{(
1− χ01I{qtφmt =1}

) 1

qt
AmIt − I{qtφmt =1}χ01λφ

s
tA

s
It

}
+ α11

{[
1− I{qtφmt =1} (1− χ11)

]
G (ε∗11t)−

λqtφ
s
t

pt − λqtφst
[1−G (ε∗11t)]

}
AmIt + ptA

s
It

qt

and optimality conditions(
φmt − βEt

1

qt+1

)
ÃmBt+1 = 0 ≤ φmt − βEt

1

qt+1(
φst − βηEtφst+1

)
ÃsBt+1 = 0 ≤ φst − βηEtφst+1(

φmt − βEtv̄mEt+1

)
ÃmEt+1 = 0 ≤ φmt − βEtv̄mEt+1(

φst − βηEtv̄sEt+1

)
ÃsEt+1 = 0 ≤ φst − βηEtv̄sEt+1(

φmt − βEtv̄mIt+1

)
ÃmIt+1 = 0 ≤ φmt − βEtv̄mIt+1(

φst − βηEtv̄sIt+1

)
ÃsIt+1 = 0 ≤ φst − βηEtv̄sIt+1
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where

v̄mEt+1 ≡ φmt+1 −
1

pt+1
ε∗10t+1yt+1I{ε∗10t+1<0}

v̄sEt+1 ≡ pt+1v̄
m
Et+1

and

v̄mIt+1 ≡ φmt+1 + (α01 + α11) θ

(
1

qt+1
− φmt+1

)
+ [α10 + α11 (1− θ)]

∫ εH

ε∗10t+1

(
ε− ε∗10t+1

)
yt+1

1

pt+1
dG(ε)

+ α11θ
1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG(ε)

v̄sIt+1 ≡ ε̄yt+1 + φst+1

+ [α10 + α11 (1− θ)]
∫ ε∗10t+1

εL

(
ε∗10t+1 − ε

)
yt+1dG (ε)

+ α11θ

[∫ ε∗11t+1

εL

(
ε∗11t+1 − ε

)
yt+1dG (ε) +

λqt+1φ
s
t+1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG (ε)

]
.

A.5.5 Recursive monetary equilibrium with credit

The following result summarizes the conditions that characterize a recursive monetary equilib-

rium (RME).

Lemma 11 A recursive monetary equilibrium is a vector (ε∗10, ε
∗
11, φ

s, Z, (Ãsk, Zk)k∈{B,E,I}) that

satisfies the following conditions

0 = ÃsB + ÃsE + ÃsI −As

0 = ZB + ZE + ZI − Z

0 =

{
α10 [1−G (ε∗10)] + α11 [1−G (ε∗11)]

ε∗11 + φs

ε∗11 + (1− λ)φs

}(
ZIA

s

ε∗10 + φs
+AsI

)
− [AsE + (α10 + α11)AsI ]

0 =
(

1− I{ε∗10=ε∗11}χB
)
ZBA

s + α01

{(
1− χ01I{ε∗10=ε∗11}

)
ZIA

s − I{ε∗10=ε∗11}χ01

ε∗10 + φs

ε∗11 + φs
λφsAsI

}
+ α11

{
G (ε∗11)

[
1− I{ε∗10=ε∗11} (1− χ11)

]
− [1−G (ε∗11)]

λφs

ε∗11 + (1− λ)φs

}
[ZIA

s + (ε∗10 + φs)AsI ]
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(
1− β̄

µ

ε∗11 + φs

ε∗10 + φs

)
ZB = 0 ≤

(
1− β̄

µ

ε∗11 + φs

ε∗10 + φs

)
Z(

1− β̄η
)
ÃsB = 0 ≤ 1− β̄η{

1− β̄

µ

[
1−

ε∗10I{ε∗10<0}
ε∗10 + φs

]}
ZE = 0 ≤

{
1− β̄

µ

[
1−

ε∗10I{ε∗10<0}
ε∗10 + φs

]}
Z[

φs − β̄η
(
I{0<ε∗10}ε

∗
10 + φs

)]
ÃsE = 0 ≤ φs − β̄η

(
I{0<ε∗10}ε

∗
10 + φs

)
ΓmI ZI = 0 ≤ ΓmI Z

ΓsIÃ
s
I = 0 ≤ ΓsI ,

where χB, χ01, χ11 ∈ [0, 1], and

ΓmI ≡

{
1− β̄

µ

[
1 + (α01 + α11) θ

(
ε∗11 + φs

ε∗10 + φs
− 1

)
+ [α10 + α11 (1− θ)] 1

ε∗10 + φs

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
ε∗11 + φs

ε∗10 + φs
1

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]}

ΓsI ≡

{
φs − β̄η

{
ε̄+ φs + [α10 + α11 (1− θ)]

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λφs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]}}
.

with Asj = ηÃsj for j ∈ {B,E}, AsI = ηÃsI + (1− η)As, and Z > 0.

Proof. The equilibrium conditions in the statement of the lemma are obtained from the

ones in Section A.5.4 by using φst = φsyt, ptφ
m
t ≡ φ̄

s
10t = φ̄

s
10yt, pt/qt ≡ φ̄

s
11t = φ̄

s
11yt, A

s
jt = Asj

for j ∈ {B,E, I}, φmt Amt = ZAsyt, φ
m
t A

m
jt = ZjA

syt, for j ∈ {B,E, I}, ε∗10t = (ptφ
m
t − φst ) 1

yt
=

φ̄
s
10 − φs ≡ ε∗10, ε∗11t = (pt/qt − φst ) 1

yt
= φ̄

s
11 − φs ≡ ε∗11, pt =

(ε∗10+φs)Amt
ZAs , φmt = ZAsyt

Amt
,

qt =
(ε∗10+φs)Amt

(ε∗11+φs)ZAsyt
, φst+1/φ

s
t = φ̄

s
10t+1/φ̄

s
10t = φ̄

s
11t+1/φ̄

s
11t = γt+1, pt+1/pt = µ, and φmt /φ

m
t+1 =

qt+1/qt = µ/γt+1.

The first and second equations in Lemma 11 are the second-subperiod market-clearing

conditions for equity and money, respectively. The third and fourth equations are the first-

subperiod market-clearing condition for equity and bonds, respectively. The remaining six
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conditions are the Euler equations for money and equity, corresponding to bond brokers, equity

brokers, and investors, respectively.

Corollary 6 Consider the economy where brokers do not hold assets overnight. A recursive

monetary equilibrium (with credit) is a vector (ε∗10, ε
∗
11, φ

s, Z) that satisfies

0 =

{
α10 [1−G (ε∗10)] + α11 [1−G (ε∗11)]

ε∗11 + φs

ε∗11 + (1− λ)φs

}(
Z

ε∗10 + φs
+ 1

)
− (α10 + α11)

0 = α01

[(
1− χ01I{ε∗10=ε∗11}

)
Z − I{ε∗10=ε∗11}χ01

ε∗10 + φs

ε∗11 + φs
λφs

]
+ α11

{
G (ε∗11)

[
1− I{ε∗10=ε∗11} (1− χ11)

]
− [1−G (ε∗11)]

λφs

ε∗11 + (1− λ)φs

}
(Z + ε∗10 + φs)

where χ01, χ11 ∈ [0, 1], and

ip = (α01 + α11) θ

(
ε∗11 + φs

ε∗10 + φs
− 1

)
+ [α10 + α11 (1− θ)] 1

ε∗10 + φs

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
ε∗11 + φs

ε∗10 + φs
1

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

1− β̄η
β̄η

φs = ε̄+ [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λφs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.

A.6 Continuous-time limiting economy

In this section we derive the equilibrium conditions for the continuous-time limiting economy

(as ∆→ 0) in which brokers are assumed not hold assets overnight.

A.6.1 Equilibrium conditions

Lemma 12 Consider the limiting economy (as ∆ → 0) where brokers do not hold assets

overnight. A recursive nonmonetary equilibrium is a pair (εn, ϕ) that satisfies

1 =
1−G (εn)

1− λ

ϕ = ε̄+ α11θ

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]
.
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Proof. From Lemma 9, if the period length is ∆, an equilibrium for the economy where

brokers do not hold assets overnight is a pair (εn,Φs (∆)) that satisfies

1 = [1−G (εn)]
εn + Φs (∆)

εn + (1− λ) Φs (∆)

Φs (∆) = β̄η

{
ε̄+ Φs (∆) + α11θ

[∫ εn

εL

(εn − ε) dG(ε)

+
λΦs (∆)

εn + (1− λ) Φs (∆)

∫ εH

εn
(ε− εn) dG(ε)

]}
This can be written as

1 = [1−G (εn)]
εn∆ + Φs (∆) ∆

εn∆ + (1− λ) Φs (∆) ∆

r + δ − g + gδ∆

(1 + g∆) (1− δ∆)
Φs (∆) ∆ = ε̄+ α11θ

[∫ εn

εL

(εn − ε) dG(ε)

+
λΦs (∆) ∆

εn∆ + (1− λ) Φs (∆) ∆

∫ εH

εn
(ε− εn) dG(ε)

]
Take the limit as ∆→ 0 to arrive at the conditions in the statement of the lemma.

Lemma 13 Consider the limiting economy (as ∆ → 0) where brokers do not hold assets

overnight. A recursive monetary equilibrium (with credit) is a vector (ε∗10, ε
∗
11, ϕ,Z) that satisfies

0 =

{
α10 [1−G (ε∗10)] + α11 [1−G (ε∗11)]

1

1− λ

}(
Z
ϕ

+ 1

)
− (α10 + α11)

0 = α01

[(
1− χ01I{ε∗10=ε∗11}

) Z
ϕ
− I{ε∗10=ε∗11}χ01λ

]
+ α11

{
G (ε∗11)

[
1− I{ε∗10=ε∗11} (1− χ11)

]
− [1−G (ε∗11)]

λ

1− λ

}(
Z
ϕ

+ 1

)
where χ01, χ11 ∈ [0, 1], and

ιϕ = (α01 + α11) θ (ε∗11 − ε∗10) + [α10 + α11 (1− θ)]
∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
1

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

ϕ = ε̄+ [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λ

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.
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Proof. If the period length is ∆, the equilibrium conditions in Corollary 6 generalize to

0 =

{
α10 [1−G (ε∗10)] + α11 [1−G (ε∗11)]

ε∗11 + Φs (∆)

ε∗11 + (1− λ) Φs (∆)

}(
Z (∆)

ε∗10 + Φs (∆)
+ 1

)
− (α10 + α11)

0 = α01

[(
1− χ01I{ε∗10=ε∗11}

)
Z (∆)− I{ε∗10=ε∗11}χ01

ε∗10 + Φs (∆)

ε∗11 + Φs (∆)
λΦs (∆)

]
+ α11

{
G (ε∗11)

[
1− I{ε∗10=ε∗11} (1− χ11)

]
− [1−G (ε∗11)]

λΦs (∆)

ε∗11 + (1− λ) Φs (∆)

}
[Z (∆) + ε∗10 + Φs (∆)]

where χ01, χ11 ∈ [0, 1], and

ip = (α01 + α11) θ
ε∗11 − ε∗10

ε∗10 + Φs (∆)

+ [α10 + α11 (1− θ)] 1

ε∗10 + Φs (∆)

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
ε∗11 + Φs (∆)

ε∗10 + Φs (∆)

1

ε∗11 + (1− λ) Φs (∆)

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

r + δ − g + gδ∆

(1 + g∆) (1− δ∆)
Φs (∆) ∆ = ε̄+ [α10 + α11 (1− θ)]

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε)

+
λΦs (∆)

ε∗11 + (1− λ) Φs (∆)

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.

These conditions can be rewritten as

0 =

{
α10 [1−G (ε∗10)] + α11 [1−G (ε∗11)]

ε∗11∆ + Φs (∆) ∆

ε∗11∆ + (1− λ) Φs (∆) ∆

}(
Z (∆) ∆

ε∗10∆ + Φs (∆) ∆
+ 1

)
− (α10 + α11)

0 = α01

[(
1− χ01I{ε∗10=ε∗11}

)
Z (∆) ∆− I{ε∗10=ε∗11}χ01

ε∗10∆ + Φs (∆) ∆

ε∗11∆ + Φs (∆) ∆
λΦs (∆) ∆

]
+ α11

{
G (ε∗11)

[
1− I{ε∗10=ε∗11} (1− χ11)

]
− [1−G (ε∗11)]

λΦs (∆) ∆

ε∗11∆ + (1− λ) Φs (∆) ∆

}
[Z (∆) ∆ + ε∗10∆ + Φs (∆) ∆]
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where χ01, χ11 ∈ [0, 1], and

ip

∆
= (α01 + α11) θ

ε∗11 − ε∗10

ε∗10∆ + Φs (∆) ∆

+ [α10 + α11 (1− θ)] 1

ε∗10∆ + Φs (∆) ∆

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
ε∗11∆ + Φs (∆) ∆

ε∗10∆ + Φs (∆) ∆

1

ε∗11∆ + (1− λ) Φs (∆) ∆

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

r + δ − g + gδ∆

(1 + g∆) (1− δ∆)
Φs (∆) ∆ = ε̄+ [α10 + α11 (1− θ)]

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε)

+
λΦs (∆) ∆

ε∗11∆ + (1− λ) Φs (∆) ∆

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.

Take the limit as ∆→ 0 to arrive at the conditions in the statement of the lemma.

Corollary 7 Assume G (ε) = GLI{εL≤ε<εH} + I{εH≤ε}. Consider the limiting economy (as

∆→ 0) where brokers do not hold assets overnight. A recursive nonmonetary equilibrium is a

pair (εn, ϕn) that satisfies

1 =
1

1− λ
∑

k∈{L,H}

Gkχ (εn, εk) (167)

ϕn = ε̄+ α11θ
∑

k∈{L,H}

Gk (εn − εk)
[
I{εk<εn} −

λ

1− λ
I{εn<εk}

]
, (168)

together with a mixed indicator function χ (εn, εk) ∈ [0, 1] for εk ∈ {εL, εH}.

Corollary 8 Assume G (ε) = GLI{εL≤ε<εH} + I{εH≤ε}. Consider the limiting economy (as

∆ → 0) where brokers do not hold assets overnight. A recursive monetary equilibrium (with

credit) is a vector (ε∗10, ε
∗
11, ϕ,Z) that satisfies the market-clearing conditions for equity and
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bonds

0 =

(
Z
ϕ

+ 1

){
α10

[
GLχ

L
10 (ε∗10, εL) +GHχ

H
10 (ε∗10, εH)

]
+ α11

[
GLχ

sL
11 (ε∗11, εL) +GHχ

sH
11 (ε∗11, εH)

] 1

1− λ

}
− (α10 + α11)

0 = α01

[(
1− χ01I{ε∗10=ε∗11}

) Z
ϕ
− I{ε∗10=ε∗11}χ01λ

]
+ α11

(
Z
ϕ

+ 1

)
GL

{[
1− I{ε∗10=ε∗11}

(
1− χbL11

)]
I{εL<ε∗11} −

λ

1− λ
I{ε∗11<εL}

+

[
I{ε∗10<ε

∗
11}
(
1− χsL11

)
− χsL11

λ

1− λ

]
I{εL=ε∗11}

}

+ α11

(
Z
ϕ

+ 1

)
GH

{[
1− I{ε∗10=ε∗11}

(
1− χbH11

)]
I{εH<ε∗11} −

λ

1− λ
I{ε∗11<εH}

+

[
I{ε∗10<ε

∗
11}
(
1− χsH11

)
− χsH11

λ

1− λ

]
I{εH=ε∗11}

}

and the Euler equations for equity and money

ϕ = ε̄+ [α10 + α11 (1− θ)]
[
GLI{εL≤ε∗10} (ε∗10 − εL) +GHI{εH≤ε∗10} (ε∗10 − εH)

]
+ α11θ

{
GL (ε∗11 − εL)

[
I{εL≤ε∗11} −

λ

1− λ
I{ε∗11<εL}

]
+GH (ε∗11 − εH)

[
I{εH≤ε∗11} −

λ

1− λ
I{ε∗11<εH}

]}
ιϕ = (α01 + α11) θ (ε∗11 − ε∗10)

+ [α10 + α11 (1− θ)]
[
GLI{ε∗10<εL} (εL − ε∗10) +GHI{ε∗10<εH} (εH − ε∗10)

]
+ α11θ

1

1− λ

[
GLI{ε∗11<εL} (εL − ε∗11) +GHI{ε∗11<εH} (εH − ε∗11)

]
,

where χ01, χ
bL
11 , χ

sL
11 , χ

bH
11 , χ

sH
11 ∈ [0, 1], and χL10 (·, ·), χH10 (·, ·), χsL11 (·, ·) and χsH11 (·, ·) are “mixed

indicator functions”.

Since the distribution G (ε) = GLI{εL≤ε<εH} + I{εH≤ε} consists of two mass points, an

equilibrium may involve sets of agents with strictly positive measure who are indifferent between

a pair of assets. For example, if ε∗10 = ε∗11, then the nominal interest rate on inside bonds is
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zero, and type 01 investors are indifferent between holding bonds or money. For this reason,

in general we introduce the variable χ01 that represents the fraction of beginning-of-period

financial wealth that an investor of type 01 chooses to hold in the form of bonds. Similarly, for

j ∈ {L,H}, χj10(ε∗10, εj) is the fraction of beginning-of-period financial wealth that an investor

of type 10 and valuation εj chooses to hold in the form equity by the end of the OTC round,

χsj11(ε∗11, εj) is the fraction of beginning-of-period financial wealth that an investor of type 11

and valuation εj chooses to hold in the form equity by the end of the OTC round, χbj11(ε∗11, εj)

is the fraction of beginning-of-period financial wealth that an investor of type 11 and valuation

εj chooses to hold in the form bonds by the end of the OTC round, χsj11 ≡ χsj11(εj , εj), and

χbj11 ≡ χ
bj
11(εj , εj).

A.6.2 Existence of equilibrium

Proof of Proposition 1. The conditions (41) and (42) in the statement of the proposition

are the equilibrium conditions derived in Lemma 12. Clearly for any λ ∈ [0, 1] there is a unique

εn that satisfies (42), and given εn, the normalized equity price ϕ is given by (41).

Lemma 14 In a RNE,

dεn

dλ
=

1

G′ (εn)
> 0

dϕn

dλ
= α11θ

1

(1− λ)2

∫ εH

εn
(ε− εn) dG(ε) > 0.

Proof. The first result is obtained by implicitly differentiating (42). For the second result,

differentiate (41):

d

dλ
ϕn = α11θ

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]
= α11θ

[
G (εn)

dεn

dλ
− λ

1− λ
[1−G (εn)]

dεn

dλ
+

1

(1− λ)2

∫ εH

εn
(ε− εn) dG(ε)

]
= α11θ

1

(1− λ)2

∫ εH

εn
(ε− εn) dG(ε).

Proof of Proposition 2. Set α01 = 0 in the equilibrium conditions reported in Lemma 13 to

obtain

0 =

{
α10 [1−G (ε∗10)] + α11 [1−G (ε∗11)]

1

1− λ

}(
Z
ϕ

+ 1

)
− (α10 + α11) (169)
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0 = G (ε∗11)
[
1− I{ε∗10=ε∗11} (1− χ11)

]
− [1−G (ε∗11)]

λ

1− λ
(170)

ιϕ = α11θ (ε∗11 − ε∗10) + [α10 + α11 (1− θ)]
∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
1

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG(ε) (171)

ϕ = ε̄+ [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λ

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
(172)

where χ11 ∈ [0, 1]. These are four equations in four unknowns. The unknowns are (ε∗10, ε
∗
11, ϕ,Z)

if ε∗10 < ε∗11, or (ε∗, χ11, ϕ,Z) if ε∗10 = ε∗11 ≡ ε∗ (recall (20) and Lemma 10 imply ε∗10 ≤ ε∗11 in a

monetary equilibrium with credit). We consider each case in turn.

(i) Suppose ε∗10 < ε∗11. In this case, (170) implies ε∗11 = εn, where εn ∈ [εL, εH ] is the unique

solution to G (εn) = λ. Combined, conditions (171) and (172) imply a single equation in the

unknown ε∗10 that can be written as T (ε∗10) = 0, where

T (x) ≡ α11θ (εn − x) + [α10 + α11 (1− θ)]
∫ εH

x
(ε− x) dG(ε) + α11θ

1

1− λ

∫ εH

εn
(ε− εn) dG(ε)

− ι

{
ε̄+ [α10 + α11 (1− θ)]

∫ x

εL

(x− ε) dG (ε)

+ α11θ

[∫ εn

εL

(εn − ε) dG (ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG (ε)

]}
.

Differentiate T and evaluate the derivative at x = ε∗10 to obtain

T ′ (ε∗10) = −{α11θ + [α10 + α11 (1− θ)] {[1−G (ε∗10)] + ιG (ε∗10)}} < 0.

Hence if there is a ε∗10 that satisfies T (ε∗10) = 0, it is unique. Notice that

T (εL) = α11θ (εn − εL) + [α10 + α11 (1− θ)] (ε̄− εL) + α11θ
1

1− λ

∫ εH

εn
(ε− εn) dG(ε)

− ι
{
ε̄+ α11θ

[∫ εn

εL

(εn − ε) dG (ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG (ε)

]}
,
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so 0 < T (εL) if and only if ι < ῑ (λ), where ῑ (λ) is defined in the statement of the proposition.

Also,

T (εn) =

[
α10 + α11

(
1 + θ

λ

1− λ

)]∫ εH

εn
(ε− εn) dG(ε)

− ι
{
ε̄+ (α10 + α11)

∫ εn

εL

(εn − ε) dG (ε) + α11θ
λ

1− λ

∫ εH

εn
(ε− εn) dG (ε)

}
,

so T (εn) < 0 if and only if ι̂ (λ) < ι. Thus if ι̂ (λ) < ι < ῑ (λ), there exists a unique ε∗10 that

satisfies T (ε∗10) = 0, and ε∗10 ∈ (εL, ε
n). Given ε∗10 and ε∗11, ϕ is given by (172). Finally, given

ε∗10, ε∗11, and ϕ, Z is given by (169), which can be written as (46). From this expression, it is

clear that 0 < Z ⇔ α10 > 0 and εL < ε∗10 (and the latter condition is implied by ι < ῑ (λ)).

(ii) Suppose ε∗10 = ε∗11 ≡ ε∗. In this case, (169)-(172) become

α10 + α11 = [1−G (ε∗)]

(
α10 + α11

1

1− λ

)(
Z
ϕ

+ 1

)
(173)

χ11 =
λ

1− λ
1−G (ε∗)

G (ε∗)
(174)

ιϕ =

[
α10 + α11

(
1− θ + θ

1

1− λ

)]∫ εH

ε∗
(ε− ε∗) dG(ε) (175)

ϕ = ε̄+ (α10 + α11)

∫ ε∗

εL

(ε∗ − ε) dG (ε) + α11θ
λ

1− λ

∫ εH

ε∗
(ε− ε∗) dG (ε) . (176)

Conditions (175) and (176) imply a single equation in the unknown ε∗ that can be written as

T (ε∗) = 0, where

T (ε∗) ≡
{
α10 + α11

[
1 + (1− ι) θ λ

1− λ

]}∫ εH

ε∗
(ε− ε∗) dG(ε)

− ι

[
ε̄+ (α10 + α11)

∫ ε∗

εL

(ε∗ − ε) dG (ε)

]
.

Differentiate T and evaluate the derivative at the ε∗ that solves T (ε∗) = 0 to obtain

T ′ (ε∗) = −ι

{
ε̄+(α10+α11)

∫ ε∗
εL

(ε∗−ε)dG(ε)∫ εH
ε∗ (ε−ε∗)dG(ε)

[1−G(ε∗)] + (α10 + α11)G(ε∗)

}
≤ 0,

with “=” only if ι = 0. Hence if there is a ε∗ that satisfies T (ε∗) = 0, it is unique. Notice that

T (εH) = −ι [ε̄+ (α10 + α11) (εH − ε̄)] ,
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so T (εH) < 0 if and only if 0 < ι. Also,

T (εn) =

{
α10 + α11

[
1 + (1− ι) θ λ

1− λ

]}∫ εH

εn
(ε− εn) dG(ε)

− ι
[
ε̄+ (α10 + α11)

∫ εn

εL

(εn − ε) dG (ε)

]
,

so 0 ≤ T (εn) if and only if ι ≤ ι̂ (λ). Thus if 0 < ι ≤ ι̂ (λ), there exists a unique ε∗ that satisfies

T (ε∗) = 0, and ε∗ ∈ [εn, εH) (with ε∗ = εn only if ι = ι̂ (λ)). Given ε∗, χ11 ∈ [0, 1] is given by

(174) and ϕ is given by (176). Finally, given ε∗ and ϕ, (173) implies Z.

Lemma 15 The real asset price in the RME is higher than the real asset price in the RNE,

i.e.,

(i) If ι̂ (λ) < ι < ῑ (λ), then

0 < [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε) ≤ ϕ− ϕn. (177)

(ii) If 0 < ι ≤ ι̂ (λ), then

0 < [α10 + α11 (1− θ)]
∫ ε∗

εL

(ε∗ − ε) dG (ε) ≤ ϕ− ϕn. (178)

Moreover, in any RME, ϕ ≤ ψ ≡ ε̄+ (α10 + α11) (εH − ε̄), with “=” only if ι = 0.

Proof. (i) If ι̂ (λ) < ι < ῑ (λ), (177) is immediate from (45). (ii) If 0 < ι ≤ ι̂ (λ), use (41)

and the expression for ϕ in part (ii) of Proposition 2 to write

ϕ− ϕn = α10

∫ ε∗

εL

(ε∗ − ε) dG (ε)

+ α11

∫ ε∗

εL

(ε∗ − ε) dG (ε) + α11θ
λ

1− λ

∫ εH

ε∗
(ε− ε∗) dG (ε)

− α11θ

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]
.

Define

Υ (x) ≡
∫ x

εL

(x− ε) dG(ε) +
λ

1− λ

∫ εH

x
(ε− x) dG(ε) (179)

and notice that for all x ∈ [εn, εH ],

Υ′ (x) = G (x)− λ

1− λ
[1−G (x)] ≥ 0, with “ = ” only if x = εn. (180)
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Thus, since 0 < ι ≤ ι̂ (λ) implies εn ≤ ε∗, we have

ϕ− ϕn ≥ α10

∫ ε∗

εL

(ε∗ − ε) dG (ε)

+ α11

∫ ε∗

εL

(ε∗ − ε) dG (ε) + α11θ
λ

1− λ

∫ εH

ε∗
(ε− ε∗) dG (ε)

− α11θ

[∫ ε∗

εL

(ε∗ − ε) dG(ε) +
λ

1− λ

∫ εH

ε∗
(ε− ε∗) dG(ε)

]
,

which implies (178).

To show that ϕ ≤ ε̄ + (α10 + α11) (εH − ε̄), we again consider two cases. First, suppose

ι̂ (λ) < ι < ῑ (λ). In this case,

ϕ− ψ = α10

[∫ ε∗10

εL

(ε∗10 − ε) dG (ε)− (εH − ε̄)

]

+ α11

[
θΥ (εn) + (1− θ)

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)− (εH − ε̄)

]
< 0.

Second, suppose 0 < ι ≤ ι̂ (λ). In this case,

ϕ− ψ = α10

[∫ ε∗

εL

(ε∗ − ε) dG (ε)− (εH − ε̄)

]

+ α11

[∫ ε∗

εL

(ε∗ − ε) dG (ε) + θ
λ

1− λ

∫ εH

ε∗
(ε− ε∗) dG (ε)− (εH − ε̄)

]

≤ α10

[∫ ε∗

εL

(ε∗ − ε) dG (ε)− (εH − ε̄)

]
+ α11 [Υ (ε∗)− (εH − ε̄)]

≤ 0.

To conclude, notice the last inequality is strict unless ι → 0, which implies ε∗ → εH , and

therefore ϕ→ ψ.

Proof of Proposition 3. Part (i) is an immediate corollary of Lemma 15. For part (ii), we

consider two cases in turn.

If ι̂ (λ) < ι < ῑ (λ), then

dε∗10

dι
= −

∂T(ε∗10)
∂ι

T ′ (ε∗10)
= − −ϕ
−{α11θ + [α10 + α11 (1− θ)] {[1−G (ε∗10)] + ιG (ε∗10)}}

< 0,
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where T (·) is the equilibrium map defined in part (i) of the proof of Proposition 2. Then, from

(45),
dϕ

dι
= [α10 + α11 (1− θ)]G (ε∗10)

dε∗10

dι
< 0.

If 0 < ι ≤ ι̂ (λ), then

dε∗

dι
= −

∂T (ε∗)
∂ι

T ′ (ε∗)
= − −ϕ

−ι

{
ε̄+(α10+α11)

∫ ε∗
εL

(ε∗−ε)dG(ε)∫ εH
ε∗ (ε−ε∗)dG(ε)

[1−G(ε∗)] + (α10 + α11)G(ε∗)

} < 0,

where T (·) is the equilibrium map defined in part (ii) of the proof of Proposition 2. Then,

differentiating the expression for ϕ in part (ii) of the statement of Proposition 2,

dϕ

dι
=

[
(α10 + α11)G (ε∗)− α11θ

λ

1− λ
[1−G (ε∗)]

]
dε∗

dι
.

Notice that

0 = (α10 + α11)

[
G (εn)− λ

1− λ
[1−G (εn)]

]
≤ (α10 + α11)

[
G (ε∗)− λ

1− λ
[1−G (ε∗)]

]
< (α10 + α11)G (ε∗)− α11θ

λ

1− λ
[1−G (ε∗)] ,

where the first inequality follows because G (x)− λ
1−λ [1−G (x)] is increasing in x, and εn ≤ ε∗

for all 0 < ι ≤ ι̂ (λ). Hence, dϕ/dι < 0.

Proof of Proposition 4. A nonmonetary equilibrium of this economy is a pair (εn, ϕn) that

satisfies (167) and (168), together with a function χ (εn, εk) ∈ [0, 1] for εk ∈ {εL, εH}. For any

ε ∈ R, define

1− G̃ (ε) ≡
∑

j∈{L,H}

Gjχ (ε, εj)

= I{ε<εL} + (GLχ̃L +GH) I{ε=εL} +GHI{εL<ε<εH} +GH χ̃HI{ε=εH},

where χ̃L, χ̃H ∈ [0, 1]. For any ε ∈ R, define the mapping T (ε, χL, χH) ≡ λ − G̃ (ε), with

χk ≡ 1− χ̃k for k ∈ {L,H}. More explicitly,

T (ε, χL, χH) =


λ if ε < εL
λ−GLχL if ε = εL
λ−GL if εL < ε < εH
λ−GL −GHχH if ε = εH .
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An equilibrium can now be described by a triple (εn, χL, χH), with χL, χH ∈ [0, 1] that satisfies

T (εn, χL, χH) = 0. Given εn, ϕn is obtained from (168). There are three possibilities: either

λ < GL, or GL < λ, or λ = GL. First, if λ < GL, then the equilibrium is (εn, χL, χH) =

(εL, χ
∗
L, χH) and χH ∈ [0, 1], where

χ∗L =
λ

GL
.

To see this, verify that T (ε′, χL, χH) < T (εL, χ
∗
L, χH) = 0 < T (ε′′, χL, χH) for all ε′′ < εL, all

ε′ > εL, and any χL, χH ∈ [0, 1]. Second, if GL < λ, then the equilibrium is (εn, χL, χH) =

(εH , χL, χ
∗
H) and χL ∈ [0, 1], where

χ∗H =
λ−GL
GH

.

To see this, verify that T (εH , χL, χ
∗
H) = 0 < T (ε′, χL, χH) for all ε′ < εH , and any χL, χH ∈

[0, 1]. Finally, if λ = GL, then an equilibrium is any (εn, χL, χH) with εn ∈ (εL, εH) and

χL, χH ∈ [0, 1], as well as (εn, χL, χH) = (εL, 1, χH) and χH ∈ [0, 1], or (εn, χL, χH) =

(εH , χL, 0) and χL ∈ [0, 1].

Proof of Proposition 5. The equilibrium conditions are given in Corollary 8. An equilibrium

can take one of seven forms: (A1) εL = ε∗10 = ε∗11 < εH , (A2) εL < ε∗10 = ε∗11 < εH , (A3)

εL < ε∗10 = ε∗11 = εH , (B1) εL = ε∗10 < ε∗11 < εH , (B2) εL = ε∗10 < ε∗11 = εH , (B3) εL < ε∗10 <

ε∗11 < εH , (B4) εL < ε∗10 < ε∗11 = εH . We consider each in turn.

(A1) If εL = ε∗10 = ε∗11 < εH , the Euler equations for money and equity imply

ϕ = ε̄+ α11θπH
λ

1− λ
(εH − εL)

and also ι = ι̂ (λ), so this case is of measure zero in the space of parameters.

(A2) If εL < ε∗10 = ε∗11 ≡ ε∗ < εH , the equilibrium conditions specialize to

0 =

(
Z
ϕ

+ 1

)(
α10 + α11

1

1− λ

)
GH − (α10 + α11)As (181)

0 = α01

[
(1− χ01)

Z
ϕ
− χ01λ

]
+

(
α11GLχ

bL
11 − α11GH

λ

1− λ

)(
Z
ϕ

+ 1

)
(182)

ιϕ =

{
α10 + α11

[
1 + θ

(
λ

1− λ

)]}
GH (εH − ε∗) (183)

ϕ = ε̄+ [α10 + α11 (1− θ)]GL (ε∗ − εL) + α11θ

[
GL (ε∗ − εL) +GH (εH − ε∗)

λ

1− λ

]
. (184)
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Conditions (183) and (184) imply (53) and (54), and condition (181) implies (55). Condition

(182) (together with (181)) implies that χ01 and χbL11 must satisfy χbL11 = ϑ (χ01), where

ϑ (χ01) ≡
α11 (α01 + α10 + α11)GH

λ
1−λ − α01 (α10 + α11)GL

α11 (α10 + α11)GL

+
α01 {α10 [1−GH (1− λ)] + α11GL}

α11 (α10 + α11)GL
χ01.

Any χ01 ∈ [0, 1] is consistent with equilibrium as long as ϑ (χ01) = χbL11 ∈ [0, 1]. Notice that

ϑ′ (χ01) =
α01 {α10 [1−GH (1− λ)] + α11GL}

α11 (α10 + α11)GL
≥ 0 with “ = ” only if α01 = 0.

Hence ϑ (0) ≤ ϑ (χ01) = χbL11 ≤ ϑ (1). It follows that this equilibrium configuration does not

exist if either ϑ (1) < 0 or 1 < ϑ (0), since in this case there does not exist χbL11 = ϑ (χ01) ∈ [0, 1]

for any χ01 ∈ [0, 1]. Equivalently, the equilibrium exists if we have both, 0 ≤ ϑ (1) and ϑ (0) ≤ 1.

The condition 0 ≤ ϑ (1) is equivalent to

0 ≤
α11 (α01 + α10 + α11)GH

λ
1−λ + α01α10GHλ

α11 (α10 + α11)GL
,

which always holds. The condition ϑ (0) ≤ 1 is equivalent to parametric restriction λ ≤ λ̂.

The equilibrium is then fully described by (53) and (54), and a pair
(
χ01, χ

bL
11

)
such that

χbL11 = f (χ01), and χ01 ∈ [χ
01
, χ̄01] ∩ [0, 1], where χ

01
is the solution to f(χ

01
) = 0 and χ̄01 is

the solution to f (χ̄01) = 1, i.e.,

χ
01

=
α01 (α10 + α11)GL − α11 (α01 + α10 + α11)GH

λ
1−λ

α01 {α10 [1−GH (1− λ)] + α11GL}

χ̄01 =
(α11 + α01) (α10 + α11)GL − α11 (α01 + α10 + α11)GH

λ
1−λ

α01 {α10 [1−GH (1− λ)] + α11GL}
.

For the equilibrium to be monetary, we need 0 < Z, or equivalently, λ < (α10+α11)GL
α10GL+α11

, but

this condition is implied by the parametric restriction λ < λ̂. The conjectured conditions

εL < ε∗ < εH are equivalent to the parametric restrictions 0 < ι < ι̂ (λ). Hence this equilibrium

configuration exists for (ι, λ) ∈ Em2 .
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(A3) If εL < ε∗10 = ε∗11 = εH , the equilibrium conditions specialize to

0 =

(
Z
ϕ

+ 1

)(
α10GHχ

H
10 + α11GHχ

sH
11

1

1− λ

)
− (α10 + α11) (185)

0 = α01

[
(1− χ01)

Z
ϕ
− χ01λ

]
+ α11

(
GLχ

bL
11 −GHχsH11

λ

1− λ

)(
Z
ϕ

+ 1

)
(186)

ι = 0 (187)

ϕ = ε̄+ (α10 + α11)GL (εH − εL) . (188)

The equilibrium consists of any
(
Z, χH10, χ01, χ

bL
11 , χ

sH
11

)
that satisfies (185) and (186), as well as

Z > 0, and χH10, χ01, χ
bL
11 , χ

sH
11 ∈ [0, 1].

(B1) If εL = ε∗10 < ε∗11 < εH , the equilibrium conditions specialize to

0 =

(
Z
ϕ

+ 1

)[
α10

(
GLχ

L
10 +GH

)
+ α11GH

1

1− λ

]
− (α10 + α11) (189)

0 = α01
Z
ϕ

+ α11

(
Z
ϕ

+ 1

)(
GL −GH

λ

1− λ

)
(190)

ιϕ = (α01 + α11) θ (ε∗11 − εL) + [α10 + α11 (1− θ)]GH (εH − εL)

+ α11θ
1

1− λ
GH (εH − ε∗11) (191)

ϕ = ε̄+ α11θ

[
GL (ε∗11 − εL) +GH (εH − ε∗11)

λ

1− λ

]
. (192)

Conditions (191) and (192) imply (56) and (57). From (190), Z is given by (58), and from

(189), χL10 is given by (59). For this configuration to be a monetary equilibrium equilibrium we

need to check: (a) 0 ≤ χL10 ≤ 1, (b) εL < ε∗11 < εH , and (c) 0 < Z. The conditions in (a) are

equivalent to the parametric conditions GL ≤ λ ≤ λ̂. The conditions in (b) are equivalent to

the parametric conditions ι̂ (λ) < ι < ῑ. Condition (c) is implied by (a). Hence this equilibrium

configuration exists for (ι, λ) ∈ Em3 .

(B2) If εL = ε∗10 < ε∗11 = εH , the equilibrium conditions specialize to

0 =

(
Z
ϕ

+ 1

)[
α10

(
GLχ

L
10 +GH

)
+ α11GHχ

sH
11

1

1− λ

]
− (α10 + α11) (193)

0 = α01
Z
ϕ

+ α11

(
Z
ϕ

+ 1

)(
1−GHχsH11

1

1− λ

)
(194)

ιϕ = {(α01 + α11) θ + [α10 + α11 (1− θ)]GH} (εH − εL) (195)

ϕ = ε̄+ α11θGL (εH − εL) . (196)
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Condition (196) gives ϕ. Condition (194) implies

Z
ϕ

=
α11

(
GHχ

sH
11

1
1−λ − 1

)
α01 − α11

(
GHχsH11

1
1−λ − 1

) . (197)

Given Z/ϕ, then (193) is a single equation in the two unknowns χL10, χ
sH
11 ∈ [0, 1], namely

χL10 =
(α01 + α11) (α10 + α11)− α01α10GH

α01α10GL
−

(α01 + α10 + α11)α11GH
1

1−λ
α01α10GL

χsH11 . (198)

The complete characterization of equilibrium requires to find
(
Z, χL10, χ

sH
11

)
with 0 < Z and

χL10, χ
sH
11 ∈ [0, 1] that satisfy (197) and (198). Notice that conditions (195) and (196) imply the

parametric restriction ι = ῑ, , so this case is of measure zero in the space of parameters.

(B3) If εL < ε∗10 < ε∗11 < εH , the equilibrium conditions specialize to

0 =

(
Z
ϕ

+ 1

)
GH

(
α10 + α11

1

1− λ

)
− (α10 + α11) (199)

0 = α01
Z
ϕ

+ α11

(
Z
ϕ

+ 1

)(
GL −GH

λ

1− λ

)
(200)

ιϕ = (α01 + α11) θ (ε∗11 − ε∗10) + [α10 + α11 (1− θ)]GH (εH − ε∗10)

+ α11θ
1

1− λ
GH (εH − ε∗11) (201)

ϕ = ε̄+ [α10 + α11 (1− θ)]GL (ε∗10 − εL)

+ α11θ

[
GL (ε∗11 − εL) +GH (εH − ε∗11)

λ

1− λ

]
. (202)

Conditions (199) and (200) imply the parametric restriction λ = λ̂, so this case is of measure

zero in the space of parameters.

(B4) If εL < ε∗10 < ε∗11 = εH , the equilibrium conditions specialize to

0 =

(
Z
ϕ

+ 1

)
GH

(
α10 + α11χ

sH
11

1

1− λ

)
− (α10 + α11) (203)

0 = α01
Z
ϕ

+ α11

(
Z
ϕ

+ 1

)[
GL +GH

(
1− χsH11

1

1− λ

)]
(204)

ιϕ = {(α01 + α11) θ + [α10 + α11 (1− θ)]GH} (εH − ε∗10) (205)

ϕ = ε̄+ [α10 + α11 (1− θ)]GL (ε∗10 − εL) + α11θGL (εH − εL) . (206)

Conditions (205) and (206) imply (50) and (51). Conditions (203) and (204) imply (52) and

χsH11 = (1− λ)
α11 (α01 + α10 + α11) + α10α01GL

α11 (α01 + α10 + α11)GH
.
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For this configuration to be a monetary equilibrium equilibrium we need to check: (a) 0 ≤
χsH11 ≤ 1, (b) εL < ε∗10 < εH , and (c) 0 < Z. The conditions in (a) are equivalent to the

parametric condition λ̂ ≤ λ. The conditions in (b) are equivalent to the parametric conditions

0 < ι < ῑ. Condition (c) is implied by the fact that ϕ > 0. Hence this equilibrium configuration

exists for (ι, λ) ∈ Em1 .

A.7 Cashless limits

Proof of Proposition 6. Without loss of generality, we compute the relevant limits along

a trajectory starting from any economy indexed by the (λ, ι) such that ι ∈ [̂ι (λ) , ῑ (λ)]. As

λ→ 1, the mapping T defined in part (i) of the proof of Proposition 2 converges uniformly to

the mapping Tλ=1 defined by

Tλ=1 (x) ≡ α11θ (εH − x) + [α10 + α11 (1− θ)]
∫ εH

x
(ε− x) dG(ε)

− ι
{
ε̄+ [α10 + α11 (1− θ)]

∫ x

εL

(x− ε) dG (ε) + α11θ (εH − ε̄)
}
.

(This follows from the fact that limλ→1
1

1−λ
∫ εH
εn (ε− εn) dG (ε) = limλ→1

1−G(εn)
G′(εn) = 0.) Differ-

entiate Tλ=1 and evaluate the derivative at x = ε∗10 to obtain

T ′λ=1 (ε∗10) = −{α11θ + [α10 + α11 (1− θ)] {[1−G (ε∗10)] + ιG (ε∗10)}} < 0.

Hence if there is a ε∗10 that satisfies T (ε∗10) = 0, it is unique. Notice that

Tλ=1 (εL) = [ε̄+ α11θ (εH − ε̄)] [̄ι (1)− ι] ,

so 0 < T (εL) if and only if ι < ῑ (1). Also,

Tλ=1 (εH) = −ι [ε̄+ (α10 + α11) (εH − ε̄)]

so T (εH) < 0 if and only if 0 < ι. Thus if 0 ≤ ι ≤ ῑ (1), there exists a unique ε∗10 that satisfies

Tλ=1 (ε∗10) = 0 (or equivalently, (64)), and ε∗10 ∈ [εL, εH ]. The limiting expressions (61) and

(63) are immediate from (46) and (45). Finally, (62) is the limit of the upper branch of (60).

Proof of Proposition 7. Without loss of generality, we compute the relevant limits along a

trajectory starting from any economy indexed by the (λ, ι) such that ι ∈ [̂ι (λ) , ῑ (λ)]. From

part (i) of the proof of Proposition 2, we know that ε∗10 → εL as ι→ ῑ (λ), so (45) implies (67),

(46) implies (65), and the top branch of (60) implies (66).
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Proof of Proposition 8. With α10 ≡ αsα α11 ≡ αs (1− α), (60) can be written as

V =


αs{α[1−G(ε∗10)]+1−α}[αG(ε∗10)+(1−α)λ]

αG(ε∗10)
if ς̂ (α) < ι < ς̄ (α)

αs[α+(1−α) 1
1−λ ]G(ε∗)[1−G(ε∗)]

αG(ε∗)+(1−α) 1
1−λ [G(ε∗)−λ]

if 0 < ι ≤ ς̂ (α) .
(207)

First, notice that ς̂ (α) ≤ ς̄ (α) for all α ∈ [0, 1], with “=” only if λ = 0. Hereafter, assume

λ > 0, and fix some ι ∈ (0, ῑ (0)).

(i) For ι ∈ (ς̂ (0) , ς̄ (0)) and α small enough, part (i) of Proposition 2 implies the monetary

equilibrium is a vector (ε∗10, ε
∗
11, ϕ,Z), where

ϕ = ε̄+ αs

{
(1− α) θ

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]

+ [α+ (1− α) (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

}
(208)

Z =
αG (ε∗10)

α [1−G (ε∗10)] + 1− α
ϕ (209)

ε∗11 = εn, and ε∗10 is the unique ε∗10 ∈ (εL, ε
n) that satisfies T̃ (ε∗10;α) = 0, where for any

ε∗10 ∈ [εL, εH ], T̃ (·;α) is a real-valued function defined by

T̃ (ε∗10;α) ≡ (1− α) θ (εn − ε∗10) + [α+ (1− α) (1− θ)]
∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ (1− α) θ
1

1− λ

∫ εH

εn
(ε− εn) dG(ε)

− ι

{
ε̄

αs
+ [α+ (1− α) (1− θ)]

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ (1− α) θ

[∫ εn

εL

(εn − ε) dG (ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG (ε)

]}
.

As α→ 0, the function T̃ (·;α) converges uniformly to

T̃ (ε∗10; 0) ≡ θ (εn − ε∗10) + (1− θ)
∫ εH

ε∗10

(ε− ε∗10) dG(ε) + θ
1

1− λ

∫ εH

εn
(ε− εn) dG(ε)

− ι

{
ε̄

αs
+ (1− θ)

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ θ

[∫ εn

εL

(εn − ε) dG (ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG (ε)

]}
.
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Then (72) is equivalent to T̃ (ε∗10; 0) = 0, while (69), (70), and (71) are obtained from (209),

(207), and (208), respectively, by taking the limit as α→ 0.

(ii) For ι ∈ (0, ς̂ (0)] and α small enough, part (ii) of Proposition 2 implies the monetary

equilibrium is a vector (ε∗, χ, ϕ,Z) that satisfies χ = λ
1−λ

1−G(ε∗)
G(ε∗) ,

ϕ = ε̄+ αs

[∫ ε∗

εL

(ε∗ − ε) dG (ε) + (1− α) θ
λ

1− λ

∫ εH

ε∗
(ε− ε∗) dG (ε)

]
(210)

Z =
αG (ε∗) + (1− α) 1

1−λ [G (ε∗)− λ]

[1−G (ε∗)]
[
α+ (1− α) 1

1−λ

] ϕ, (211)

and ε∗10 = ε∗11 ≡ ε∗, where ε∗ ∈ [εn, εH) (with ε∗ = εn only if ι = ς̂ (0)) is the unique solution

to T̃ (ε∗;α) = 0, where for any ε∗ ∈ [εL, εH ], T̃ (·;α) is a real-valued function defined by

T̃ (ε∗;α) ≡
{
α+ (1− α)

[
1 + (1− ι) θ λ

1− λ

]}∫ εH

ε∗
(ε− ε∗) dG(ε)

− ι

[
ε̄

αs
+

∫ ε∗

εL

(ε∗ − ε) dG (ε)

]
.

As α→ 0, the function T̃ (·;α) converges uniformly to

T̃ (ε∗; 0) ≡
[
1 + (1− ι) θ λ

1− λ

] ∫ εH

ε∗
(ε− ε∗) dG(ε)− ι

[
ε̄

αs
+

∫ ε∗

εL

(ε∗ − ε) dG (ε)

]
.

Then (76) is equivalent to T̃ (ε∗; 0) = 0, while while (73), (74), and (75) are obtained from

(211), (207), and (210), respectively, by taking the limit as α→ 0.

Proof of Proposition 9. The limits for ε∗10, ϕ, Z/ϕ, and V in part (i) are obtained from

(50), (51), (52), and (60). The limits for ε∗, ϕ, Z/ϕ, and V in part (ii) are obtained from (53),

(54), (55), and (60).

A.8 Capital accumulation

Definition 6 A sequential nonmonetary equilibrium for the economy with investment is an

allocation
{
Xt, A

s
t+1

}∞
t=0

and a sequence of prices, {εnt , φst , φ̄
s
t}∞t=0, that satisfy: φ̄

s
t = εnt yt + φst ,

the law of motion for the capital stock,

Ast+1 = η (Ast +Xt) ,
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the market-clearing condition for bonds

1 = [1−G (εnt )]
φ̄
s
t

φ̄
s
t − λφst

,

and the individual optimality conditions

Xt = Xt (φst )

and

φst = βηEt

{
ε̄yt+1 + φst+1 + α11θ

[∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

+
λφst+1

φ̄
s
t+1 − λφst+1

∫ εH

εnt+1

(
ε− εnt+1

)
yt+1dG(ε)

]}
.

Notice that the structure of the equilibrium conditions in Definition 6 is recursive, i.e.,

one can solve for {εnt , φst}∞t=0 independently of
{
Xt, A

s
t+1

}∞
t=0

, and then given {φst}∞t=0, one gets

{Xt}∞t=0 = {Xt (φst )}
∞
t=0, and given {Xt}∞t=0,

{
Ast+1

}∞
t=0

follows from the law of motion for the

capital stock. Moreover, notice the equations that characterize {εnt , φst}∞t=0 in this economy with

endogenous capital accumulation are identical to the conditions that characterize {εnt , φst}∞t=0

in the baseline economy that assumes Ast = As for all t.

Definition 7 A sequential monetary equilibrium for the economy with investment is an allo-

cation
{
Xt, A

s
t+1

}∞
t=0

and a sequence of prices, {ε∗10t, ε
∗
11t, pt, qt, φ

m
t , φ

s
t}∞t=0, that satisfy: ε∗11t =

(pt
1
qt
− φst ) 1

yt
, ε∗10t = (ptφ

m
t − φst ) 1

yt
, χ11 ≡ χ (1, 1) ∈ [0, 1], the law of motion for capital,

Ast+1 = η (Ast +Xt) ,

the market clearing conditions for equity and bonds,

0 = α10 [1−G (ε∗10t)]
Amt + ptA

s
t

pt
+ α11 [1−G (ε∗11t)]

Amt + ptA
s
t

pt − λqtφst
− (α10 + α11)Ast

0 =
[
1− I{qtφmt =1} (1− χ11)

]
G (ε∗11t)−

λqtφ
s
t

pt − λqtφst
[1−G (ε∗11t)] ,

and the individual optimality conditions,

Xt = Xt (φst ) ,
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and

φmt = βEt
{
φmt+1 + (α01 + α11) θ

(
1

qt+1
− φmt+1

)
+ [α10 + α11 (1− θ)]

∫ εH

ε∗10t+1

(
ε− ε∗10t+1

)
yt+1

1

pt+1
dG(ε)

+ α11θ
1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG(ε)

}
φst = βηEt

{
ε̄yt+1 + φst+1 + [α10 + α11 (1− θ)]

∫ ε∗10t+1

εL

(
ε∗10t+1 − ε

)
yt+1dG (ε)

+ α11θ

[∫ ε∗11t+1

εL

(
ε∗11t+1 − ε

)
yt+1dG (ε) +

λqt+1φ
s
t+1

pt+1 − λqt+1φ
s
t+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG (ε)

]}
.

Notice that the structure of the equilibrium conditions in Definition 7 is recursive, i.e., one

can solve for prices and marginal valuations independently of
{
Xt, A

s
t+1

}∞
t=0

, and then given

{φst}∞t=0, one gets {Xt}∞t=0 = {Xt (φst )}
∞
t=0, and given {Xt}∞t=0,

{
Ast+1

}∞
t=0

follows from the law

of motion for the capital stock.

Example 1 Suppose

ft (n) = $tn
σ (212)

for σ ∈ (0, 1). Then the optimal amount of general goods that the investor devotes to the

production of capital goods is

gt (φst ) = (σ$tφ
s
t )

1
1−σ (213)

and the quantity of new capital created by an individual investor is

xt (φst ) = σ
σ

1−σ$
1

1−σ
t (φst )

σ
1−σ . (214)

Assume

$t = (σyt)
−σ . (215)

(i) Consider the baseline discrete-time formulation. Given φst = φsyt, (213) and (214) with

(215) imply

gt (φst ) = σ (φs)
1

1−σ yt

xt (φst ) = (φs)
σ

1−σ . (216)
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(ii) Consider the generalized discrete-time economy with period length ∆. Given the asset price

is Φs
t (∆) = Φs (∆) yt∆, (213) and (214) with (215) imply

gt (Φs
t (∆)) = σ [Φs (∆) ∆]

1
1−σ yt

xt (Φs
t (∆)) = [Φs (∆) ∆]

σ
1−σ

and therefore, since lim∆→0 Φs (∆) ∆ = φs,

lim
∆→0

gt (Φs
t (∆)) = σ (φs)

1
1−σ yt (217)

lim
∆→0

xt (Φs
t (∆)) = (φs)

σ
1−σ . (218)

Thus, in the continuous-time approximation, (217) and (218) are the effort rate devoted to

investment, and the investment rate, respectively.

Proof of Proposition 10. Notice the equations that characterize prices and marginal valua-

tions in Definitions 6 and 7 are identical to the conditions that characterize prices and marginal

valuations in the baseline economy that assumes Ast = As for all t (and where only investors

carry assets overnight). Hence, the conditions that characterize prices and marginal valuations

in the recursive equilibrium, and in the recursive equilibrium with ∆→ 0, are also the same in

the economy with endogenous capital accumulation as in the economy that assumes Ast = As

for all t. Given the production function (212) with (215), the aggregate investment rate is

immediate from (218).

A.9 Unsecured credit

In this section we develop the model with unsecured credit outlined in Section 5.2.

The bargaining solutions for investors of type 10 are as before. The bargaining solutions for

investors of type 11 are summarized in the following two results.

Lemma 16 Consider the economy with no money. If the investor is able to contact both an

equity and a bond broker, the post-trade portfolio is

as11t (ast , ε) = χ (εnt , ε)

(
ast +

B̄t

φ̄
s
t

)
(219)

ab11t (ast , ε) = φ̄
s
t

[
ast − χ (εnt , ε)

(
ast +

B̄t

φ̄
s
t

)]
(220)
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and the intermediation fee for the bond broker is

k11t (ast , ε) = (1− θ) (ε− εnt ) yt

[
χ (εnt , ε)

(
ast +

B̄t

φ̄
s
t

)
− ast

]
. (221)

Proof. In a nonmonetary economy, (5) implies
[
as11t (ast , ε) , a

b
11t (ast , ε) , k11t (ast , ε)

]
is the

solution to

max
(ast ,kt)∈R2

+,a
b
t∈R

[
(εyt + φst ) (ast − ast ) + abt − kt

]θ
k1−θ
t

s.t. φ̄
s
ta
s
t + abt = φ̄

s
ta
s
t (222)

−B̄t ≤ abt . (223)

Notice that the first-order condition with respect to kt implies (136), so the bargaining solution

can be found by solving the following auxiliary problem

max
ast∈R+,abt∈R

[
(εyt + φst ) (ast − ast ) + abt

]
s.t. (222), and (223).

Since (222) implies abt = φ̄
s
t (a

s
t − ast ),

as11t (ast , ε) = arg max
ast

(ε− εnt ) ast s.t. 0 ≤ ast and ast ≤ ast +
B̄t

φ̄
s
t

.

The solution is given by (219). Given as11t (ast , ε), a
b
11t (ast , ε) = φ̄

s
t [ast − as11t (ast , ε)] as in (220),

and k11t (ast , ε) is given by (136), or equivalently, (221).

Lemma 17 Consider the economy with money, and let ε̄∗11t = max (ε∗10t, ε
∗
11t), where

ε∗11t ≡
pt

1
qt
− φst
yt

(224)

and ε∗10t is as defined in (19). Consider an investor who enters the OTC round of period t with

portfolio at and valuation ε in an economy with money. If the investor is able to contact both
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an equity broker and a bond broker, the post-trade portfolio is

am11t (at, ε) =

{
I{1<qtφmt }

[
I{ε<ε̄∗11t} + I{ε=ε̄∗11t}χ (ε̄∗11t, ε)

]
+ I{qtφmt =1}I{ε<ε̄∗11t}χ (qtφ

m
t , 1)

}(
amt + pta

s
t + qtB̄t

)
+ I{qtφmt =1}I{ε=ε̄∗11t}â

m
t (225)

as11t (at, ε) =
{
I{ε̄∗11t<ε} +

[
1− I{qtφmt =1}

]
I{ε=ε̄∗11t}χ (ε̄∗11t, ε)

}[
ast +

1

pt

(
amt + qtB̄t

)]
+ I{qtφmt =1}I{ε=ε̄∗11t}â

s
t (226)

ab11t(at, ε) = − 1

qt
{[am11t(at, ε)− amt ] + pt [as11t(at, ε)− ast ]} , (227)

where

(âmt , â
s
t ) ∈

{
R2

+ : âmt + ptâ
s
t ≤ amt + pta

s
t + qtB̄t

}
,

and the intermediation fee is

k11t (at, ε) = (1− θ)
{

(εyt + φst ) [as11t(at, ε)− as10t(at, ε)]

+ φmt [am11t(at, ε)− am10t(at, ε)] + ab11t(at, ε)
}
. (228)

Proof. With (128), (5) can be written as

max
(amt ,a

s
t ,kt)∈R3

+,a
b
t∈R

{
(εyt + φst ) [ast − as10t(at, ε)] + φmt [amt − am10t(at, ε)] + abt − kt

}θ
k1−θ
t

s.t. amt + pta
s
t + qta

b
t = amt + pta

s
t (229)

−B̄t ≤ abt . (230)

Notice that the first-order condition with respect to kt implies (31) so the bargaining solution

can be found by solving the following auxiliary problem

max
(amt ,a

s
t )∈R2

+,a
b
t∈R

{
(εyt + φst ) [ast − as10t(at, ε)] + φmt [amt − am10t(at, ε)] + abt

}
s.t. (229), and (230).

Once the solution am11t(at, ε), a
s
11t(at, ε), and ab11t(at, ε) to this problem has been found, k11t (at, ε)

is given by (31). If we use (229) to substitute for abt , the auxiliary problem is equivalent to

max
(amt ,a

s
t )∈R2

+

[(
εyt + φst −

1

qt
pt

)
ast +

(
φmt −

1

qt

)
amt

]
(231)
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s.t. − qtB̄t ≤ amt − amt + pt (ast − ast ) . (232)

The Lagrangian corresponding to the auxiliary problem (231) is

L =

(
εyt + φst −

1

qt
pt

)
ast +

(
φmt −

1

qt

)
amt

+ ξb
[
amt − amt + pt (ast − ast ) + qtB̄t

]
+ ξmamt + ξsast ,

where ξb, ξm, and ξs are the multipliers on the constraints (232), 0 ≤ amt , and 0 ≤ ast , respec-

tively. The first-order conditions are

εyt + φst −
1

qt
pt + ξs − ptξb = 0

φmt −
1

qt
+ ξm − ξb = 0.

There are eight possible binding patterns for the multipliers
(
ξb, ξm, ξs

)
. Case 1. Assume

0 < ξm, 0 < ξs, 0 < ξb. Then amt = ast = 0 and amt + pta
s
t + qtB̄t = 0. Since 0 ≤ B̄t, this kind of

solution has abt = 0 and is only possible if as = am = B̄t = 0. Case 2. Assume 0 < ξm, 0 < ξs,

ξb = 0. Then amt = ast = 0, qta
b
t = amt + pta

s
t , ξ

s =
[(

pt
qt
− φst

)
1
yt
− ε
]
yt, and ξm = 1

qt
− φmt .

This kind of solution is only possible if qtφ
m
t < 1 and εyt <

1
qt
pt − φst . Case 3. Assume 0 < ξm,

ξs = 0, 0 < ξb. Then amt = 0, ast = ast + 1
pt

(
qtB̄t + amt

)
, abt = −B̄t, ptξb = εyt + φst − 1

qt
pt, and

ptξ
m = εyt + φst − ptφmt . This kind of solution is only possible if max (qtφ

m
t , 1) 1

qt
pt − φst < εyt.

Case 4. Assume ξm = 0, 0 < ξs, 0 < ξb. Then amt = amt + pta
s
t + qtB̄t, a

s
t = 0, abt = −B̄t,

ξs = ptφ
m
t −φst−εyt, and ptξ

b = (qtφ
m
t − 1) 1

qt
pt. This kind of solution is only possible if 1 < qtφ

m
t

and εyt < ptφ
m
t − φst . Case 5. Assume 0 < ξm, ξs = 0, ξb = 0. Then amt = 0, ξm = 1

qt
− φmt ,

and
(
ast , a

b
t

)
is any pair that satisfies

(
ast , a

b
t

)
∈ [0,∞)× [−B̄t,∞) and qta

b
t + pta

s
t = amt + pta

s
t .

This kind of solution is only possible if qtφ
m
t < 1 and εyt = 1

qt
pt − φst . Case 6. Assume

ξm = 0, ξs = 0, 0 < ξb. Then ptξ
b = (qtφ

m
t − 1) 1

qt
pt = εyt + φst − 1

qt
pt, (amt , a

s
t ) is any pair

that satisfies (amt , a
s
t ) ∈ [0,∞) × [0,∞) and amt − amt + pt (ast − ast ) + qtB̄t = 0, and abt = −B̄t.

This kind of solution is only possible if 1 < qtφ
m
t and εyt = ptφ

m
t − φst . Case 7. Assume

ξm = 0, 0 < ξs, ξb = 0. Then ast = 0, ξs = 1
qt
pt − φst − εyt, and

(
amt , a

b
t

)
is any pair that

satisfies
(
amt , a

b
t

)
∈ [0,∞)× [−B̄t,∞) and amt + qta

b
t = amt + pta

s
t . This kind of solution is only

possible if qtφ
m
t = 1 and εyt <

1
qt
pt − φst . Case 8. Assume ξm = 0, ξs = 0, ξb = 0. Then(

amt , a
s
t , a

b
t

)
∈ [0,∞)× [0,∞)× [−B̄t,∞) is any triple that satisfies amt +pta

s
t +qta

b
t = amt +pta

s
t .

This kind of solution is only possible if qtφ
m
t = 1 and εyt = 1

qt
pt−φst . By collecting the solutions

along with the inequality restrictions implied by the eight cases, we obtain (225)-(228).
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Next, we derive the market-clearing conditions for equity and bonds in the OTC round, in

a nonmonetary economy (Lemma 18), and in a monetary economy (Lemma 19).

Lemma 18 In a nonmonetary equilibrium, the market-clearing condition for equity, ĀsEt +

Ās10t + Ās11t = (α10 + α11)As (or bonds, ĀbBt + Āb11t = 0) in the OTC round is:

1 = [1−G (εnt )]

(
1 +

NIB̄t

φ̄
s
tA

s

)
(233)

where

Λt ≡ NIB̄t. (234)

Proof. The aggregate post-trade holdings of equity for agents who trade in the equity

market in the OTC round of period t are

ĀsEt = AsEt = 0

Ās11t = α11NI

∫
as11t(at, ε)dHIt(at, ε) = α11 [1−G (εnt )]

(
As +

NIB̄t

φ̄
s
t

)
Ās10t = α10NI

∫
as10t(at, ε)dHIt(at, ε) = α10A

s

and the aggregate post-trade holdings of bonds for agents who trade in the bond market in the

OTC round of period t are

ĀbBt = NB

∫
ābBt (at) dFBt (at) = 0

Āb11t = α11NI

∫
ab11t(at, ε)dHIt(at, ε) = α11φ̄

s
t

[
As − [1−G (εnt )]

(
As +

NIB̄t

φ̄
s
t

)]
.

Lemma 19 In a monetary equilibrium, the market-clearing conditions for equity, ĀsEt+ Ās10t+

Ās11t = (α10 + α11)AsIt, and bonds, ĀbBt + Āb11t = 0, in the OTC round are, respectively:

0 = α10 [1−G (ε∗10t)]
Amt + ptA

s

pt
+ α11 [1−G (ε̄∗11t)]

Amt + ptA
s + qtNIB̄t
pt

− (α10 + α11)As

0 =
{
G (ε̄∗11t)

[
I{1<qtφmt } + I{qtφmt =1}χ (qtφ

m
t , 1)

]
+ 1−G (ε̄∗11t)

} Amt + ptA
s + qtNIB̄t
pt

−
(
As +

Amt
pt

)
.
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Proof. The aggregate post-trade holdings of equity for agents who trade in the equity

market in the OTC round of period t are

ĀsEt = NE

∫
āsEt (at) dFEt (at) = χ (ε∗10t, 0)

AmEt + ptA
s
Et

pt
= 0

Ās11t = α11NI

∫
as11t(at, ε)dHIt(at, ε) = α11 [1−G (ε̄∗11t)]

[
As +

1

pt

(
Amt + qtNIB̄t

)]
Ās10t = α10NI

∫
as10t(at, ε)dHIt(at, ε) = α10 [1−G (ε∗10t)]

Amt + ptA
s

pt

and the the aggregate post-trade holdings of bonds for agents who trade in the bond market in

the OTC round of period t are

ĀbBt = NB

∫
ābBt (at) dFBt (at) = [1− χ (1, qtφ

m
t )]

1

qt
AmBt − χ (1, qtφ

m
t )λφstA

s
Bt = 0

Āb11t = α11NI

∫
ab11t(at, ε)dHIt(at, ε) = −pt

qt
α11

{{
G (ε̄∗11t)

[
I{1<qtφmt } + I{qtφmt =1}χ (qtφ

m
t , 1)

]
+ 1−G (ε̄∗11t)

}
Amt + ptA

s + qtNIB̄t
pt

−
(
As +

Amt
pt

)}
.

The following result states that the credit market would be inactive if the net nominal

interest rate on bonds, imt ≡ 1
qtφ

m
t
− 1, were negative.

Lemma 20 Consider a monetary equilibrium. If the bond market is active in period t, then

qtφ
m
t ≤ 1.

Proof. In an equilibrium with 1 < qtφ
m
t , the bond-market clearing condition in Lemma 19

becomes

0 =

[
As +

1

pt

(
Amt + qtNIB̄t

)]
−
(
As +

Amt
pt

)
.

This condition can only hold if B̄t = 0, i.e., if the bond market is inactive at all dates. The

condition 1 < qtφ
m
t implies bond demand is nil, so the bond market can only clear with no

trade.

In what follows, we focus on monetary equilibria with an active credit market, i.e., equilibria

with qtφ
m
t ≤ 1. Notice this implies ε̄∗11t = ε∗11t for all t in any monetary equilibrium.

Next, we derive an investor’s value function in a nonmonetary economy (Lemma 21), and

in a monetary economy (Lemma 22).
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Lemma 21 Consider an economy without money. The value function of an investor who enters

the OTC round of period t with equity holding ast and valuation ε is

V I
t (ast , ε) =

[
εyt + φst + α11θI{ε<εnt } (εnt − ε) yt

]
ast + W̃ I

t (ε) , (235)

where

W̃ I
t (ε) ≡ W̄ I

t + α11θI{εnt <ε} (ε− εnt ) yt
B̄t

φ̄
s
t

W̄ I
t ≡ max

ãst+1∈R+

[
−φst ãst+1 + βEt

∫
V I
t+1

[
ηãst+1 + (1− η)As, ε

]
dG(ε)

]
.

Proof. With (153), and Lemma 16, (11) reduces to

V I
t (ast , ε) = W̄ I

t + (εyt + φst ) a
s
t

+ α11θ (ε− εnt ) yt

[
I{εnt <ε}

(
ast +

B̄t

φ̄
s
t

)
− ast

]
,

which can be written as (235).

Lemma 22 Consider an economy with money. The value function of an investor who enters

the OTC round of period t with portfolio at and valuation ε is

V I
t (at, ε) = vmIt (ε) amt + vsIt (ε) ast + W̃ I

t (ε) , (236)

where

vmIt (ε) ≡ φmt + [α10 + α11 (1− θ)] I{ε∗10t<ε} (ε− ε∗10t) yt
1

pt

+ α11θ (ε− ε̄∗11t) ytI{ε̄∗11t<ε}
1

pt

+ α11θ

(
1

qt
− φmt

){
I{qtφmt <1} + I{1<qtφmt }I{ε=ε̄∗11t} [1− 2χ (ε̄∗11t, ε)]

}
vsIt (ε) ≡ εyt + φst + [α10 + α11 (1− θ)] (ε∗10t − ε) ytI{ε<ε∗10t}

+ α11θ (ε̄∗11t − ε) ytI{ε<ε̄∗11t}

+ α11θ

(
1

qt
− φmt

)
I{1<qtφmt }I{ε=ε̄∗11t} [1− 2χ (ε̄∗11t, ε)] pt

W̃ I
t (ε) ≡ W̄ I

t + α11θ

{
(ε− ε̄∗11t) ytI{ε̄∗11t<ε}

1

pt

+

(
φmt −

1

qt

)
I{1<qtφmt }

{
1 + I{ε=ε̄∗11t} [2χ (ε̄∗11t, ε)− 1]

}}
qtB̄t.
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Proof. With (128), the value function (11) becomes (146), which after substituting k11t (at, ε),

k01t (at, ε), ā
b
01t (at, ε), and āb11t (at, ε) with (228), (138), āb01t (at, ε) = − 1

qt
[ām01t (at, ε)− amt ],

and (227), respectively, becomes

V I
t (at, ε) = W̄ I

t + (εyt + φst ) a
s
t + φmt a

m
t

+ [α10 + α11 (1− θ)] {(εyt + φst ) [as10t(at, ε)− ast ] + φmt [ām10t (at, ε)− amt ]}

+ α11θ

{(
εyt + φst −

1

qt
pt

)
[ās11t (at, ε)− ast ] +

(
φmt −

1

qt

)
[ām11t (at, ε)− amt ]

}
.

Then replace the post-trade allocations as10t(at, ε) and ām10t (at, ε) (using Lemma 2), and ās11t (at, ε),

and ām11t (at, ε) (using Lemma 17), and rearrange terms to arrive at (236).

Next, we derive the Euler equations that characterize the investor’s optimal portfolio choices

in the second subperiod, in a nonmonetary economy (Lemma 23) and in a nonmonetary economy

(Lemma 24).

Lemma 23 Consider an economy with no money. Let ãsIt+1 denote equity holding chosen by

an investor in the second subperiod of period t. Then ãsIt+1 is optimal if and only if it satisfies

φst ≥ βηEt
[
ε̄yt+1 + φst+1 + α11θ

∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

]
with “ = ” if ãsIt+1 > 0.

Proof. With (235), the portfolio problem of an investor in the second subperiod (i.e., the

maximization on the right side of (8)) can be written as

max
ãst+1∈R+

{
−φst + βηEt

[
ε̄yt+1 + φst+1 + α11θ

∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

]}
ãst+1.

Lemma 24 Consider an economy with money. Let
(
ãmIt+1, ã

s
It+1

)
denote the portfolio choice

of an investor in the second subperiod of period t. The portfolio
(
ãmIt+1, ã

s
It+1

)
is optimal if and

only if it satisfies (
φmt − βEtv̄mIt+1

)
ãmIt+1 = 0 ≤ φmt − βEtv̄mIt+1 (237)(

φst − βηEtv̄sIt+1

)
ãsIt+1 = 0 ≤ φst − βηEtv̄sIt+1, (238)

127



where

v̄mIt+1 ≡ φmt+1 + [α10 + α11 (1− θ)]
∫ εH

ε∗10t+1

(
ε− ε∗10t+1

)
yt+1dG(ε)

1

pt+1

+ α11θ
1

pt+1

∫ εH

ε̄∗11t+1

(
ε− ε̄∗11t+1

)
yt+1dG(ε)

+ α11θ

(
1

qt+1
− φmt+1

)
I{qt+1φ

m
t+1<1}

and

v̄sIt+1 ≡ ε̄yt+1 + φst+1 + [α10 + α11 (1− θ)]
∫ ε∗10t+1

εL

(
ε∗10t+1 − ε

)
yt+1dG (ε)

+ α11θ

∫ ε̄∗11t+1

εL

(
ε̄∗11t+1 − ε

)
yt+1dG (ε) .

Proof. With (236), the portfolio problem of an equity broker in the second subperiod (i.e.,

the maximization on the right side of (8)) can be written as

max
ãt+1∈R2

+

[
−φmt ãmt+1 − φst ãst+1 + βEt

(
v̄mIt+1ã

m
t+1 + ηv̄sIt+1ã

s
t+1

)]
,

where v̄kIt+1 ≡
∫
vkIt+1 (ε) dG(ε) for k ∈ {m, s}.

Next, we define sequential nonmonetary equilibrium and monetary equilibrium (with an

active credit market).

Definition 8 A (sequential) nonmonetary equilibrium is a sequence {εnt , φst , φ̄
s
t}∞t=0, that satis-

fies

0 = [1−G (εnt )]

(
As +

NIB̄t
εnt yt + φst

)
−As

φst = βηEt
[
ε̄yt+1 + φst+1 + α11θ

∫ εnt+1

εL

(
εnt+1 − ε

)
yt+1dG(ε)

]
φ̄
s
t = εnt yt + φst .

The first condition in Definition 8 is the bond-market clearing condition (233), the second

is the investor’s Euler equation from Lemma 23, and the last is the definition of εnt (13).
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Definition 9 A (sequential) monetary equilibrium is a sequence {ε∗10t, ε
∗
11t, pt, qt, φ

m
t , φ

s
t}∞t=0,

that satisfy ε∗11t = (pt
1
qt
− φst )

1
yt

, ε∗10t = (ptφ
m
t − φst ) 1

yt
, χBL ≡ χ (1, 1) ∈ [0, 1], the market

clearing conditions,

0 = α10 [1−G (ε∗10t)]
Amt + ptA

s

pt
+ α11 [1−G (ε∗11t)]

Amt + ptA
s + qtNIB̄t
pt

− (α10 + α11)As

0 =
{
G (ε∗11t)

[
I{1<qtφmt } + I{qtφmt =1}χ

B
L

]
+ [1−G (ε∗11t)]

} Amt + ptA
s + qtNIB̄t
pt

−
(
As +

Amt
pt

)
,

the Euler equations,

φmt = βEt

{
φmt+1 + [α10 + α11 (1− θ)]

∫ εH

ε∗10t+1

(
ε− ε∗10t+1

)
yt+1dG(ε)

1

pt+1

+ α11θ
1

pt+1

∫ εH

ε∗11t+1

(
ε− ε∗11t+1

)
yt+1dG(ε)

+ α11θ

(
1

qt+1
− φmt+1

)
I{qt+1φ

m
t+1<1}

}

φst = βηEt

{
ε̄yt+1 + φst+1 + [α10 + α11 (1− θ)]

∫ ε∗10t+1

εL

(
ε∗10t+1 − ε

)
yt+1dG (ε)

+ α11θ

∫ ε∗11t+1

εL

(
ε∗11t+1 − ε

)
yt+1dG (ε)

}
.

Next, we define RNE and RME (with an active credit market). To this end, hereafter we

assume B̄t is as defined in (94). As before, a RNE is a nonmonetary equilibrium in which

real equity prices (general goods per equity share) are time-invariant linear functions of the

aggregate dividend, i.e., φst = φsyt and φ̄
s
t = φ̄

s
yt for some φs, φ̄

s ∈ R+. Hence in a RNE,

εnt =
(
φ̄
s
t − φst

)
1
yt

= φ̄
s − φs ≡ εn. Similarly, a RME is a monetary equilibrium in which:

(i) real equity prices (general goods per equity share) are time-invariant linear functions of

the aggregate dividend, i.e., φst = φsyt, ptφ
m
t ≡ φ̄

s
10t = φ̄

s
10yt, and pt/qt ≡ φ̄

s
11t = φ̄

s
11yt for

some φs, φ̄
s
10, φ̄

s
11 ∈ R+; and (ii) real money balances are a constant proportion of output, i.e.,

φmt A
m
t = ZAsyt for some Z ∈ R++. Hence in a RME, ε∗10t = (ptφ

m
t − φst ) 1

yt
= φ̄

s
10 − φs ≡ ε∗10,

ε∗11t = (pt/qt − φst ) 1
yt

= φ̄
s
11 − φs ≡ ε∗11, pt =

(ε∗10+φs)Amt
ZAs , φmt = ZAsyt

Amt
, and qt is given by (36).

129



Definition 10 A recursive nonmonetary equilibrium of the economy with borrowing limit (94),

is a triple (εn, φs, φ̄
s
), that satisfies φ̄

s
= εn + φs,

0 = [1−G (εn)] (1 + Λ)− 1

1− β̄η
β̄η

φs = ε̄+ α11θ

∫ εn

εL

(εn − ε) dG(ε).

Definition 11 A recursive monetary equilibrium of the economy with borrowing limit (94), is

a vector (ε∗10, ε
∗
11, φ

s, Z, χBL ) that satisfies χBL ∈ [0, 1], and

0 = α10 [1−G (ε∗10)]

(
1 +

Z

ε∗10 + φs

)
+ α11 [1−G (ε∗11)]

(
1 + Λ +

Z

ε∗10 + φs

)
− (α10 + α11)

0 =
{
G (ε∗11) I{ε∗10=ε∗11}χ

B
L + [1−G (ε∗11)]

}(
1 + Λ +

Z

ε∗10 + φs

)
−
(

1 +
Z

ε∗10 + φs

)
ip = [α10 + α11 (1− θ)] 1

ε∗10 + φs

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
1

ε∗10 + φs

∫ εH

ε∗11

(ε− ε∗11) dG(ε) + α11θ
ε∗11 − ε∗10

ε∗10 + φs
I{ε∗10<ε

∗
11}

1− β̄η
β̄η

φs = ε̄+ [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε) + α11θ

∫ ε∗11

εL

(ε∗11 − ε) dG (ε) .

In a nonmonetary equilibrium, pt/qt = φ̄
s
t ≡ εnt yt + φst , and therefore the borrowing limit

(94) becomes

B̄t ≡ Λ
(εnt yt + φnt )As

NI
. (239)

In a monetary equilibrium, pt/qt = ε∗11tyt + φst , and therefore the borrowing limit (94) becomes

B̄t ≡ Λ
(ε∗11tyt + φst )A

s

NI
. (240)

In the discrete-time economy with period length equal to ∆, (239) generalizes to

B̄t (∆) = Λ
[εnt yt∆ + Φn

t (∆)]As

NI
(241)

and (240) generalizes to

B̄t ≡ Λ
[ε∗11tyt∆ + Φs

t (∆)]As

NI
. (242)
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In a RNE, εnt = εn and Φn
t (∆) = Φn (∆) yt∆, so (241) specializes to

B̄t (∆) = Λ
[εn + Φn (∆)]As

NI
yt∆.

In a RME, ε∗11t = ε∗11 and Φs
t (∆) = Φs (∆) yt∆, so (242) specializes to

B̄t (∆) = Λ
[ε∗11 + Φs (∆)]As

NI
yt∆.

Next, we report the equilibrium conditions for the continuous-time limiting economy as ∆→ 0.

Lemma 25 Consider the limiting economy (as ∆→ 0) with borrowing limit (94). A recursive

nonmonetary equilibrium is a pair (εn, ϕ) that satisfies

G (εn) =
Λ

1 + Λ

ϕ = ε̄+ α11θ

∫ εn

εL

(εn − ε) dG(ε).

Proof. The first equilibrium condition is immediate from the first condition in Definition

10. The second condition is obtained by recognizing that, in a discrete-time economy with

period length ∆, the second condition in Definition 10 is

r + δ − g + gδ∆

(1 + g∆) (1− δ∆)
Φs (∆) ∆ = ε̄+ α11θ

∫ εn

εL

(εn − ε) dG(ε)

and letting ∆→ 0.

Lemma 26 Consider the limiting economy (as ∆→ 0) with borrowing limit (94). A recursive

monetary equilibrium is a vector (ε∗10, ε
∗
11, ϕ,Z, χBL ) that satisfies χBL ∈ [0, 1], and

0 = α10 [1−G (ε∗10)]

(
1 +
Z
ϕ

)
+ α11 [1−G (ε∗11)]

(
1 + Λ +

Z
ϕ

)
− (α10 + α11)

0 =
{
G (ε∗11) I{ε∗10=ε∗11}χ

B
L + [1−G (ε∗11)]

}(
1 + Λ +

Z
ϕ

)
−
(

1 +
Z
ϕ

)
ιϕ = [α10 + α11 (1− θ)]

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ

[
(ε∗11 − ε∗10) I{ε∗10<ε

∗
11} +

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]

ϕ = ε̄+ [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε) + α11θ

∫ ε∗11

εL

(ε∗11 − ε) dG (ε) .
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Proof. In a discrete-time economy with period length ∆, the equilibrium conditions in

Definition 11 generalize to

0 = α10 [1−G (ε∗10)]

(
1 +

Z (∆) ∆

ε∗10∆ + Φs (∆) ∆

)
+ α11 [1−G (ε∗11)]

[
1 + Λ +

Z (∆) ∆

ε∗10∆ + Φs (∆) ∆

]
− (α10 + α11)

0 =
{
G (ε∗11) I{ε∗10=ε∗11}χ

B
L + [1−G (ε∗11)]

}[
1 + Λ +

Z (∆) ∆

ε∗10∆ + Φs (∆) ∆

]
−
(

1 +
Z (∆) ∆

ε∗10∆ + Φs (∆) ∆

)

ip

∆
Φs (∆) ∆ =

Φs (∆) ∆

ε∗10∆ + Φs (∆) ∆

{
[α10 + α11 (1− θ)]

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ

[
(ε∗11 − ε∗10) I{ε∗10<ε

∗
11} +

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]}

r + δ − g + gδ∆

(1 + g∆) (1− δ∆)
Φs (∆) ∆ = ε̄+ [α10 + α11 (1− θ)]

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

∫ ε∗11

εL

(ε∗11 − ε) dG (ε) .

Take the limit as ∆→ 0 to obtain the conditions in the statement of the lemma.

Proof of Proposition 11. As α→ 0, the equilibrium conditions in Lemma 26 become

0 = [1−G (ε∗11)]

(
1 + Λ +

Z
ϕ

)
− 1 (243)

0 =
{
G (ε∗11) I{ε∗10=ε∗11}χ

B
L + [1−G (ε∗11)]

}(
1 + Λ +

Z
ϕ

)
−
(

1 +
Z
ϕ

)
(244)

ιϕ = αs (1− θ)
∫ εH

ε∗10

(ε− ε∗10) dG(ε) + αsθ

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

+ αsθ (ε∗11 − ε∗10) I{ε∗10<ε
∗
11} (245)

ϕ = ε̄+ αs (1− θ)
∫ ε∗10

εL

(ε∗10 − ε) dG (ε) + αsθ

∫ ε∗11

εL

(ε∗11 − ε) dG (ε) (246)
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where χBL ∈ [0, 1]. These are four equations in four unknowns. The unknowns are (ε∗10, ε
∗
11, φ

s, Z)

if ε∗10 < ε∗11, or (ε∗, χBL , φ
s, Z) if ε∗10 = ε∗11. We consider each case in turn.

(i) Suppose ε∗10 < ε∗11. In this case, (243) and (244) imply Zϕ = 0 and ε∗11 = εn. Combined,

conditions (245) and (246) imply a single equation in the unknown ε∗10 that can be written as

T (ε∗10) = 0, where

T (x) ≡ αs
[
θ (εn − x) + (1− θ)

∫ εH

x
(ε− x) dG(ε) + θ

∫ εH

εn
(ε− εn) dG(ε)

]
− ι
[
ε̄+ αs (1− θ)

∫ x

εL

(x− ε) dG (ε) + αsθ

∫ εn

εL

(εn − ε) dG (ε)

]
.

Differentiate T and evaluate the derivative at x = ε∗10 to obtain

T ′ (ε∗10) = −αs {θ + (1− θ) [1−G (ε∗10) + ιG (ε∗10)]} < 0.

Hence, if there is a ε∗10 that satisfies T (ε∗10) = 0, it is unique. Notice that

T (εL) = αs

[
θ (εn − εL) + (1− θ) (ε̄− εL) + θ

∫ εH

εn
(ε− εn) dG(ε)

]
− ι
[
ε̄+ α11θ

∫ εn

εL

(εn − ε) dG (ε)

]
,

so 0 < T (εL) if and only if ι < ς̄0. Also,

T (εn) = αs

∫ εH

εn
(ε− εn) dG(ε)− ι

[
ε̄+ αs

∫ εn

εL

(εn − ε) dG (ε)

]
,

so T (εn) < 0 if and only if ς̂0 < ι. Thus if ς̂0 < ι < ς̄0, there exists a unique ε∗10 that satisfies

T (ε∗10) = 0, and ε∗10 ∈ (εL, ε
n). Given ε∗10 and ε∗11, ϕ is given by (243).

(ii) Suppose ε∗10 = ε∗11 ≡ ε∗. In this case, (243)-(246) become

0 = [1−G (ε∗)]

(
1 + Λ +

Z
ϕ

)
− 1 (247)

0 =
{
G (ε∗)χBL + [1−G (ε∗)]

}(
1 + Λ +

Z
ϕ

)
−
(

1 +
Z
ϕ

)
(248)

ιϕ = αs

∫ εH

ε∗
(ε− ε∗) dG(ε) (249)

ϕ = ε̄+ αs

∫ ε∗

εL

(ε∗ − ε) dG (ε) . (250)
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Combined, conditions (249) and (250) imply a single equation in the unknown ε∗ that can be

written as T (ε∗) = 0, where

T (x) ≡ αs
∫ εH

x
(ε− x) dG(ε)− ι

[
ε̄+ αs

∫ x

εL

(x− ε) dG (ε)

]
.

Differentiate T and evaluate the derivative at x = ε∗ to obtain

T ′ (ε∗) = −αs [1−G (ε∗) + ιG (ε∗)] < 0.

Hence, if there is a ε∗ that satisfies T (ε∗) = 0, it is unique. Notice that

T (εn) = αs

∫ εH

εn
(ε− εn) dG(ε)− ι

[
ε̄+ αs

∫ εn

εL

(εn − ε) dG (ε)

]
,

so 0 ≤ T (εn) if and only if ι ≤ ς̂0. Also,

T (εH) = −ι [ε̄+ αs (εH − ε̄)] ≤ 0, with “ = ” only if ι = 0.

Thus, if 0 < ι ≤ ς̂0, there exists a unique ε∗ that satisfies T (ε∗) = 0, and ε∗ ∈ [εn, εH) (with

ε∗ = εn only if ι = ς̂0). Given ε∗, ϕ is given by (250). Given ε∗ and ϕ, (247) implies

Z =
G (ε∗)− [1−G (ε∗)] Λ

1−G (ε∗)
ϕ.

Finally, given, ε∗, ϕ, and Z, (248) implies

χBL = 1− 1−G (ε∗)

G (ε∗)
Λ.

This concludes the proof.

A.10 Efficiency

Proof of Proposition 12. The choice variable āEt does not appear in the planner’s objective

function, so āEt = 0 at an optimum. Also, (98) must bind for every t at an optimum, so the

planner’s problem is equivalent to

max
{ãIt+1,ā

I
t }∞t=0

E0

∞∑
t=0

βt
[
(α10 + α11)

∫ εH

εL

εytā
I
t (dε) + (1− α10 − α11)

∫ εH

εL

εyta
I
t dG (ε)

]
NI

s.t. (96), (99), and

∫ εH

εL

āIt (dε) ≤ aIt .
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Then clearly,

W ∗ (y0) ≤ [ε̄+ (α10 + α11) (εH − ε̄)]As
(
E0

∞∑
t=0

βtyt

)
. (251)

The allocation consisting of ãIt = As/NI and the Dirac measure āIt (E) = As

NI
I{εH∈E} defined in

the statement of the proposition achieve the value on the right side of (251) and therefore solve

the planner’s problem. Notice that E0
∑∞

t=0 β
tyt = β̄

1−β̄ y0, so

W ∗ (y0) =
β̄

1− β̄
[ε̄+ (α10 + α11) (εH − ε̄)]Asy0.

Hence in the discrete-time economy with period of length ∆, welfare is

W∗ (y0) =
1 + g∆

(r − g) ∆
[ε̄+ (α10 + α11) (εH − ε̄)]Asy0∆.

Rearrange this expression and take the limit as ∆→ 0 to arrive at (100).

Proof of Proposition 13. The choice variable āEt does not appear in the planner’s objective

function, so āEt = 0 at an optimum. Also, since (117) must bind for every t at an optimum, the

planner’s problem is equivalent to

max
{ãIt+1,ā

I
t ,h

I
2t,Xt}∞t=0

E0

∞∑
t=0

βt

{
(α10 + α11)

∫ εH

εL

εytā
I
t (dε)

+ (1− α10 − α11)

∫ εH

εL

εyta
I
t dG (ε)− hI2t

}
NI

s.t. (114), (115), (116), and

∫ εH

εL

āIt (dε) ≤ aIt .

Clearly,

W ∗ (As0, y0) ≤ max
{hI2t}∞t=0

E0

∞∑
t=0

βt
(
ψAstyt − hI2tNI

)
s.t. Ast+1 = η

[
Ast + ft

(
hI2t
)
NI

]
, (252)

where ψ is defined in (101). Once
{
hI2t
}∞
t=0

has been found, we can use (116) to get Xt =

ft
(
hI2t
)
NI , and (114) at equality to get ãIt+1 =

Ast+Xt
NI

. Let W̄ ∗ (A0, y0) denote the value of the

right side of (252); it satisfies

W̄ ∗ (Ast , yt) = max
0≤h

[
ψAstyt − hNI + βEtW̄ ∗

(
Ast+1, yt+1

)]
(253)

s.t. Ast+1 = η [Ast + ft (h)NI ] .
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It is easy to show the optimal value function that satisfies (253) is W̄ ∗ (Ast , yt) = (BAst + C) yt,

where

B =
ψ

1− β̄η

C =
1

1− β̄
(1− σ)

(
β̄η

1− β̄η
ψ

) 1
1−σ

NI .

The decision rule implied by (253) is

h (yt) = σ

(
β̄η

1− β̄η
ψ

) 1
1−σ

yt (254)

and the implied aggregate investment is

ft [h (yt)]NI =

(
β̄η

1− β̄η
ψ

) σ
1−σ

NI . (255)

Hence,

W̄ ∗ (Ast , yt) =

(
ψ

1− β̄η
Ast +

1

1− β̄
(1− σ)

(
β̄η

1− β̄η
ψ

) 1
1−σ

NI

)
yt. (256)

The OTC-market allocation consisting of the Dirac measure āIt (E) =
Ast
NI

I{εH∈E} defined in the

statement of the proposition along with the decision rules (254) and (255) achieve the value on

the right side of (252) and therefore solve the planner’s problem, i.e., W ∗ (Ast , yt) = W̄ ∗ (Ast , yt).

Next consider the generalization to a time period of length ∆. In this case, (253) becomes

W̄ ∗ (Ast , yt) = max
0≤h

[
ψAstyt∆−∆hNI + βEtW̄ ∗

(
Ast+∆, yt+∆

)]
(257)

s.t. Ast+∆ = η [Ast + ∆ft (h)NI ] ,

where yt, h, and ft (h) are now the per-unit-time dividend, effort, and output, respectively. It is

easy to verify that the optimal value function is still W̄ ∗ (Ast , yt) = (BAst + C) yt (proportional

to the dividend rate), but with

B =
1

1− β̄η
ψ∆ =

1

1− (1+g∆)(1−δ∆)
1+r∆

ψ∆ =
1 + r∆

r + δ − g + δg∆
ψ

C =
1

1− β̄
(1− σ)

(
β̄η

1− β̄η
ψ∆

) 1
1−σ

NI∆ =
1 + r∆

r − g
(1− σ)

[
(1 + g∆) (1− δ∆)

r + δ − g + gδ∆
ψ

] 1
1−σ

NI .

136



The decision rule for the effort rate is h (yt) = σ
(
β̄ηB

) 1
1−σ yt and the implied aggregate invest-

ment rate is ft [h (yt)]NI =
(
β̄ηB

) σ
1−σ , or explicitly,

h (yt) = σ

[
(1 + g∆) (1− δ∆)

r − g + δ + gδ∆
ψ

] 1
1−σ

yt

ft [h (yt)]NI =

[
(1 + g∆) (1− δ∆)

r − g + δ + gδ∆
ψ

] σ
1−σ

NI .

Hence

W̄ ∗ (Ast , yt) =

{
1 + r∆

r + δ − g + δg∆
ψAst +

1 + r∆

r − g
(1− σ)

[
(1 + g∆) (1− δ∆)

r + δ − g + gδ∆
ψ

] 1
1−σ

NI

}
yt.

Take the limit as ∆→ 0 and let W∗ (Ast , yt) = lim∆→0 W̄
∗ (Ast , yt) to arrive at (119).

Proof of Proposition 14. From Proposition 2, we know that ε∗10 = ε∗11 ≡ ε∗ → εH , and

ϕ→ ψ as ι→ 0.

A.11 Equilibrium welfare

The following result characterizes equilibrium welfare for the economy with exogenous capital.

Lemma 27 Consider the limiting economy as ∆ → 0 with exogenous capital. Along the path

of the recursive equilibrium, we have:

(i) If the equilibrium is nonmonetary, the welfare function is

Vn (yt) =
ϕn1
r − g

Asyt (258)

with

ϕn1 ≡ ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG (ε)

]
.

(ii) If the equilibrium is monetary, the welfare function is

Vm (Z, yt) =
1

r − g

(
uz1
Z
ϕ

+ ε̄+ us1

)
Asyt, (259)

where

uz1 ≡ α10

∫ εH

ε∗10

(ε− ε∗10) dG(ε) + α11

[
ε∗11 − ε∗10 +

1

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]

us1 ≡ α10

∫ ε∗10

εL

(ε∗10 − ε) dG (ε) + α11

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λ

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.
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Proof. (i) Consider an economy with no money. From (151), the beginning-of-period

expected discounted utility of an investor along a recursive equilibrium where he holds as

equity shares at the beginning of every period is∫
V I
t (as, ε) dG (ε) =

{
ε̄+ α11θ

[
εn + φn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)− (ε̄− εn)

]}
asyt

+ βEt
∫
V I
t+1 (as, ε) dG(ε).

Notice we can write
∫
V I
t (as, ε) dG (ε) = V̄ I (as) yt, where V̄ I (as) is given by

(
1− β̄

)
V̄ I (as) =

{
ε̄+ α11θ

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
as. (260)

Since there are NI investors, along a recursive equilibrium path each investor is holding as =

As/NI , and the sum of expected utility across all investors is NI V̄
I (As/NI) yt = V̄ I (As) yt.

The expected discounted utility of a bond broker at the beginning of a period is given by

(147). Since in this environment brokers hold no assets overnight, we have V B
t (ast ) = V B

t (0) ≡
V B
t and W̄B

t = βEtV B
t+1 for all t, where V B

t satisfies

V B
t = αB11

∫
k11t (ast , ε) dHIt (ast , ε) + βEtV B

t+1. (261)

Since there are NB bond brokers, the sum of expected utility across all bond brokers is

NBV
B
t = αB11NB

∫
k11t (ast , ε) dHIt (ast , ε) + βEtNBV

B
t+1

= α11NI

∫
k11t (ast , ε) dHIt (ast , ε) + βEtNBV

B
t+1.

From (17), NI

∫
k11t (ast , ε) dHIt (ast , ε) = Ξ̄ (As) yt, where

Ξ̄ (As) ≡ (1− θ)
[∫ εn

εL

(εn − ε) dG (ε) +
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]
As. (262)

Hence, we can write NBV
B
t = V̄ B (As) yt and therefore (261) implies(

1− β̄
)
V̄ B (As) = α11Ξ̄ (As) . (263)
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Along a RNE path, total welfare can be written as Vt =
∑

k∈{B,I} V̄
k (As) yt (equity brokers

earn no fees so their utility is zero and they contribute nothing to welfare). Combine (260) and

(263) to obtain

Vt =
1

1− β̄

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε) +
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
Asyt.

In the discrete-time economy with time-period of length ∆, the expression for Vt generalizes to

Vt =
1 + r∆

(r − g) ∆

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε)

+
λΦn (∆)

εn + (1− λ) Φn (∆)

∫ εH

εn
(ε− εn) dG (ε)

]}
Asyt∆.

Take the limit as ∆→ 0 and let Vn (yt) ≡ lim∆→0 Vt to arrive at (258).

(ii) Consider a monetary economy. From (145), the beginning-of-period expected welfare

of an investor along a recursive equilibrium where he holds portfolio (amt , a
s) at the beginning

of every period is ∫
V I
t (amt , a

s, ε) dG (ε) = v̄mIta
m
t + v̄sIta

s + W̄ I
t , (264)

where W̄ I
t is given by (131), and v̄mIt and v̄sIt are defined in Lemma 5 and can be written as

v̄mIt = v̄z
1

pt
yt

v̄sIt = v̄syt,

where

v̄z ≡ ε∗10 + φs + α11θ (ε∗11 − ε∗10)

+ [α10 + α11 (1− θ)]
∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
ε∗11 + φs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG(ε) (265)

v̄s ≡ ε̄+ φs + [α10 + α11 (1− θ)]
∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11θ

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λφs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
. (266)
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Along the path of a recursive equilibrium an individual investor is holding portfolio (amt+1, a
s) =(

Amt+1/NI , A
s/NI

)
at the end of period t (and at the beginning of period t+ 1). Therefore,

W̄ I
t = Tt − φmt

Amt+1

NI
− φst

As

NI
+ βEt

∫
V I
t+1

(
Amt+1/NI , A

s/NI , ε
)
dG(ε). (267)

Substitute (267) into (264), and use the government budget constraint, NITt = φmt
(
Amt+1 −Amt

)
,

to get the sum of expected utility across all investors

NI

∫
V I
t (Amt /NI , A

s/NI , ε) dG (ε) = v̄z
1

pt
Amt yt + v̄sytA

s − φmt Amt − φstAs

+ βEtNI

∫
V I
t+1

(
Amt+1/NI , A

s/NI , ε
)
dG(ε).

Then, since in a recursive equilibrium, pt =
(ε∗10+φs)Amt

ZAs and φmt A
m
t = ZAsyt, we have

NI

∫
V I
t (Amt /NI , A

s/NI , ε) dG (ε) =

(
v̄z

ε∗10 + φs
− 1

)
ZAsyt + (v̄s − φs)Asyt

+ βEtNI

∫
V I
t+1

(
Amt+1/NI , A

s/NI , ε
)
dG(ε).

Hence we can write NI

∫
V I
t (Amt /NI , A

s/NI , ε) dG (ε) = V̄ I (Z,As) yt, and therefore

V̄ I (Z,As) =

(
v̄z − ε∗10 − φs

ε∗10 + φs
Z + v̄s − φs

)
As + β̄V̄ I (Z,As)

so (
1− β̄

)
V̄ I (Z,As) =

(
uz

ε∗10 + φs
Z + ε̄+ us

)
As, (268)

where

uz ≡ v̄z − (ε∗10 + φs) (269)

us ≡ v̄s − (ε̄+ φs) , (270)

with v̄z and v̄s given by (265) and (266).

The expected welfare of a bond broker at the beginning of a period is given by (143).

Since in this environment α01 = αB01 = 0 and bond brokers hold no assets overnight, we have

V B
t (at) = V B

t (0) ≡ V B
t and W̄B

t = βEtV B
t+1 for all t, where V B

t satisfies

V B
t = αB11

∫
k11t (at, ε) dHIt (at, ε) + βEtV B

t+1. (271)

140



Since there are NB bond brokers, the sum of expected utility across all bond brokers is

NBV
B
t = αB11NB

∫
k11t (at, ε) dHIt (at, ε) + βEtNBV

B
t+1

= α11NI

∫
k11t (at, ε) dHIt (at, ε) + βEtNBV

B
t+1.

From (31),

NI

∫
k11t (at, ε) dHIt (at, ε) = (1− θ)

[
pt

pt − λqtφst

∫ εH

ε∗11t

(ε− ε∗11t) dG (ε)

+ (ε∗11t − ε∗10t)−
∫ εH

ε∗10t

(ε− ε∗10t) dG (ε)

]
1

pt
(Amt + ptA

s) yt.

In a recursive equilibrium, NI

∫
k11t (at, ε) dHIt (at, ε) = Ξ̄ (Z,As) yt, where

Ξ̄ (Z,As) = (1− θ)

[
ε∗11 + φs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

+ (ε∗11 − ε∗10)−
∫ εH

ε∗10

(ε− ε∗10) dG (ε)

](
Z

ε∗10 + φs
+ 1

)
As. (272)

Hence we can write NBV
B
t = V̄ B (Z,As) yt and therefore (271) implies(

1− β̄
)
V̄ B (Z,As) = α11Ξ̄ (Z,As) . (273)

Notice that (272) can be used to write (269) and (270) as

uz = (α10 + α11)

∫ εH

ε∗10

(ε− ε∗10) dG(ε) + α11θ
Ξ̄ (Z,As)

(1− θ)
(

Z
ε∗10+φs +As

) (274)

us = (α10 + α11)

∫ ε∗10

εL

(ε∗10 − ε) dG (ε) + α11θ
Ξ̄ (Z,As)

(1− θ)
(

Z
ε∗10+φs +As

) . (275)

Along a RNE, total welfare is Vt =
∑

k∈{B,I} V̄
k (Z,As) yt (equity brokers earn no fees so their

utility is zero and they contribute nothing to welfare). With (268) and (273), we obtain

Vt =
1

1− β̄

[(
uz

ε∗10 + φs
Z + ε̄+ us

)
As + α11Ξ̄ (Z,As)

]
yt

and substituting (272), (274) and (275), we arrive at

Vt =
1

1− β̄

(
ũz1

Z

ε∗10 + φs
+ ε̄+ ũs1

)
Asyt
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with

ũz1 ≡ α10

∫ εH

ε∗10

(ε− ε∗10) dG(ε) + α11

[
ε∗11 − ε∗10 +

ε∗11 + φs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]

ũs1 ≡ α10

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λφs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.

For the discrete-time formulation with time-period of length ∆, the expression for Vt generalizes

to

Vt =
1 + r∆

(r − g) ∆

[
ũz1 (∆)

Z (∆)

ε∗10 + Ξ̄s (∆)
+ ε̄+ ũs1 (∆)

]
Asyt∆

with

ũz1 (∆) ≡ α10

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11

[
ε∗11 − ε∗10 +

ε∗11 + Φs (∆)

ε∗11 + (1− λ) Φs (∆)

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]

ũs1 (∆) ≡ α10

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λΦs (∆)

ε∗11 + (1− λ) Φs (∆)

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.

Take the limit as ∆→ 0 and let Vm (Z, yt) ≡ lim∆→0 Vt to arrive at (259).

The following result characterizes equilibrium welfare for the economy with capital accu-

mulation with production technology given by (91).

Lemma 28 Consider the limiting economy (as ∆ → 0) with capital accumulation. Along the

path of the recursive equilibrium:

(i) If the equilibrium is nonmonetary, the welfare function is

Vn (Ast , yt) =

[
ϕn1
ρ
Ast +

1

r − g

(
ϕn1
ϕn
− σ

)(
ϕn

ρ

) 1
1−σ

NI

]
yt (276)

with ϕn1 as defined in part (i) of Lemma 27.
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(ii) If the equilibrium is monetary, the welfare function is

Vm (Z, Ast , yt) =
1

r − g

{(
uz1
ρ

Z
ϕ

+
ϕ1

ρ

)[
(r − g)Ast +

(
ϕ

ρ

) σ
1−σ

NI

]
− σ

(
ϕ

ρ

) 1
1−σ

NI

}
yt

(277)

with ϕ1 ≡ ε̄+ us1 and uz1 and us1 as defined in part (ii) of Lemma 27.

Proof. (i) Consider an economy with no money. From (151), the sum of expected dis-

counted utility across all investors at the beginning of period t along a recursive equilibrium

where each investor holds Ast/NI equity shares, is

NI

∫
V I
t (Ast/NI , ε) dG (ε) = NI

{
ε̄+ φn + α11θ

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
Ast
NI

yt +NIW̄
I
t ,

where

W̄ I
t ≡ max

h2t∈R+

[φnytft (h2t)− h2t]

+ max
ãst+1∈R+

[
−φnytãst+1 + βEt

∫
V I
t+1

(
ηãst+1, ε

)
dG(ε)

]
.

Along a RNE path with φst = φnyt, we have h2t = gt (φnt ) = σ (φn)
1

1−σ yt, ft (h2t) = xt (φnt ) =

(φn)
σ

1−σ , ãst+1 = (Ast +Xt) /NI , and Xt = NIxt (φnt ), as described in Section 5.1 (where as in

Section 3), so

W̄ I
t ≡ −

[
σ (φn)

1
1−σ + φn

Ast
NI

]
yt + βEt

∫
V I
t+1

[
η
(
Ast/NI + (φn)

σ
1−σ
)
, ε
]
dG(ε).

Also, along a recursive equilibrium where each investor holds Ast/NI equity shares at the begin-

ning of each period t, the sum of expected utility across all bond brokers in any given period is

NBα
B
11Ξ̄ (Ast/NI) yt = NIα11Ξ̄ (Ast/NI) yt, with Ξ̄ (·) as defined in (262). Hence in a RNE, total

welfare (the sum of expected utility across all investors and bond brokers), V (Ast , yt), satisfies

143



the following recursion

V (Ast , yt) = NI

{
ε̄+ φn + α11θ

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
Ast
NI

yt

+NIα11Ξ̄ (Ast/NI) yt −
[
σ (φn)

1
1−σ + φn

Ast
NI

]
NIyt

+ βEtV
[
η
(
Ast + (φn)

σ
1−σ NI

)
, yt+1

]
.

Substitute the expression for Ξ̄ (Ast/NI) yt to obtain

V (Ast , yt) =

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
Astyt

− σ (φn)
1

1−σ NIyt + βEtV
[
η
(
Ast + (φn)

σ
1−σ NI

)
, yt+1

]
. (278)

It is easy to show V (Ast , yt) = (BAst + C) yt, where

(
1− β̄η

)
B = ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε) +
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]
(
1− β̄

)
C =

{
β̄η

1− β̄η

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
(φn)

σ
1−σ − σ (φn)

1
1−σ

}
NI .

Hence(
1− β̄

)
V (Ast , yt) =

1− β̄
1− β̄η

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
Astyt

+

{
β̄η

1− β̄η

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε)

+
λφn

εn + (1− λ)φn

∫ εH

εn
(ε− εn) dG (ε)

]}
(φn)

σ
1−σ − σ (φn)

1
1−σ

}
ytNI .
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In the economy where the period length is ∆, the recursion (278) generalizes to

V (Ast , yt) =

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε)

+
λΦn (∆)

εn + (1− λ) Φn (∆)

∫ εH

εn
(ε− εn) dG (ε)

]}
Astyt∆

− σ (Φn (∆) ∆)
1

1−σ NIyt∆ + βEtV
[
η
(
Ast + (Φn (∆) ∆)

σ
1−σ NI∆

)
, yt+∆

]
,

where σ (Φn (∆) ∆)
1

1−σ yt is the individual effort rate devoted to investment, and (Φn (∆) ∆)
σ

1−σ

is the individual investment rate. It is easy to show that the value function for this problem is

V (Ast , yt) = [B (∆)Ast + C (∆)] yt (proportional to the dividend rate, yt), with

B (∆) =
∆

1− β̄η

{
ε̄+ α11

[∫ εn

εL

(εn − ε) dG (ε) +
λΦn (∆)

εn + (1− λ) Φn (∆)

∫ εH

εn
(ε− εn) dG (ε)

]}
C (∆) =

∆

1− β̄

[
β̄ηB (Φn (∆) ∆)

σ
1−σ − σ (Φn (∆) ∆)

1
1−σ
]
NI .

Notice that

lim
∆→0

B (∆) =
ϕn1
ρ

lim
∆→0

C (∆) =
1

r − g

(
ϕn1
ϕn
− σ

)(
ϕn

ρ

) 1
1−σ

NI .

Hence, the limiting expression V (Ast , yt) ≡ lim∆→0 V (Ast , yt) is as in (276).

(ii) Consider a monetary economy. From (145), the sum of expected discounted utility across

all investors at the beginning of period t along a recursive equilibrium where each investor holds

Amt /NI dollars and Ast/NI equity shares, is

NI

∫
V I
t

(
Amt
NI

,
Ast
NI

, ε

)
dG (ε) = NI

(
v̄z

1

pt
yt
Amt
NI

+ v̄syt
Ast
NI

)
+NIW̄

I
t , (279)

where v̄z and v̄s are given in (265) and (266), and

W̄ I
t ≡ Tt + max

h2t∈R+

[φstft (h2t)− h2t]

+ max
ãt+1∈R2

+

[
−φtãt+1 + βEt

∫
V I
t+1 (at+1, ε) dG(ε)

]
.

Along a RME path, we have φmt A
m
t = ZAstyt, φ

s
t = φsyt, h2t = gt (φst ) = σ (φs)

1
1−σ yt, ft (h2t) =

xt (φst ) = (φs)
σ

1−σ , ãmt+1 = Amt+1/NI , ã
s
t+1 = (Ast +Xt) /NI , and Xt = NIxt (φst ), as described in
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Section 5.1. Also, the government budget constraint is NITt = φmt
(
Amt+1 −Amt

)
. Hence

W̄ I
t ≡ −

[
σ (φs)

1
1−σ +

(Z + φs)Ast
NI

]
yt

+ βEt
∫
V I
t+1

[
Amt+1/NI , η

(
Ast/NI + (φs)

σ
1−σ
)
, ε
]
dG(ε). (280)

Substitute (280) into (279) and use the fact that pt =
(ε∗10+φs)Amt

ZAst
to get

NI

∫
V I
t

(
Amt
NI

,
Ast
NI

, ε

)
dG (ε) =

(
v̄z − ε∗10 − φs

ε∗10 + φs
Z + v̄s − φs

)
Astyt − σ (φs)

1
1−σ NIyt

+ βEtNI

∫
V I
t+1

[
Amt+1

NI
, η

(
Ast
NI

+ (φs)
σ

1−σ

)
, ε

]
dG(ε).

Also, along a recursive equilibrium where each investor holds portfolio (Amt /NI , A
s
t/NI) at the

beginning of each period t, the sum of expected utility across all bond brokers in any given

period is NBα
B
11Ξ̄ (ZAst/NI , A

s
t/NI) yt = NIα11Ξ̄ (ZAst/NI , A

s
t/NI) yt, with Ξ̄ (·, ·) as defined in

(272). Hence in a RME, total welfare (the sum of expected utility across all investors and bond

brokers), denoted V (ZAst , A
s
t , yt), satisfies the following recursion

V (ZAst , A
s
t , yt) =

(
v̄z − ε∗10 − φs

ε∗10 + φs
Z + v̄s − φs

)
Astyt

+NIα11Ξ̄ (ZAst/NI , A
s
t/NI) yt − σ (φs)

1
1−σ NIyt

+ βEtV
[
Zη
(
Ast + (φs)

σ
1−σ NI

)
, η
(
Ast + (φs)

σ
1−σ NI

)
, yt+1

]
.

Substitute the expression for Ξ̄ (ZAst/NI , A
s
t/NI) to obtain

V (ZAst , A
s
t , yt) =

(
v̄z1 − ε∗10 − φs

ε∗10 + φs
Z + v̄s1 − φs

)
Astyt

− σ (φs)
1

1−σ NIyt + βEtV
[
Zη
(
Ast + (φs)

σ
1−σ NI

)
, η
(
Ast + (φs)

σ
1−σ NI

)
, yt+1

]
,

where

v̄z1 ≡ ε∗10 + φs + α10

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11

[
ε∗11 − ε∗10 +

ε∗11 + φs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]

v̄s1 ≡ ε̄+ φs + α10

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λφs

ε∗11 + (1− λ)φs

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.
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It is easy to show V (ZAst , A
s
t , yt) = (BAst + C) yt, where(

1− β̄η
)
B =

v̄z1 − ε∗10 − φs

ε∗10 + φs
Z + v̄s1 − φs(

1− β̄
)
C =

β̄η

1− β̄η

[
v̄z1 − ε∗10 − φs

ε∗10 + φs
Z + v̄s1 − φs

]
(φs)

σ
1−σ NI − σ (φs)

1
1−σ NI .

Hence (
1− β̄

)
V (ZAst , A

s
t , yt) =

1− β̄
1− β̄η

[
v̄z1 − ε∗10 − φs

ε∗10 + φs
Z + v̄s1 − φs

]
Astyt

+
β̄η

1− β̄η

[
v̄z1 − ε∗10 − φs

ε∗10 + φs
Z + v̄s1 − φs

]
(φs)

σ
1−σ NIyt

− σ (φs)
1

1−σ NIyt.

In the discrete-time economy where the period length is ∆, this value function generalizes to

(r − g) ∆

1 + r∆
V (Z (∆) ∆Ast , A

s
t , yt)

=

{[
v̄z1 (∆)− ε∗10 − Φs (∆)

ε∗10 + Φs (∆)
Z (∆) + v̄s1 (∆)− Φs (∆)

]
yt∆

}{ (r−g)∆
1+r∆

r+δ−g+gδ∆
1+r∆ ∆

Ast

+
(1 + g∆) (1− δ∆)

(r + δ − g + gδ∆) ∆
[Φs (∆) ∆]

σ
1−σ ∆NI

}
− σ [Φs (∆) ∆]

1
1−σ NIyt∆,

with

v̄z1 (∆) ≡ ε∗10 + Φs (∆) + α10

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11

[
ε∗11 − ε∗10 +

ε∗11 + Φs (∆)

ε∗11 + (1− λ) Φs (∆)

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]

v̄s1 (∆) ≡ ε̄+ Φs (∆) + α10

∫ ε∗10

εL

(ε∗10 − ε) dG (ε)

+ α11

[∫ ε∗11

εL

(ε∗11 − ε) dG (ε) +
λΦs (∆)

ε∗11 + (1− λ) Φs (∆)

∫ εH

ε∗11

(ε− ε∗11) dG (ε)

]
.

As usual, σ (Φs (∆) ∆)
1

1−σ yt is the individual effort rate devoted to investment (so the effort

accumulated over a period of length ∆ is σ (Φs (∆) ∆)
1

1−σ yt∆), and (Φs (∆) ∆)
σ

1−σ is the in-

dividual investment rate (so (Φs (∆) ∆)
σ

1−σ ∆ is the investment accumulated over a period of
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length ∆). Notice thatlim∆→0 [v̄z1 (∆)− ε∗10 − Φs (∆)] = uz1, lim∆→0 [v̄s1 (∆)− Φs (∆)] = ϕ1

(with uz1 and ϕ1 as defined in part (ii) of Lemma 27), and lim∆→0
Z(∆)

ε∗10+Φs(∆) = Z
ϕ , so taking the

limit as ∆→ 0 and letting V (Z, Ast , yt) ≡ lim∆→0 V (Z (∆) ∆Ast , A
s
t , yt), we arrive at (277).

Proof of Corollary 1. The fact that Vn (yt) ≤ Vm (Z, yt), with “=” only if ι = ῑ (λ) is

immediate from part (i) of Proposition 3 and the fact that 0 ≤ Z. To show Vm (Z, yt) ≤ W∗ (yt),

use (107) to rewrite Vm (Z, yt) as follows

Vm (Z, yt) =
1

r − g

[
ε̄+ (α10 + α11) (ε∗10 − ε̄) +

(
1 +
Z
ϕ

)
uz1

]
Asyt.

Then substitute (105) to get

r − g
Asyt

Vm (Z, yt) = ε̄+ (α10 + α11) (ε∗10 − ε̄)

+

(
1 +
Z
ϕ

){
α10

∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11

[
ε∗11 − ε∗10 +

1

1− λ

∫ εH

ε∗11

(ε− ε∗11) dG(ε)

]}
.

Next we consider two cases. Case 1: If ι̂ (λ) < ι < ῑ (λ), then Z/ϕ is given by (46), and ε∗11 = εn,

and therefore

r − g
Asyt

Vm (Z, yt) = ε̄+ (α10 + α11)

{
α10

[1−G (ε∗10)]α10 + α11

∫ εH

ε∗10

(ε− ε̄) dG(ε)

+
α11

[1−G (ε∗10)]α10 + α11

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]}

≤ ε̄+ (α10 + α11)

{
[1−G (ε∗10)]α10

[1−G (ε∗10)]α10 + α11
(εH − ε̄)

+
α11

[1−G (ε∗10)]α10 + α11

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]}
< ψ =

r − g
Asyt

W∗ (yt) .

The last inequality follows from (179) and (180) that imply∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε) < εH − ε̄. (281)
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Case 2: If 0 < ι ≤ ι̂ (λ), then Z/ϕ is given by the expression in part (ii) of Proposition 2, and

ε∗10 = ε∗11 = ε∗, and therefore

r − g
Asyt

Vm (Z, yt) = ε̄+ (α10 + α11)

[
ε∗ − ε̄+

1

1−G (ε∗)

∫ εH

ε∗
(ε− ε∗) dG(ε)

]
≤ ε̄+ (α10 + α11)

[
ε∗ − ε̄+

1

1−G (ε∗)

∫ εH

ε∗
(εH − ε∗) dG(ε)

]
= ψ =

r − g
Asyt

W∗ (yt) ,

where the inequality is strict unless ι = 0 (which implies ε∗ = εH).

Proof of Corollary 3. First, note that

(r − g) [Vm (Z, Ast , yt)− Vn (Ast , yt)]
1

yt
=
r − g
ρ

(
uz1
Z
ϕ

+ ϕ1 − ϕn1
)
Ast

+

(
uz1
Z
ϕ + ϕ1

ϕ
− σ

)(
ϕ

ρ

) 1
1−σ

NI

−
(
ϕn1
ϕn
− σ

)(
ϕn

ρ

) 1
1−σ

NI . (282)

The first term is strictly positive unless ι = ῑ (λ) (because ϕn1 ≤ ϕ1 by Proposition 3, and 0 ≤ Z,

and both inequalities are strict unless ι = ῑ (λ)). Hence to show Vn (Ast , yt) ≤ Vm (Z, Ast , yt),
it is sufficient to show that the sum of the last two terms in (282) is nonnegative (and positive

unless ι = ῑ (λ) and θ = 1). Define

Ω (x, y) ≡
(y
x
− σ

)(x
ρ

) 1
1−σ

.

Notice

∂

∂y
Ω (x, y) =

1

x

(
x

ρ

) 1
1−σ

> 0 (283)

∂

∂x
Ω (x, y) =

(y
x
− 1
) 1

ρ

σ

1− σ

(y
x

) σ
1−σ

> 0 if and only if x < y. (284)

Then (
uz1
Z
ϕ + ϕ1

ϕ
− σ

)(
ϕ

ρ

) 1
1−σ
−
(
ϕn1
ϕn
− σ

)(
ϕn

ρ

) 1
1−σ
≥ Ω (ϕ,ϕ1)− Ω (ϕn, ϕn1 )

≥ Ω (ϕ,ϕ1)− Ω (ϕn, ϕ1)

≥ Ω (ϕn, ϕ1)− Ω (ϕn, ϕ1) = 0.
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The second inequality follows from (283) and the fact that ϕn1 ≤ ϕ1. The third inequality

follows from (284) and the fact that ϕn ≤ ϕ ≤ ϕ1. Thus, Vn (Ast , yt) ≤ Vm (Z, Ast , yt), with

equality only if ι = ῑ (λ) and θ = 1 (since in this case, Z = 0 and ϕ = ϕ1 = ϕn = ϕn1 ).

To show that Vm (Z, Ast , yt) ≤ W∗ (Ast , yt), proceed as follows. From (119) and (121),

(r − g) [Vm (Z, Ast , yt)−W∗ (Ast , yt)]
1

yt

=
r − g
ρ

(
uz1
Z
ϕ

+ ϕ1 − ψ
)
Ast

+

[(
uz1
Z
ϕ + ϕ1

ϕ
− σ

)(
ϕ

ρ

) 1
1−σ

NI − (1− σ)

(
ψ

ρ

) 1
1−σ

NI

]
. (285)

We first show the first term in (285) is nonpositive (strictly negative unless ι = 0). To this

end, we consider two cases in turn. First, if ι̂ (λ) < ι < ῑ (λ), then Z/ϕ is given by (46), and

ε∗11 = εn, and therefore

uz1
Z
ϕ

+ ϕ1 = ε̄+ (α10 + α11)

{
α10

[1−G (ε∗10)]α10 + α11

∫ εH

ε∗10

(ε− ε̄) dG(ε)

+
α11

[1−G (ε∗10)]α10 + α11

[∫ εn

εL

(εn − ε) dG (ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]}

≤ ε̄+ (α10 + α11)

{
[1−G (ε∗10)]α10

[1−G (ε∗10)]α10 + α11
(εH − ε̄)

+
α11

[1−G (ε∗10)]α10 + α11

[∫ εn

εL

(εn − ε) dG(ε) +
λ

1− λ

∫ εH

εn
(ε− εn) dG(ε)

]}
< ψ,

where the last inequality follows from (179) and (180) that imply (281). Hence the first term

in (285) is negative if ι̂ (λ) < ι < ῑ (λ). Second, if 0 < ι ≤ ι̂ (λ), then Z/ϕ is given by the

expression in part (ii) of Proposition 2, and ε∗10 = ε∗11 = ε∗, and therefore

uz1
Z
ϕ

+ ϕ1 = ε̄+ (α10 + α11)

[
ε∗ − ε̄+

1

1−G (ε∗)

∫ εH

ε∗
(ε− ε∗) dG(ε)

]
≤ ε̄+ (α10 + α11)

[
ε∗ − ε̄+

1

1−G (ε∗)

∫ εH

ε∗
(εH − ε∗) dG(ε)

]
= ψ,

where the inequality is strict unless ι = 0 (which implies ε∗ = εH). Hence regardless of whether

ι̂ (λ) < ι < ῑ (λ) or 0 < ι ≤ ι̂ (λ), we have uz1
Z
ϕ + ϕ1 ≤ ψ (with “=” only if ι = 0), so to show
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Vm (Z, Ast , yt) ≤ W∗ (Ast , yt) it is sufficient to show the second term in (285) is nonpositive.

This can be shown as follows(
uz1
Z
ϕ + ϕ1

ϕ
− σ

)(
ϕ

ρ

) 1
1−σ
− (1− σ)

(
ψ

ρ

) 1
1−σ

= Ω

(
ϕ, uz1

Z
ϕ

+ ϕ1

)
− Ω (ψ,ψ)

≤ Ω (ϕ,ψ)− Ω (ψ,ψ)

≤ Ω (ψ,ψ)− Ω (ψ,ψ) = 0.

The first inequality follows from (283) and uz1
Z
ϕ + ϕ1 ≤ ψ. The second inequality follows from

(284) and ϕ ≤ ψ. Thus, Vm (Z, Ast , yt) ≤ W∗ (Ast , yt), with “=” only if ι = 0 (since in this case

uz1
Z
ϕ + ϕ1 = ϕ = ψ).

A.12 Effects of monetary policy

Proof of Proposition 15. (i) The condition that characterizes ε∗10 in part (i) of Proposition

2 can be written as

ϕι = α11θ (εn − ε∗10) + [α10 + α11 (1− θ)]
∫ εH

ε∗10

(ε− ε∗10) dG(ε)

+ α11θ
1

1− λ

∫ εH

εn
(ε− εn) dG(ε).

Totally differentiate this condition with respect to ι to get

ϕ+ ι
dϕ

dι
= −{α11θ + [α10 + α11 (1− θ)] [1−G (ε∗10)]} dε

∗
10

dι
. (286)

Totally differentiate (45) with respect to ι to get

dϕ

dι
= [α10 + α11 (1− θ)]G (ε∗10)

dε∗10

dι
. (287)

Together, (286) and (287) imply

−dϕ
dι

ι

ϕ
=

ι

ι+
α11θ+[α10+α11(1−θ)][1−G(ε∗10)]

[α10+α11(1−θ)]G(ε∗10)

.

(ii) The condition that characterizes ε∗ in part (ii) of Proposition 2 can be written as

ϕι =

[
α10 + α11

(
1 + θ

λ

1− λ

)]∫ εH

ε∗
(ε− ε∗) dG(ε).
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Totally differentiate this condition to get

ϕ+ ι
dϕ

dι
= −

[
α10 + α11

(
1 + θ

λ

1− λ

)]
[1−G (ε∗)]

dε∗

dι
. (288)

Totally differentiate the expression for ϕ in part (ii) of Proposition 2 to get

dϕ

dι
=

{
(α10 + α11)G (ε∗)− α11θ

λ

1− λ
[1−G (ε∗)]

}
dε∗

dι
. (289)

Combine (288) and (289) to get

dϕ

dι

ι

ϕ
= − ι

ι+
[α10+α11(1+θ λ

1−λ)][1−G(ε∗)]

(α10+α11)G(ε∗)−α11θ
λ

1−λ [1−G(ε∗)]

.

B Quantitative robustness

In this section we assess the robustness of the quantitative results of Section 8 to alternative

calibration strategies. In our baseline, the parameters α, θ, and Σε are calibrated so that,

given the rest of the parametrization, the model is consistent with the following three facts:

(a) the real asset price falls by about 11 basis points in response to a 1 basis point increase

in the nominal policy rate, as in the high-frequency empirical estimates in Lagos and Zhang

(2019); (b) transaction velocity of money is 25 per day, which is the average daily number of

times a dollar turns over in CHIPS (Clearing House Interbank Payments System); and (c) the

median spread on margin loans is about 2.3%, which is the current spread (over the fed funds

rate) that a typical prime broker charges a large investor. This procedure delivers α = .0406,

θ = .1612, and Σε = 2.0784. Below, we report results for three alternative calibrations that

consider alternative target values for the spread on margin loans and/or velocity.

In the first alternative calibration, denoted (AC1), α, θ, and Σε are calibrated so that, given

the rest of the parametrization, the model is consistent with the following targets: (a) the real

asset price falls by about 11 basis points in response to a 1 basis point increase in the nominal

policy rate; (b) transaction velocity of money is 25 per day; and (c) the median spread on

margin loans is about 1.20%. This procedure delivers α = .0389, θ = .2979, and Σε = 2.3653.

Figure 12 reports S for economies indexed by (α, λ) ∈ [0, 1]×{.50, .75, .90, .99}. The calibration

ensures that S = 11 for α = .0389 and λ = .75. As in the baseline calibration, the response of
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the asset price to nominal rate shocks is sizable for a wide range of values of α and λ, and it is

significant even in the pure-credit limiting economy that obtains as α→ 0. Figure 13 reports S
for economies indexed by (α, θ) ∈ [0, 1]×{.10, .30, .70, .99}. The calibration ensures that S = 11

for α = .0389 and θ = .2979. As in the baseline calibration, the response of the asset price to

nominal rate shocks is sizable for a wide range of values of α and θ, and it is significant even

in the pure-credit limiting economy that obtains as α → 0. Figure 14 reports S for economies

indexed by (α, ρp) ∈ [0, 1] × {.03, .04, .0447, .05}. The calibration ensures that S = 11 for

α = .0389 and ρp = .0447. This exercise shows that for every level of α, the asset price response

is significant, and tends to be larger in environments with a lower background nominal policy

rate. Figures 15, 16, and 17 offer a comprehensive summary of the magnitude of the effects

of monetary policy in limiting economies with α → 0. For a wide range of economies indexed

by a pair ρp and λ, Figure 15 reports the value of S in the pure-credit limit that obtains as

α→ 0. The level sets in the right panel show it is not easy to find reasonable parametrizations

that imply a value of S below 5. Figures 16 and 17 tell a similar story. Figure 16, for example,

shows that, as predicted by the theory, S = 0 in the pure-credit cashless limit of economies

with no credit-market frictions or markups, i.e., economies with λ = θ = 1. In contrast, S is

positive and sizable in the pure-credit cashless limit of economies with θ < 1, even if 1 − θ is

relatively small.

In the second alternative calibration, denoted (AC2), α, θ, and Σε are calibrated so that,

given the rest of the parametrization, the model is consistent with the following targets: (a) the

real asset price falls by about 11 basis points in response to a 1 basis point increase in the nominal

policy rate; (b) transaction velocity of money is about 6 per day; and (c) the median spread

on margin loans is about 25 basis points. This procedure delivers α = .0966, θ = .8337, and

Σε = 2.6429. Figure 18 reports S for economies indexed by (α, λ) ∈ [0, 1] × {.50, .75, .90, .99}.
The calibration ensures that S = 11 for α = .0966 and λ = .75. As in the baseline calibration,

the response of the asset price to nominal rate shocks is sizable for a wide range of values of

α and λ, and it is significant even in the pure-credit limiting economy that obtains as α → 0.

Figure 19 reports S for economies indexed by (α, θ) ∈ [0, 1]×{.10, .25, .83, .99}. The calibration

ensures that S = 11 for α = .0966 and θ = .8337. As in the baseline calibration, the response

of the asset price to nominal rate shocks is sizable for a wide range of values of α and θ, and it

is significant even in the pure-credit limiting economy that obtains as α→ 0. Figure 20 reports

S for economies indexed by (α, ρp) ∈ [0, 1]× {.03, .04, .0447, .05}. The calibration ensures that
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S = 11 for α = .0966 and ρp = .0447. This exercise shows that for every level of α, the asset

price response is significant, and tends to be larger in environments with a lower background

nominal policy rate. Figures 21, 22, and 23 offer a comprehensive summary of the magnitude of

the effects of monetary policy in limiting economies with α→ 0. For a wide range of economies

indexed by a pair ρp and λ, Figure 21 reports the value of S in the pure-credit limit that

obtains as α → 0. The level sets in the right panel show it is not easy to find reasonable

parametrizations that imply a value of S below 5. Figures 22 and 23 tell a similar story. Figure

22, for example, shows that, as predicted by the theory, S = 0 in the pure-credit cashless limit

of economies with no credit-market frictions or markups, i.e., economies with λ = θ = 1. In

contrast, S is positive and sizable in the pure-credit cashless limit of economies with θ < 1,

even if 1− θ is relatively small.

In the third alternative calibration, denoted (AC3), we set α = 0, and λ, θ, and Σε are

calibrated so that, given the rest of the parametrization, the model is consistent with: (a) the

real asset price falls by about 11 basis points in response to a 1 basis point increase in the nominal

policy rate; (b) transaction velocity of money is about 25 per day; and (c) the median spread

on margin loans is about 25 basis points. This procedure delivers λ = .9159, θ = .8080, and

Σε = 3.0886. Figure 24 reports S for economies indexed by (α, λ) ∈ [0, 1] × {.50, .75, .90, .99}.
The calibration ensures that S = 11 for α = 0 and λ = .9159. As in the baseline calibration,

the response of the asset price to nominal rate shocks is sizable for a wide range of values of

α and λ, and it is significant even in the pure-credit limiting economy that obtains as α → 0.

Figure 25 reports S for economies indexed by (α, θ) ∈ [0, 1]×{.10, .25, .80, .99}. The calibration

ensures that S = 11 for α = 0 and θ = .8080. As in the baseline calibration, the response of

the asset price to nominal rate shocks is sizable for a wide range of values of α and θ, and it is

significant even in the pure-credit limiting economy that obtains as α → 0. Figure 26 reports

S for economies indexed by (α, ρp) ∈ [0, 1]× {.03, .04, .0447, .05}. The calibration ensures that

S = 11 for α = 0 and ρp = .0447. This exercise shows that for every level of α, the asset price

response is significant, and tends to be larger in environments with a lower background nominal

policy rate. Figures 27, 28, and 29 offer a comprehensive summary of the magnitude of the

effects of monetary policy in limiting economies with α → 0. For a wide range of economies

indexed by a pair ρp and λ, Figure 27 reports the value of S in the pure-credit limit that

obtains as α → 0. The level sets in the right panel show it is not easy to find reasonable

parametrizations that imply a value of S below 5. Figures 28 and 29 tell a similar story. Figure
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28, for example, shows that, as predicted by the theory, S = 0 in the pure-credit cashless limit

of economies with no credit-market frictions or markups, i.e., economies with λ = θ = 1. In

contrast, S is positive and sizable in the pure-credit cashless limit of economies with θ < 1,

even if 1− θ is relatively small.
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