Technical Appendix

B Proofs

Notation

In our proofs, we often use a matrix notation in which a prior or posterior ¢ is a vector in RI*I and
a signal structure p is an |S| x | X| matrix. p, € RISl and p € RIX! refer to specific columns and
rows of this matrix. We use the notation e, € RIXI and e, € RIXI to refer to basis vectors with a
one in the element corresponding to x € X and s € S respectively, and zero otherwise. We use the

notation ¢ to refer to a vector of ones (in both RISl and RIX! contexts).

B.1 Proof of Lemma 1

Let p and p’ be information structures with signal alphabet S. First, we will show that mixture
feasibility and Blackwell monotonicity imply convexity. By mixture feasibility, letting py; denote

the mixture information structure and Sj; the signal alphabet,
Cpm, ¢; Sm) < AC(p,¢;8) + (1 = NC (P, ¢ 9).

Consider the garbling II : S x {1,2} — S, which maps each (s,i) € Sy to s € S. By Blackwell
monotonicity,
C(par,q;Sur) > C(Upar, ¢; ).

By construction,
eITppyr = Xelp+ (1 = Nely,

and the result follows.

Now we show the other direction: that convexity and Blackwell monotonicity imply mixture
feasibility. Let p; and ps be information structures with signal alphabets S; and S5. Because
the cost function satisfies Blackwell monotonicity, it is invariant to Markov congruent embeddings.
Define Spr = (S7 U Ss) x {1,2}. There exists an embedding IT; : S; — Sps such that, for some
sy = (s,i) € Sy,

0 i=2
efMﬂlpl =40 s¢ 8

e.p1 otherwise

Define an embedding II; along similar lines,

0 1 =1
el Taps =140 s¢ S,

el'py  otherwise,
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and note that these embeddings are left-invertible. It follows by Blackwell monotonicity in both

directions that
C(ip1,q; Sm) = C(p1,q; S1),

and likewise that
C(U2p2, g; Snmr) = C(p2, 4; S2).

By convexity,
C(ALipy + (1 — M)apa; q; Sar) < AC(Iyp1, q; Sar) + (1 — N)C(Iapa, ¢; Sar)-

Observing that
Mlipy + (1 = M2p2 = pu

proves the result.

B.2 Proof of Theorem 1

To prove the theorem, we use Taylor’s theorem to approximate the cost function and its gradient
up to order A,, (a second-order approximation for the cost function, first-order for the gradient).
We start by describing the local (second-order) properties of any information cost function satis-
fying our conditions. The condition requiring that Blackwell-dominant information structures cost
weakly more (Condition 3) is of particular importance. Recall Blackwell’s theorem:
Theorem. (Blackwell [1953]) The information structure {p,}.cx, with signal alphabet S, is more
informative, in the Blackwell sense, than {p’ }.c x, with signal alphabet S’, if and only if there exists
a Markov transition matrix I : S — S’ such that, for all s' € S" and x € X,

p; = Ilp,. (25)

This Markov transition matrix is known as the “garbling” matrix. Another way of interpreting
Condition 3 is that garbled signals are (weakly) less costly than the original signal.

There are certain kinds of garbling matrices that don’t actually garble the signals. These garbling
matrices have left inverses that are also Markov transition matrices. If we define an information
structure {p, }zex, with signal alphabet S, and another information structure {p/, }.cx, with signal
alphabet S’, using one of these left-invertible matrices, via equation (25), then {p, }.cx is more infor-
mative than {p }.cx, but {p) }rex is also more informative than {p, }.cx. These two information
structures are called “Blackwell-equivalent,” and it follows that the cost of these two information
structures must be equal, by Condition 3. The left-invertible Markov transition matrices associ-
ated with Blackwell-equivalent information structures are called Markov congruent embeddings by
Chentsov [1982]. Chentsov [1982] studied tensors and divergences that are invariant to Markov
congruent embeddings (we will say “invariant” for brevity).

Let II be a Markov congruent embedding from P(.S) to P(S’). By Condition 3, all information

cost functions satisfying our conditions are invariant to Markov congruent embeddings. It necessarily
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follows that, for any Markov congruent embedding II, that

C{pe}eex: ¢ S) = C({Ilps }aex, ¢ S').

Using this invariance, and results from Chentsov [1982], we will describe the local structure of all
information cost functions satisfying our conditions.
The key results of Chentsov [1982] are expressed in terms of the Fisher information matrix. In

our context, the Fisher information matrix on the simplex is
g(r) = Diag(r)™ — u”,

where Diag(r)* is the pseudo-inverse of Diag(r) and ¢ is a vector of ones. Chentsov establishes the

following results:2!
1. Any continuous function that is invariant over the probability simplex is equal to a constant.
2. Any continuous, invariant 1-form tensor field over the probability simplex is equal to zero.

3. Any continuous, invariant quadratic form tensor field over the probability simplex is propor-

tional to the Fisher information matrix.2?

These results allow us to characterize the local properties of rational inattention cost functions, via

a Taylor expansion. Hold fixed the signal alphabet S, and consider an information structure
P, V) =71+ vy + vw,.

Here, r € P(S) and v, € RIS! satisfies 1"v, = 0 for all 2, where ¢ is a vector of ones. We also
assume that, for all s € S, efv, # 0 only if eI'r > 0. That is, v, is an element of the tangent space
of the probability simplex at r. The same properties hold true for w,. As a result, for values of
the perturbation parameters e and v sufficiently close to zero, p, € P(S) for all z € X. In other
words, the parameters € and v index a two-parameter family of perturbations of an uninformative
information structure (corresponding to ¢ = v = 0), in which the perturbed information structures
will generally be informative; the v, and w, specify two directions of perturbation. Each of the
perturbed information structures has the property that p, is absolutely continuous with respect to
7.
By Condition 1, C({p.(0,0)}zex;q;S) = 0. The first order term is

EC({pz(Q V)}aceX7 q; S)|6:V:0 = Z Cz({r}meXa q; S) * Ve,

Oe
zeX

21See Lemma 11.1, Lemma 11.2, and Theorem 11.1 in Chentsov [1982]. See also Proposition 3.19 of Ay et al. [2014],
who demonstrate how to extend the Chentsov results to infinite sets X and S.

22 A 1-form tensor field on a probability simplex P is a function T : V x P — R, where V is the tangent space of
the simplex. Let IT : P — P’ be a mapping from the simplex P to the simplex P’, let VV’ be the tangent space of
the simplex P’, and let dII : V. — V' be the pushforward of the mapping II. The tensor field is invariant under IT if
T (dIlv,IIp) = T'(v,p) for all p € P and v in the tangent space at p, and a similar definition holds for quadratic form
tensor fields.
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where C,, denotes the derivative with respect to p,. This derivative, C;({r}; ¢; S), forms a continuous
1-form tensor field over the probability simplex P(S). By the invariance of C(-), it also follows that
C, is invariant, and therefore, by Chentsov’s results, it is equal to zero.

We repeat the argument for the second derivative terms. Those terms can be written as

({pz(e V)}IGXaqa |<-: v=0 — Z Zw :E:E {T}LEEXaQaS) Vg.

r'eX xeX
By the invariance of C(-), the quadratic form C,,(-) is invariant for all z,2’ € X, and therefore
is proportional to the Fisher information matrix for all 2,2’ € X. We can define a matrix k(q)

consisting of the constants of proportionality associated with each x, 2’ € X. That is,

81/86 ({p(|»€’/)}Q|evo*Zkaz ()an

z'eX xeX

where g(r) is the Fisher information matrix evaluated at the unconditional distribution of signals
r € P(S). We note that the matrix-valued function k(¢q) can depend on the prior ¢, but cannot
depend on the unconditional distribution of signals, ; otherwise, invariance would not hold.

We begin by considering perturbations that preserve the support of the signal structure. As a
result, this theorem should be interpreted as applying to “frequent but not very informative” signals,
as opposed to “rare but informative” signals. We will discuss the latter type of signals shortly. Note

that the pseudo-inverse of the Fisher information matrix is
9" (q) = Diag(q) —qq" -

Lemma 11. Suppose that a sequence of information structures p,,, with signal alphabet S, is de-

scribed by the equation
L(1+a(s +a(s
Pm,s,z = Aam(s)rs AmQ,(l ( )) Vsx 0( 72n(1 ( )))a

where, for all s € S, v € X, and Ay, >0, pmes #0 =1, >0, a(s) € [0,1), and Y V5o = 0.
Let C(-) be an information cost function that satisfies Conditions 1-4.

There exists a matriz valued function k(q) such that

C(pm; 4 S) A D> kaw (@hg(r)ve + o(Am).

r'eX xeX

For all q, the matriz-valued function k(q) is continuous, positive semi-definite and symmetric, and
satisfies vTk(q)v = 0 for any vector z € RIX| that is constant in the support of q.

If in addition the cost function satisfies Condition 5, then there exists a constant mgy > 0 such
that the difference between k(q) and the pseudo-inverse of the Fisher information matriz, g (q),

multiplied by that constant, is positive semi-definite: k(q) = mgg™*(q).

Proof. See the appendix, section B.3. O
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In the case of the mutual-information cost function, the matrix k(q) is itself the pseudo-inverse
of the Fisher information matrix.

Several authors (Caplin and Dean [2015], Kamenica and Gentzkow [2011]) have observed that it
is easier to study rational inattention problems by considering the space of posteriors, conditional
on receiving each signal, rather than space of signals. We can redefine the cost function using
the posteriors and unconditional signal probabilities, rather than the prior and the conditional
probabilities of signals. The corollary below expresses the results of Lemma 11 in terms of posterior
beliefs.

Corollary 4. Under the assumptions of Lemma 11, the posterior beliefs can be written, for any
s € S such that rs > 0, as

o) = g + AR g o~ e teat | (B0l
, T ms x m xT . m .

The cost function can be written as

Com a8 =3 3 7eloms0) G (@) ~ @) F @) 0P ) — 0) + 0(A),
s€Sirs>0

where k(q) = Diag(q)*k(q) Diag(q)*.
Proof. See the appendix, section B.4. O

There are, in effect, two ways for a signal to be contain a small amount of information, and
different costs associated with these different types of signals. The results of Lemma 11 characterize,
for any rational inattention cost function satisfying our conditions, the cost of receiving frequently,
but relatively uninformative, signals. We next consider the cost of receiving a rare but informative

signal.

Lemma 12. Under the assumptions of Lemma 11, define the signal structure
ﬁm =pm + Amwv

where py, is a signal structure of the type described in Lemma 11, with ) qw, = 0 for all x € X
and with ws > 0 for all s € S such that py, 52 = 0.

The cost of this information structure can be written in the form

C(ﬁm; q; S) = % Z ﬂs(ﬁnu Q)(QS,x(ﬁma Q) - q)TE(Q)(QS,w(ﬁmv Q) - Q)
seS:rs>0

+ D elBin D (g5, (B D)llg) + 0(Ar), (26)

seS:rs=0

where the divergence D* is finite, convex in its first argument, and twice-differentiable in its first
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argument for q' sufficiently close to q, with

?D*(rllg),  _
67”1'67*1 |T:q - k(q) (27)

Proof. See the appendix, section B.5. O

The divergence D* represents the cost of acquiring an infrequent, but potentially informative,
signal. Naturally, if the signal is in fact not very informative, this cost must be closely related to
the costs of other uninformative signals, which gives rise to the condition on the Hessian of the
divergence. Note that the lemma demonstrates that the cost is additive with respect to the other
signals being received (at least up to order A). The result follows from the directional differentiability
of the cost function with respect to signals that occur with zero probability and the continuity of
that directional derivative (Condition 4) and invariance.

To conclude the proof, observe that by assumption,

7Ts(p1n7Q)||QS(pwzaQ) - Q||§( < BAm

for all m € N and s € S. Consequently, for all convergent subsequences of m (denote them by n),

either
lim s (pnv Q)

n— oo A;‘l‘(s)

<B

for some a(s) € [0,1), or ms(pn,q) = O(Ay).

In the first case, we must have

l1gs(Pn>q) — qH?X = O(A}l—a(s))_

In this case, it follows by Taylor’s theorem that

%(QS,w(pn% 9) — ) k(@)(gs.0(Pm> q) — @) = D* (g5 (pm> @)l lq) + o( AL ).

Defining
ro = lim 20w j‘;)q)

and
_ 1 als
QS,m(pqu) Gz A 5 (1+a(s))

n 9
n—=oo (pTs (pna Q)
we can apply Lemma 11.

In the second case, defining

Wy = lim %,ac(pnaQ)

A=A, Ts(Pn, Q)

allows us to apply Lemma 12. It follows that, for all convergent subsequences (therefore by bound-
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edness for all m),

Cpm; 6:5) =Y 7s(Dm> @) D™ (45 (P> @)|g) + 0(An).

ses

The claimed properties of the divergence and its Hessian follow from the two lemmas.

B.3 Proof of Lemma 11

Consider a Taylor expansion of C(p,, ¢; S) around the value of
Tm,s = A%(s)rs.

We have

Pm,s, e — Tm,s = Aéz(1+a(5))Ve z+ O(Arén(1+a(5)))

and therefore by Taylor’s theorem we have

C(pm7 q, S) = % Z Z kx,x’(q) (pmw - rm)Tg(rm)(pm,x - rm) + O(Z |pm,w7s - Tm,slz)-

r'eX xeX ses

By construction,

O(Z |pm,w,s - Tm,s|2) = O(Am)'

ses

Observing that

Z Vs,x = 07

zeX

that pp,,s.0 — Tm,s # 0 if and only if 7, s > 0, and using the definition

Q(Tm) = Diag(rm)+ - LLTa
we have
(pm,rc - Tm)Tg(Tm)(pm,m - Tm) = A%+a(s))VZDiag(Tm)+Vz + O(Am)a
which is

Pz — rm)Tg(rm)(pm@ — ) = AmI/ZDiag('f‘)-i_Vz +o(An).

It therefore follows that

1
Cpm34;5) = 58m DD kew(@vlg(r)ve + o(An).

r'eX xeX

We next demonstrate the claimed properties of k(g). First, k(q) is symmetric and continuous

in g, by the symmetry of partial derivatives and the assumption of continuous second derivatives

(Condition 4).

Now consider a particular sequence of information structures for which vy, = ¢,v;, where
ve R and ¢ € RIS with 3", _geT¢ =0, and a(s) = 0 for all s € S. Suppose that both v and ¢
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are not zero. For this sequence of information structures,

1
O(pma q; S) = iAmgka(Q)U + O(Am)a

where ¢7 g(r)¢ = g > 0. Suppose the information structure is uninformative for all A,,. This would
be the case if v is proportional to ¢, or any vector constant in the support of g, because such a signal
structure has the same distribution of signals in each state in the support of g. Therefore, for such
a v,

v k(q)v =0

by Condition 1. Regardless of whether the information structure is informative, by Condition 1, we
must have
v k(q)v >0,

implying that k(q) is positive semi-definite. If z and —z are in the tangent space of the simplex at
q, there exists an z, 2" el 2z # ef,z with z, 2" in the support of q. Using z in the place of v above, by
Condition 1, we must have

2Tk(q)z > 0.

Suppose now that the cost function satisfies Condition 5. Let v be as above, non-zero, and not

proportional to . We have
1 _ T
C(me q; S) = iAmgU k(Q)U + O(Am)u
and therefore for the B defined in Condition 5 there exists a Ag such that, for all A < Ap,

C(p, q; S) < B. Therefore, we must have

m
>

Clom,a:9) = 5 Y ma(p: 0)llas(om, @) — allk-

ses

By Bayes’ rule, for any signal that is received with positive probability,

(Diag(q) — qq" )Pk

q''pl,

qs(Pm,q) —q =

By convention, g5 = ¢ for any s such that m4(p,q) = 0.
The support of g5 is always a subset of the support of ¢, and therefore (by the equivalence of

norms),

b 4:8) 2 2 mlp:0(a:pm:0) =) Diag™ (@) 0o )~ )

for some constant my > 0.

For sufficiently small A,,, 75(p,q) > 0 if ry > 0, and therefore

(pm,s(Diag(q) — qq" ) Diag™ (q)(Diag(q) — qq™)pl, )
7s(p, q)

m
Clom,4:9) > =5 D

seES:rs>0

)
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or, for the particular sequence defined by the vectors ¢ and v,

Cloma:9)> ™00, Y (6, v' (Diag(g) — 4") Diag*(¢)(Diag(g) —gq")v o(A).

5€S5:rs>0 (rs)
Noting that
v LS ey,
s€Sir,>0 °
and that
(Diag(q) — aq")Diag™ (q)(Diag(q) — qa") = g*(a),
we have

m _
C(pm:a;5) > TQAmgstJ*(Q)v +0(Anm).
It follows that we must have )
m
5V k(@ = S g (g

for all v.

B.4 Proof of Corollary 4

Under the stated assumptions,
1 als 1 als
Pm,s,x = A%(S)Ts + A%z(1+ ( ))1/3@ —+ O(A%z(1+ ( )))
By Bayes’ rule, for any s € S such that 75(p.,, q) > 0,

teom ) = Diag(q)py, s
s\Pm; qu%ﬂL7s

It follows immediately that
LT

lim g, = Diag(q)—> =q.
A 8s(Pm, @) = Diag(q)- = = q

Next, using the notation v, € RI¥! to denote the vector of {vs,2}eex,

A2 (Diag(q) — qqT)pT

A s (P> @)
T
. Vs —1q" Vs + o1
= Diag(q) —) ( )
Ap s (pms q)

—1(1-a(s
A (g (D q) — @) =

For any s such that r4 > 0,

T
: —1(1-a(s)) , Vs — Lq" Vs
1 A2 <(Pm,q) —q) =D s A TS
Jim A, (4s(Pm>q) — q) iag(q) o

By Lemma 11,
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O t:8) = 580 30 3 ke V5 (s + 0(As)

z’eX xeX

By the definition of the Fisher matrix, and the observation that ¢Tv, = 0 for all z € X,

Vy! s Va,s
vhg(r)v, = E rs—r’ —T’ .
s€S:iry>0 s s

Substituting in the result regarding the posterior,

C(pm,¢;8) = % > 7P, a)(4s(Pm: ) — 9)" Diag* (9)k(g) Diag™ (q)(gs(pm, @) — @) + 0(An),
SES:rs>0

which is the result, observing that ¢’ Diag"(q) is constant in the support of ¢ and applying

Lemma 11.

B.5 Proof of Corollary 12

By directional differentiability and the continuity of the directional derivatives, there exists a function

fworq:8) = lim C@m T Anw,6:8) = Com, 4; )

m—oo AN

Observe that, if we,, is in the support of r for all z in the support of ¢, we must have f(w,p,q;S) =0,
by the results of Lemma 11. Relatedly, if w and w’ differ only with respect to the frequency of signals

in the support of r for all x in the support of ¢, we must have
flw,rq;8) = f(w',r,q;9).

Assuming there are signals with m4(ppm,,q) = 0, we can write w = w; + ws + ..., where each w; is
a perturbation that contains only one signal with 7(p.,,q) = 0. Let N < |S| denote the number of

these perturbations. We can define

P— Aw.:.aq: — . .
fi(wi7r,q;5): lim C(pl 1,m+ w“q’s) C(pl l,maQaS)

m—o0 A, ’

where pi_1.m = pm + A 23;11 w;. By the assumption of the continuity of the directional derivatives,

fz(wl7r7Q7S) = f(wi7r7q;s)'

It follows that
N

f(CU?T’,(];S) = Zf(wiv’raq; S)

i=1
By invariance, the function f(w;,,q;S) does not depend on r or S. By the argument above, it

is only a function of w; 5, € RIXI, where s; € S is the unique signal in w; with rs; = 0. By Bayes’
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rule, if the prior ¢ has full support,
wi,s, = (4" wis,) Diag(q) T gs,,

where g, is the posterior associated with signal s;. If not, by Condition 1, it is without loss of
generality to assume w; s,e; = r for all x not the support of ¢, and hence that this equation holds

for all q. By the homogeneity of the directional derivative, we can rewrite this as
f(wi7 T, q, S) = (qui,si)F(qu q)

By the requirement that the cost of an uninformative signal structure is zero, and everything

else is costly, we must have
F(q,q9) =0,

F(q',q) >0

for all ¢’ # q. Therefore, F is a divergence, which we write D*(¢'||¢). The finiteness and continuity of
D*(q'||q) is implied by the existence and continuity of the directional derivative. The approximation
of the cost function follows from this result and Corollary 4, observing that s, (pm,q) = ¢ w; s, -
By invariance, there exists a Markov congruent embedding that splits each signal in S into M > 1
distinct signals in S’. As M becomes arbitrarily large, the probability of each signal becomes small
— and in particular, can be of order A. It follows for all s € S’ such that ||gs — q|| = (A2(1 O‘(s)))

(e.g. the signals described in Corollary 4), we must have

* 1 s L als
D" (gllg) = 5AL (T = )la) @, — q) + (AL,

and therefore D*(¢’||g) must be twice differentiable in ¢’ evaluated at g.
Lastly, we prove that D* is convex in its first argument. By the convexity of C(p, ¢; S),

Com, ;) =D 7s(Pm: ) D* (¢s(pm; D))
ses

Therefore, for all signal structures pl, and p2, satisfying the conditions of the lemma and all A € (0, 1),

letting p,, = ApL, + (1 — A\)p2,, by convexity

AC (s 3 8) + (1= NC (03 3:9) = Y 7P 0) D* (g (P 9))-
seS

Taking the limit as m — oo, we must have

lim A" mi(pr,, 0) D" (¢s Py, @)l l0)+

m— o0
ses
* > *
im (1 ;Sws P @)D" (5P, 9)l[q) > lim ;Sm (P> ) D* (g5 (pm» @) ||q)-
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For any ¢!, ¢ € P(X) absolutely continuous with respect to ¢, define

p71n =T + Amwlv
P =1+ Apw?,

where w! and w? are both non-zero only for some s € S with 7, = 0, and satisfy ¢' = ¢s(pL,, q),

q® = qs(p%,,q), and 7s(pk,,q) = 7s(p2,,q) (which can be achieved by Bayes’ rule). It follows that
q(s(pmv Q) = /\ql + (1 - )\)(]2,

and therefore that D* is convex in its first argument.

B.6 Proof of Theorem 2

We begin by describing three lemmas that we will employ to prove the convergence result. Our first

lemma shows that the dual discrete time value function W(q, A; A) is well-behaved:

Lemma 13. If A € (0,kc™?) and B =1, or if B < 1, for all A <1 the value function W (g, \; A) is
bounded above on q; € P(X) by a constant W, bounded below by zero, and is conver in q. Moreover,
forall A <1,

K —Ac” —In(B)W > 0.

Proof. See the appendix, section B.7. O

Our next lemma shows that, because of the curvature (p) that we impose, the DM will choose,
under any optimal policy, to gather only a small amount of information in each time period, as the

length of each time period shrinks.

Lemma 14. Let n € N denote a sequence such that A, < 1 and lim,,_,., A, = 0. Under the
assumptions of Lemma 13, any associated sequence of optimal policies p ,, satisfies, for all elements

of the sequence,
0, 1
C(pz:na qt,n; S) S (7) p—1 An,

>

where 0 = A(p%)%l and W is the upper bound of Lemma 13.

Proof. See appendix, section B.8. O

Our next lemma discuss the convergence of an arbitrary sequence of stochastic processes for
beliefs (denoted ¢;,,) and of stopping times (denoted 7,,) to their continuous-time limits, under
the assumption that the policies generating them satisfy the bound in Lemma 14 and a bound on
expected stopping times. This lemma applies to a sequence of optimal policies, but also to sequences
of sub-optimal policies. The lemma describes the convergence of the beliefs process to a martingale,
which is not necessarily a diffusion (it may have jumps, or even be a semi-martingale that is not a

jump-diffusion).
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Lemma 15. Let A,,, m € N, denote a sequence such that lim,, oo A,y = 0. Let py(q) denote a
sequence of Markov policies satisfying the bound in Lemma 14. Let g, m denote the stochastic process
for the DM’s beliefs at time t, under such a policy, and let T, be a sequence of stopping policies such
that Eo[tm] < 7.

There exists a sub-sequence n € N and a probability space such that:

1. The beliefs q;.n and the stopping time T, converge almost surely to a martingale q; and a

stopping time T.

2. The martingale q; can be represented in terms of its semi-martingale characteristics,

¢
B, = —/0 (/]RX\{O} Ys(2)zdz)dAg

t
C — / Diag(q,-)owo Diag(q,-)dA,
0
Vt(Z) = dAtT/)t(J?),

where o is an | X| x | X| matriz-valued predictable stochastic process, satisfying qu os =0, Vs
is a measure on RIXI\ {0} such that - +2z € P(X) and q5- + 2 < qs— for all z in the support

of Vs, and dAg is the increment of a weakly increasing process.

3. For all stopping times T,

T 1
s—tyf~ o gT B * B B
B[ #gtleoTiao ]+ | gy VoD@ + o)A <
0 1 1—pTt
SRS

4. The limit of the cumulative information cost is bounded below,

‘rnA;l—l
i 1—p Anj . LGV >
nll{rgo EO[An ZO B C(pn(qAnj,n>7qAnj,n7S) ] =
j=

Et[/OT 58{%#[05051@(%—)] +/R Ys(2)D*(qs- + quS—)dZ}p(%)pdS].

IXI\{0}
Proof. See the appendix, section B.9. O

Having described these three lemmas (all proven below), we now proceed to the main proof.
Assume that A € (0,kc™?) if =1, A > 01if § < 1. Under this assumption, lemmas 13, 14, and 15
apply.

Let m index a sequence of Markov optimal policies, p¥,(¢), and of stopping times 7.5. Let
q; , denote the associated process for beliefs. By the uniform boundedness and convexity of the
family of value functions W(q, A\; A,,), a uniformly convergent sub-sequence exists. Rockafellar

[1970] Theorem 10.9 demonstrates that a uniformly convergent sub-sequence exists on the relative
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interior of the simplex, and Rockafellar [1970] Theorem 10.3 demonstrates that there is a unique
extension to a convex and continuous function on the boundary of the simplex. Therefore, by Lemma
13, that proving the discrete time value function converges to the stated continuous time limit also
proves that the continuous time limit is bounded and convex.

Pass to this sub-sequence, which (for simplicity) we also index by m, and let W (g, A) denote its
limit. Let W™ (g, A) denote the continuous time problem defined in Definition 1. We will prove that
W(g,\) = WH(g, \).

By Lemmas 13 and 14, the sequence of optimal policies and stopping time satisfies the conditions
of Lemma 15. It follows by that lemma that

lim | / " BRI AL (2 (gF )y 6 S)P ] >

n—oo 0

Bl 8 {grlrie ke

A
[ @D e + 2l ey (s
RIX1\{0} s

where ¢* is the limiting stochastic process and o, ¢k, dA% are associated with the characteristics of
the martingale ¢} .

We also have, by weak convergence,

1— 8™

Jim EolB7 455 1) = A= (8 = A ))] = BolB™ lare) = — (1= A7)0 = A

b
—In(3)

Recall also the bound, for any stopping time 7" measurable with respect filtration generated by ¢ ,

T s]‘ * _xT * * (% * *
Bl oot ke )+ [ D @+l )dehda) <
¢ 2 RIXI\ {0}

) _ -1
R Bl

It follows that
W(g,\) < W(gq, \)

for all ¢ € P(X), where

* 1
W+ q 7)\ — sup E ﬁ(T ft)ﬁ Gre) — ——
( ' ) {UsﬂpmdAmT} t[ ( ) - ln(ﬁ)

A [T 6ot T
PEt[/t 3 {Qtr[asas k(gs)] —|—/]R

(1= 8705~ Ae)) -
V(D (4 + 2l )z (L ypas),
X1\ {0} 5

subject to the constraints, for all stopping times 7" measurable with respect filtration generated by
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*
qs

T
Bl 6 Gilelk@ + [ DD e+ 2l ) <

) _ -1
QP Bl

and the evolution of beliefs as implied by the characteristics derived from o, s, dAs. Observe, by
the arguments in the proof of Lemma 13, that W (g, \) is bounded, and convex in ¢, and satisfies
k=X’ —In(B)W(q, A) > 0.

Also note that, for W, it is without loss of generality to set dA; = ds. Scaling dA, up and
scaling 040! and 1 down, or vice versa, does not change the constraint, and setting dA, = 0 is
clearly sub-optimal by the result that x —Ac? —In(B8)W T (g, A) > 0. Note also that there is a version

of the optimal policies which satisfy the constraint everywhere:

1

1 0. 1
L rlowoTh(g-)] + / () D* (s + 2llg-)dz < (D)7,
2 R'X‘\{O} )\

T

Next, observe that increasing 0,0 by a quantity ezz” results in a first order condition, anywhere

W is twice-differentiable, of

Mtrlodod T+ [ D e + e )Y G kg, ) 2

RIXI\{0}
1

T
52 WJI(qG*)Zv
with equality if the diffusion terms are non-zero in that direction. Note that the bound that the
optimal policies satisfy implies that W;&(qs_), interpreted in a distributional sense, is finite and
hence that W7 is differentiable.

Similarly, for any z such that ¢} (z) > 0, the first-order condition requires that

1
Mtrlod ol k(gs-)] +/ Ui (2")D* (g5~ + 2" |lgs-)d2"} 7 D (g5~ + 2llgs-) =
2 RIXI\ {0}

WH(ge- +2,A) = WH(ge-, A) — 2" - W (gs-, ),  (28)

where the differentiability of W™ in the continuation region follows from the envelope theorem.
Combining these two first order conditions, consider a perturbation that decreases os0! by ezz”

and increases 1hs(vz) and ¥,(—vz) by 1-5. The first-order conditions for this perturbation is

1
Matrlot ot Th(g,)] + / U (") D" (g + 2], )"}
2 RIXI\{0}

1

1
202 (W—‘r(CIs* + vz, )\) + W+(Qs* — vz, )‘) - 2w+(qs* ) )‘)) - 7ZTW-_ (QS*)Z'
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In the limit as ¥ — 0T, this equation is always satisfied, and therefore it is without loss of generality
to suppose that the diffusion term is zero.
Lastly, if there exists an z,z’ with ¢J(2) > 0 and ¢ (2’) > 0, an alternative policy that sets

UF(2) = v(z)+ %wj(z’) and 1} (') = 0 generates the same cost, and changes utility
by

D* (g5~ + 2'|l4s-)
D*(qs- + 2llqs-)
(WH(ge- + 2, 0) = WH(ge-, A) = 2T - W (g, )9 () = 0.

(WJF(QS* + 2, )‘) - WJF(Qs*a)‘) - ZT : W;(qs*7>‘))q/)s+(zl)7

It follows that it is without loss of generality to assume that ¢ (z) > 0 for at most one value of
2. Recalling that the optimal policies are Markov, let 0% (gs) denote the optimal policy for the
diffusion, let ¥7(¢) denote the optimal jump intensity, and let z*(q) denote the Markov optimal
jump direction. Any semi-martingale with these characteristics generates a law that is identical to
the jump-diffusion process described in Lemma, 15.

Noting that W+ (g, \) > W(q, \), it follows that if there exists a sequence of policies that converge
to the stochastic process ¢;", characterized by o, ¢, 2*, and whose cumulative information costs
A;C(+) converge to the total information costs in definition 1, then such a sequence of policies
achieves, in the limit, at least as much utility as any other sequence of policies. It would then be
the case that there must be sequence of optimal policies that converges a.s. (as in Lemma 15) to
some optimal policy of W7 (not necessarily the policies that generate ¢;"). Note also by the result
above that it is without loss of generality to suppose o = 0.

We can rewrite our controls in terms of the jump destination, ¢*(gs) = ¢s + 27 (¢s). To construct
such a sequence of convergent policies, consider the “constant control” described in chapter 13.2 of
Kushner and Dupuis [2013] (“constant controls”, in this context, being a constant ¢*, ;" pair over
the interval [t,¢ + A,,), switching to ¢; = 0 after the first jump). By theorem 2.3 of that chapter,
there exists a sequence of constant controls that converge (weakly) to the optimal policies of WT.
Moreover, these controls result, of the intervals [¢t, ¢+ A,,), in a two-point distribution, with support
on ¢t (q;) and q; — ;" (¢ (q¢) — q:) A, for the left limit of the process at time t + A,,.

Define the constant

o _ Bl BYTY (g5-)D (g5 + 2" (a5-)llas-)ds]

—_B(r—t)
Et[l—lliw}

0

Now consider a modification of these constant control policies, which scale the intensity ;" by the

quantity a;,(q¢), so that, for the modified policy,

ALC() =0+
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By the first-order condition with respect to ¢, and the Bellman equation,
4 + — 1 1+ * + 4

k= A’ —=In(B)W™ (g, A) = A(1 — ;)(djt (g )D"(qe- + 27 (0= )lge-))"-

By the convexity of C(-),
C() > an(a)¥s (@)D (g + 2" (- )llar-)-
Observe that the lower bound on the value function that
Kk —Ac” —In(B)W™ (g, \) >0

for all g¢. It follows that

o+
"k — AP — ln(ﬁ)w]’

Qp (Qt) € [0

where W = mingep(x) W (g, A), and that

lim a,(g¢:) = 1.

n—00

Therefore, by this uniform bound, the modified policies converge weakly to the same limit as the
constant control policies, and hence to an optimal policy of W. Moreover, by construction, the costs
converge, and hence the dual value function W is achievable and therefore W (g, \) = W+ (g, \).

We next demonstrate equality of the primal and dual. The associated Bellman equation for the
dual value function W7, in the continuation region, is

—In(B)W(gs, A) = max E[dW T (qs, \)] — (k — Ac?)ds

Os,ts

_é 1 T ®(o B p
Sl [ D e 2l )}

Consider a perturbation which scales ofof? and 1] be some constant (1 + €). Note that such
a perturbation would also scale E[dW™] by (1 + ¢€), and that at least one of o7 and T must be
non-zero by the assumption that —In(8)W™(gs, A) + x — Ac? > 0. The first order condition for this

perturbation is
+ Al + _+T
—In(BYW™(gs, A) + (K — A”) + ;{ﬁtr[as o7 k(gs- )]+
/ VI (2)D*(qs- + 2llgs-)dz}r =
RIXI\{0}

1
Matrlot ot Thig,-)] + / BT (D gy + lla, )d=)?,
2 RIX1\ {0}
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which must hold at the optimal policies for this problem. We can rewrite the Bellman equation as

—In(B)W(gs, N)ds + (k — Ac)ds =

rW(qs, K — AcP
Bl (g, )] - 2 (p R A

)ds,

or

(= In(B)W*(gs, ) + (k — Acﬂ))p—”1 — E[dW* (g, V).

Solving this equation,

W (g, V) = E,[8777 a(q,) = —E=(r = Ae”) / =),
pP— s

Define A* by

E; [ﬁﬁ(T*_s)ﬁ(QT*) N Ll(” - )‘*Cp)/ Bﬁ(l_S)dl] =
p— s

Eo[87 ) a(q,-) —H/ BU=9)di.
S

We can rewrite this as

1 14 * ~ —L_(l—s)
(——k— ——) c”)EO[/ grr=o)qy =
p—1 p—1 s

Eo[37 T = a(g,) —,@/ BT =) qp)—

S

B8 e~ [ 50,
0

The right-hand side is weakly negative, and zero if 5 = 1. Consequently, \* > 0, and \*

ke™Pif g =1.

:L<

peP

Consider a convergent sub-sequence of V' (go; A,) (which exists by the uniform boundedness and

convexity of the problem), and denote its limit V' (go) (again, we will index this sequence by n). By

the standard duality inequalities, for all A,
V(qo; An) < W(go, A; Ap),

for all n, and therefore
V(go) < WH(qo, \").

Consider the value function f/(qo), which is the value function under the feasible optimal policies for
W (go, A*). Tt follows that V(go) = W(qo, A\*), and V(go) < V(qo), and therefore V (qo) = W (go, \*).

Note that every convergent sub-sequence of V(qo; A,,) converges to the same function. It follows
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that
V(go) = AILI%Jr V(go; A).
::%w”m%qu/ Bldi).
0

By the definition of \* and the Bellman equation,

T sl 1 * _xT * *
R T B SR LT S TE

¢’ Eo| / i Bldi,
0

as required. It follows that the value function is the maximized over all policies satisfying the above
constraint (which is the limiting constraint, by the dominated convergence theorem), concluding the

proof.

B.7 Proof of Lemma 13

Write the value function in sequence-problem form, for the g < 1 case:

1- 8
W (go, \; A) = EolfTi(g,) — kA— ))—
(a0, 8) = max Eol7a(qr) — #AT—7x)]
AL

)\Eo[Al—p Z BjA{%C({ij’I}xex’ ga()? — AP},
j=0

Define

u= max _u(a,z).
acA,xeX

By the weak positivity of the cost function C(-), it follows that

1- 87
1- 38

W(QQ,)\; A) Sﬂ‘i’AEO[ ]()\Cpflﬁ).

If A € [0, ke ?], the value function is bounded above by @. If A > ke¢™*,

W(qo, A;A) <+ 1 7A5A (Ae? — k),
. Aln(B)
A — n
1= 1—An(g)’
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implying

A 1 —1n(B)
1-pA —In(B)
for all A < 1. Therefore,
=1 In(B)
=1+ “In(s) max{Ac¢’ — k, 0}

It follows immediately that
K—Ac? —In(B)W =

and therefore
K —Ac” —In(B)W > 0.

For the 3 = 1 case, by the assumption that Ac” < x, W(qo, \; A) < @ = W, and the result holds
immediately.
There is a smallest possible decision utility which is strictly positive, and because stopping now

and deciding is always feasible,

W(go, A\;A) >0

We can define the “state-specific” value function, W (g, A; A, x) , which is the value function
conditional on the true state being x. The state-specific value function has a recursive representation,

in the region in which the DM continues to gather information:

1
W(qt,)\;A,J]) = _,QA_F)\Al—P(APCP_;C(_)p)_i_

IBA Z (ezprex)w(q:+A,s’A;A7x)'

s€S: eT'pres,>0

In this equation, we take the optimal information structure as given. Note that, by construction,
wherever the DM does not choose to stop, the expected value of the state-specific value functions is

equal to the value function.

thw Qt7>\ A ) (Qt7A7A)

zeX

By the optimality of the policies, we have

Wign A A) > Y q:W(d A A, x),

rzeX

for any ¢’ in P(X). Suppose not; then the DM could simply adopt the information structure
associated with beliefs ¢’ and achieve higher utility, contradicting the optimality of the policy.
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The convexity of the value function follows from the observation that

Wag+ (1 —a)d,\;A) = anz (ag+ (1 —a)d', N A z) +
reX
(1-a) qu (ag+ (1 —a)d, \; A, z),
rzeX

and using the inequality above,
W(ag+ (1 —a)d, A\ A) < aW(g, A A) + (1 - )W (d', A A).

B.8 Proof of Lemma 14

Consider an alternative policy that mixes (in the sense of Condition 2) the optimal signal structure

and an uninformative signal, with probabilities 1 — a and a, respectively. We must have

_ﬁA Z(e Tt n)(W(qzn,s7 A? A") - W(Qt,na Av A’ﬂ))_

ses

)\Alfpc(p;k a )p—lac(pt,n(a)a%f,n)

aa |(1:0+ S 07

which is the first-order condition at the optimal policy in the direction of adding a little bit of the

uninformative signal (decreasing a). By the convexity of C(-) and Condition 1,

ac(pt,n(a)ﬂ Qt,n)

aa |(l:0+ S 07

C(p:,na Qt,n) +

and therefore we must have

5A Z(e Ty n)(W(q;n,m )" An) - W(qt,n, )‘7 An)) > AA}L_pC(p;nv qt,n)p'
seS

Applying the Bellman equation in the continuation region,
A
(1- BA")W(Qt,n? A AR) + (k= AcP)Ay, + ;A}L_”C(p;n, Qt,n)p > /\A}L_”C(p;n, Qt,n)p-

Therefore,

(1= 52

1
A1 — ;)A;pc(p;mqt,n)p < (5 AP+ 5

W(qt,na )‘7 An)

If 5 =1, then
X 0
C(pt’n,qt,n) S An(x)pila

for the constant 0 = /\(p/’\‘(p/\clg ) )

If 8 < 1, note that

(1- %)

A < —In(B).
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Let W denote the upper bound on W (gen, A; Ay,), which exists by Lemma 13. We have

1

* 0, 1
C(pt’naqt,n) S An(x)p71 5

where

K — AP — ln(ﬁ)W),%l
Alp—1)

The constant 6 is positive by (13). Note that this generalizes the formula of the 8 =1 case.

0= Ap

B.9 Proof of Lemma 15

We begin by discussing the convergence of stopping times. Let W denote the upper bound on
W (Gt,n, A; Ay,), which exists by Lemma 13. Suppose that under an optimal policy,

lim Pr{r, <T}=1—-a<1.
T—ro00

The value function at time 7" must be bounded above by

W(gr,\;A) < (1 —a)W,

as the payoff conditional on never stopping is negative. Now consider an alternative policy that
follows the optimal policy until time 7", and then stops. The difference in the initial value functions
is bounded above by the possibility of making the best possible decision under the optimal policy

vs. the worst possible decision under the alternative policy, with utility u > 0:
(1—a—Pr{r, <THB"W > (1 — Pr{r, < T} u.

This inequality cannot hold in the limit as T" — oo. Therefore, by the positivity of 7, the laws
of 7, are tight, and therefore there exists a sub-sequence that converges in measure. Pass to this
sub-sequence (which we will also index by n), and let 7 denote the limit of this sub-sequence.

The beliefs g ,, are a family of RIXI-valued stochastic processes, with g; ,, € P(X) for all t € [0, c0)
and n € N. Construct them as RCLL processes by assuming that ga,jten = ga,jn for all m,
€ €10,A,), and j € N. We next establish that the laws of ¢, ,, are tight. By Condition 5 and Lemma
14

7 m 0. 1
5 Z(ezpn(qnn)qun”‘QS,n(Qt,n> - Qt,an < C(pn(Qt,n)7 qdt,n;s S) < An(x) )

seS

where ¢s,,(q) is defined by p,(q) and Bayes’ rule. It follows that, for any € > 0, there exists an N,
such that, for all n > N,

P(||Qt+An,n - Qt,n” >€) < KAy,

for the constant K, = om—le207T. By Theorem 3.21 in chapter 6 of Jacod and Shiryaev [2013],
and the boundedness of g, it follows that the laws of ¢, are tight. By Prokhorov’s theorem
(Theorem 3.9 in chapter 6 of Jacod and Shiryaev [2013]), it follows that there exists a convergent
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sub-sequence. Pass to this sub-sequence, and let ¢; denote the limiting stochastic process. By
Proposition 1.1 in chapter 9 of Jacod and Shiryaev [2013], ¢; is a martingale with respect to the
filtration it generates. By Skorohod’s representation theorem, there exists a probability space and
random variables (which we will also denote with ¢, and ¢;) such the convergence is almost sure.
We refer to this probability space and these random variables in what follows.

Note that, by Bayes’ rule, if eq, ,, = 0 for some € X and time ¢, then equm =0 for all s > ¢.
By Proposition 2.9 and Corollary 2.38 in chapter 2 of Jacod and Shiryaev [2013], we can write the

“good” version of the martingale with characteristics

¢
B= —/0 (/]RX\{O} Vs(2)zdz)dAsg

¢

C= / Y dAs
0

v =dAs;s(x).

Because beliefs remain in the simplex, 9(z) has support only on z such that ¢; + z € P(X) and
qs + 2 < qs. Relatedly, (7Y, = 0, and X, can be decomposed as X3 = D(q,-)osol D(q,-).

By the convexity of the cost function and Theorem 1,

C(pn(Qt,n), qdt,n; S) > Z(ezpn(Qt,n)Qt,n)D*(QS,n(Qt,n)‘|Qt,n)-
sES

Defining the process, for arbitrary stopping time T,

Dsm = lim D*(QS*+e,nHQS*,n)
e—0t

and
AL (s—1)]

T
—1(g_ 0. 1 .
Dt = Bl [ 941870010, o) < (yP5anEl 3. 5]
t pard

we have by Ito’s lemma, almost sure convergence, and the dominated convergence theorem,

. T 1
Dyr= lim D7, = Et[/ ﬁs’t{ftr[aso‘?k(qsf )] +/ ¥s(2)D* (qs- + 2||gs— )dz}dAs].
n—oo t 2 R‘X|\{O}

Hence, for all such stopping times T,

r 1 6,1 1-p7"
B[ 6 gtrloolha )+ [ @D @ 2l e} £ ()P
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Note also by this argument that

T,LA;lfl
. — Ang .
lim Fo[A," > B2IC(P(qansin) 4angn; S)’]
=0

— lim Eo| / " AR AP O (pr (dn) s e )Pl

n— oo 0

> Bl oot + [ oD e+ sl )G

IXI\{o0}
B.10 Proof of Corollary 1

With 8 = 1, the associated Bellman equation for the candidate value function W, in the continu-

ation region, is

0= max E[dW ™ (gs, \)] — (k — Ae”)ds

Al .

2 Gulootie + [ @D + 2l )z
P2 RIXI\{0}

Let of and ¢} denote optimal policies for this problem. Consider a perturbation which scales

ototT and ¥} be some constant (1 + ¢€). Note that such a perturbation would also scale E[dW ]

by (1+¢), and that at least one of o} and 1] must be non-zero by the assumption that x— Ac¢? > 0.

The first order condition for this perturbation is

Al
(o= 2e?) + 2 Gerlot ol kg )+ [ GHED e+ el )de) =
P2 RIXI\ {0}
1
Mptrlot ol Tha N+ [ HED a2z,
2 RIX1\ {0}

which must hold at the optimal policies for this problem. It follows by the definition of € in the
B =1 case (see the proof of Lemma 14),

K— AP p=1

HZA(PW) £

that the constraint ) 0
- 1
5”’[030?/{((13*)] + %D (QS* + Zs”Qs*) < (X)/Vl

binds with equality everywhere, where we have used the result in the proof of Theorem 2 that it is
without loss of generality to suppose ¥s(z) has support on at most one value of z, which we denote
Zs-

Consequently, the Bellman equation can be rewritten as

max B (g0, )] — (5~ Ae)ds — 2 (077 ds
Os,Ps,2s 14
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subject to
1

| o 0 .
itT[USJ?k(qS—)] + s D (QS— + Zqus—) < (7)/)_1'

A
Defining
K—AcP |1
XA = (py—)7
Alp—1)
and observing that
A0 — A
R*)\CP+E(X)ﬁ =Kk — A’ + Hp_lc
=(k— )\c”)L

p—1
the result follows, noting from the proof of Theorem 2 that \* = %/{C*p when 8 = 1, and therefore
. 1
X(A") = cpr.

B.11 Proof of Lemma 2

Consider a two-signal alphabet, s € {s1,s2}, with my, = 7s,, and ¢s, = (1 + €)¢’ — €g and ¢5, =
(1 —€)¢’ + eq. Applying the “chain rule” inequality,

. 1, 1,

D (q’llq)+§D (Q’+6(Q’—q)llq’)+§D (¢ —e(d —)lld)
1 * 1 *

<3D (¢ +eld" —q)lla) + 5D (¢ —eld" = )lla).

Dividing by €? and taking the limit as ¢ — 0%,

@ =" k(d) (¢ —q) < C%D*(q’ + €(qd" — @)|9)]e=o0-

Since this must hold for all ¢’ < ¢, it holds for ¢’ = ¢ + ¢(¢"” — ¢), with some arbitrary ¢” < ¢ and
t € [0,1]. Therefore,

2

%D*(q +t(d" = ll)i=0 = (¢" — )" - k(g +t(d" — ) - (¢" — ).

Integrating,
1 s
D@z [ [ @-af Ha+dd - 0)- @ - s,
o Jo
which is

D*(¢"|lg) > /O 1=t —q)" - klg+t(q" —q) - (¢" — q)dt.

B.12 Proof of Theorem 3

Conjecture that A € (0, k¢™?). Under this conjecture, lemmas 13, 14, 15, and 2 apply.
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Consider a possibly sub-optimal policy which sets ¥s(z) = 0 for all z and satisfies the constraint.

The above FOC applies, and therefore we must have
tr(562 (D(ge- )W (g A D(gs-) — Ok(gs-))] <0,

where W;; is understood in a distributional sense. It follows that, for all feasible z,

1 s
WH(qe- +2,0) = WH(ge-,\) = 2" W (gs-, M) < / / 2TE(qs- +12)2dlds.
o Jo
By our assumption of gradual learning (definition 3), this implies that
WH(gs- +2,0) = WH(ge-, A) = 2" W (gs-, A) <OD* (g + 2lgs-)-

Hence, it is without loss of generality to assume that 1J(z) = 0 for all z. Note that, if there is a
strict preference for gradual learning, the above inequality is strict for all non-zero z. As a result,
in this case we must have ¥} (z) = 0 for all z. Note also that our control problem involves direct
control of the diffusion coefficients, and hence satisfies the standard requirements for the existence

and uniqueness of a strong solution to the resulting SDE (Pham [2009] sections 1.3 and 3.2).

B.13 Proof of Theorem 4

The associated Bellman equation, in the continuation region, is (letting W™ (g, \) denote the con-

tinuous time value function of Definition 1, generalized to allow multiple jumps)

0= max E[dW ™ (gs, N)] + In(B)W T (gs—, N)ds — (k — Ac?)ds (29)
A1 .
~Stgrlone TR+ [ D a2l

Let of and ¢ denote optimal policies for this problem. Suppose that the constraint does not bind,
and consider a perturbation which scales ofof? and ¢ be some constant (1 + €). Note that such
a perturbation would also scale E[dW™] by (1 + ¢€), and that at least one of o} and 9 must be
non-zero by the assumption that —In(8)W™(gs, A) + £ — Ac? > 0. The first order condition for this

perturbation is
+ Al + 4T
—In(B)YWT(gs—, A) + (5 — Ac”) + ;{§tr[os ol k(ge- )]+
/ Vi (2)D* (g~ + 2lge- )2} =
RIXI\{0}

1
Matrlor o Th(ge- )] + / B (D" (gs- + 2llas- )dz)”,
2 RIX1\ {0}

which must hold at the optimal policies for this problem.
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Define
—In(B)W* (g, A) + (k = Ac?) o1

A1 -1 )

p

0(qs-) = A(

Observe by Lemma 13 that 6(gs-) > 0.

For any feasible z, define

é s = i 0 s
(¢s-,2) Jmin, (qs- + az)

and let a*(g,-,2) denote the minimizer.

Consider a sub-optimal policy &, which sets ¥s(z) = 0 and satisfies
1 .1
—In(B)WT(gs- +a*(qe—,2)2,A) + (K — Ac?) = A1 — ;){itr[ajaka(qsf)]}p,

which is

1 ~ =T _ G(QS*az) "
5“”[0305 k(gs-)] = (f)” :

For such a policy, the Bellman equation must be an inequality,

1 .. . )
571657 (Diag(q, )W, (4, N Diag(q, - )lds <

—In(B)WT(qs—, N)ds + (k — AcP)ds + %{%tr[&s&gk(qs_)]}”ds,

where Wq‘z is understood in a distributional sense. We simplify this expression to

%tr[é—S&Z(DZO’g(qs_ )Wqurz(qs_ ) A)Dlag(qs_ )] < - ln(ﬂ)[WJr (QS_ ) >‘) - WJr (qs_ +a” (qs_ ) Z)Zv A)]

0(qs-, z)

5 tri.61 k(gs-)].

+

This inequality must hold for all &, with optimal scale. It follows that, integrating along a line

(which must lie in the continuation region) and using the positivity of the value function, that
WH(gs- +2,2) = WH(gs—, A) — 2" W (g5, N) < 9(q37,z)/ / 2Tk(qy- +12)zdlds
0o Jo
1t
- 21n(ﬁ)/ / W (gs- + lz)dldt,
o Jo

where W;f (gs-, ), the derivative, exists by Theorem 2.

By the strong preference for gradual learning and the upper bound on utility,

WJF(QS* + z, A) - WJF(QS* ) A) - ZTW;(QS* ) >\) - é(qs* ) Z)D*(qs* =+ Z||qs*) < (30)

—In(B)allz||3 — ml|z|I3*°.
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If a jump is optimal, we must have (by the first-order condition)

WH(ge- +2,0) = WH(ge-, A) = 2" W (-, N) =
Mot (2)D*(qs- + 2llgs- )}~ D*(qs- + 2lgs-),
and
A1 = p W (2)D* (g5~ + 2llgs- )} = —In(B)W T (gs-, A) + (5 — Ac”).

Therefore, by the monotone relationship between 6(g,-) and W (g,-, ),

_ ln(ﬂ)W+(qs_ +a* (qs_ ) Z)Zv >‘) + (K: _ ACP) )P;—l
M) |

M (2) D (g5~ + 2llgs-)} 71 = A(
which implies
WH (g +2,0) = WH(ge-, A) = 2" W (g, A) > 0(gs-, 2) D (g5~ + 2[[gs-)-

Using equation (30) above,
ml|z|l3 < —In(B)a,

which is

aln(ﬁ) 51
< (— .
Il < (- 222,
Now suppose that the jump reduces the value function,
WH(gs- +2,2) < WH (g, N).
Consider again a sub-optimal diffusion policy, but with (for all )

AW (@A) + (= Aef) = A1 = D) {5triot ol k@]

which is

ST k@) = (B2,

The Bellman inequality in this case simplifies to

0(@), - 7

%tr[éséf (Diag(q)W (¢, \) Diag(q)] < —5 1rl6s5 k(q)]-

Observe by Lemma 13 and Theorem 5 that W™ is the limit of a sequence of bounded and convex

functions, and hence convex. By the convexity of W, for all a € [0, 1),

WH(gs- +az,\) < WH(gs-, \),
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and therefore (by the definition of 6(q)) 0(q,~ + az) < 6(g,-). Consequently, integrating, we have
1 s B
W gy 20 =W ) = W e ) <0 ) [ [ TR+ 12)2dlds,
o Jo

and by the definition of a strong (and hence strict) preference for gradual learning,

W (ge- +2,0) = WH(ge-, A) = 2" W (qs-, ) < 0(qs-)D* (g5 + zllgs-).-
However, if a jump downwards is optimal, we must have (as argued above)

W+ (qs, + z, )‘> - W+ (q‘s:* ’ )‘> - ZTW;_(qs* ’ )‘) = e(qs*)D*(qs* + ZHQS*)v

and therefore downwards jumps are never optimal.

B.14 Proof of Lemma 3

Suppose the cost function satisfies a preference for discrete learning. Consider a two-signal alphabet,
s € {s1,82}, with my, = 7y, and ¢s;, = (1 +€)¢’ — eq and ¢s, = (1 — €)¢’ + eq. Applying the “chain

rule” inequality,

1 1
D*(¢'|lq) + §D*(q’ +eld —9lld) + §D*(q’ —eld' = glld")
1 1
> §D*(Q’ +e(d" —q)llg) + §D*(Q’ —e(d" = q)ll9), (31)

strictly if the preference is strict and ¢’ # ¢. Dividing by €2 and taking the limit as ¢ — 0%,

W~ 0" Fa) (@~ ) > D+ el — )l

Since this must hold for all ¢’ < ¢, it holds for ¢’ = ¢ + ¢(¢"” — ¢), with some arbitrary ¢” < ¢ and
t € [0,1]. Therefore,

%;D*(q + 1" = Qllg)e=0 < (¢" — )" - k(g +t(¢" — ) - (¢" — @)

Integrating,

D*(q//”q) S/0 /Os(q,/ _q)T X E(q+t(q”—q)) 3 (q// —q)dtds,

which is
D*(q"|lg) < /O 1=t)(¢" —a)" - klg+t(q" —q) - (¢" — q)dt.

It follows that equality in this equation must hold if the cost function satisfies both a preference for
discrete learning and a preference for gradual learning. Consequently, a strict preference for gradual

learning is incompatible with a preference for discrete learning. Moreover, in this case equation (31)
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cannot hold strictly, and therefore a strict preference for discrete learning implies no preference for

gradual learning.

B.15 Proof of Theorem 5

The problem described in Corollary 1, using the fact that it is without loss of generality to assume

a pure jump process, is

WH(g\) = swp  Eili(gr-) — - -(5 = Ac?)]
{¢s,zs},f -

subject to
s D*(qs~ + 2s]lgs-) < x(V).

Suppose that the theorem is false— that for some ¢,- and zf, ¢;— + 2z = ¢’ is in the continua-
tion region. The first-order condition (see equation (28) in the proof of Theorem 2, which proves

differentiability) can be written as
WH (g +25,0) = WHg-,A) — 27 - W (g, A) = 0D"(q'lge-)-
If ¢’ is in the continuation region, there must be some ¢” < ¢’ such that
WH(q" X)) =W, \) = (¢" =) - Wi (. \) =0D*(q"l|q").
Adding these two equations together and re-arranging,

WH(" A = WH (g, A) = (¢" —q-)" - W (g, \) =
0D*(¢|lge-) + 0D*(q"ld') + (" — )" - (Wi (¢, A) = W (g, N).

Observe that, because ¢” < ¢', there exists an € > 0 such that, for all € € [0,€], ¢’ — %(¢" — ¢)

remains in the the simplex. By the fact that z; is optimal, for all such e,

WH(q A) = WH (g, N) = (¢ —q-)" - W, (q-, ) —0D*(¢'||ge-) >
€ ’ ’ €
W*(q' - (" =4q)2) =W (g, — (¢ - @ =)= a-)" W, N)-

1—e¢ 1—¢
D*(d — € "o _
0D (¢ — —(¢" = d)lla:-),
or
* * €
00" (d lla-) = 0D*(¢" = 7—_(@" = lla-) <
€ €
W) =W = (" =) N) = 7 (0" = &)W (a-, ),

Now consider the chain rule inequality, supposing that s € {s1,s2} with 75, = €, 75, = 1 — ¢,
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qs, =¢",and ¢s, = ¢ — 7= (¢" = ¢'),

* * * €
D*(llai-) +eD*(@"ld) + (1= D" (¢' =+ (0" — ') =

* * €
D" (¢"lla-) + (1 =)D (¢" = 7—(a" = ¢)lla:-).

We have, for all € € [0, €,

€ € y
W) =W = (" =) N) = 7 (@ = )W (g N+

1—e¢ 1-—
* 6 *
0D (¢ — (" = )llar-) + 0D (¢"]lq') =
* * €
D" (q"|a;-) = (1 = €)0D*(¢" = 7—(¢" = d)lld")-

Dividing by € and taking limits,

" =) (WH(d A = W (g, \)+
0D*(q'||q-) +0D*(¢"[|¢") = 0D*(¢" ||qs-).

Consequently,
WH(q", ) = WH (g A) = (¢ =) - Wi (@A) > 0D*(q"[|ar-),

meaning that it is without loss of generality to suppose that beliefs jump directly to ¢” instead of to

q'. Therefore, it is without loss of generality to suppose beliefs jump directly to the stopping region.

B.16 Proof of Theorem 6

The associated Bellman equation, in the continuation region, is (letting W (g, A) denote the con-

tinuous time value function of Definition 1, generalized to allow multiple jumps)

0 = max E[dW™ (g5, \)] + In(B)W T (gs—, \)ds — (k — Ac”)ds

0s,Ps

= guleetia N+ [ D e + o)) s
P2 RIX1\ {0}

Let o and 17 denote optimal policies for this problem. Suppose that the constraint does not bind,
and consider a perturbation which scales ofo}” and ¥} be some constant (1 + ¢). Note that such
a perturbation would also scale E[dW™] by (1 + ¢€), and that at least one of o} and 1 must be
non-zero by the assumption that —In(8)W ™ (gs, A) + & — Ac” > 0. The first order condition for this
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perturbation is
+ Al 4 T
- ln(ﬁ)W (qs_ ) /\) + (K’ - )‘Cp) + ;{itr[as O k(qs_ )]+
/ w:—(z)D*(qS* + 2[lgs-)dz}’ =
RIXI\{0}

1
MstrlododTk(gs-)] +/ VT (2)D*(qs- + 2llqs-)dz}?,
2 RIX1\{0}

which must hold at the optimal policies for this problem.

Define
—In(B)WT(gs—, A) + (kK — AcP) o=

6(q5) = A( T )7

and observe that it is strictly positive by Theorem 2.

If a jump is optimal, we must have (by the above first-order condition)
WH(ge- + 23, A) = WH(ge-, A) = 20" Wil (4=, ) = 0(a5-) D" (45~ + 23 1gs-),

where W' (g,-, A) is the derivative that exists by Theorem 2.
Suppose that for some ¢,- and z}, ¢,- +2; = ¢’ is in the continuation region and that W+ (¢’, \) >
W+(q;—, ). Then we have

0(q") > 0(q:-)

and, for some ¢” < ¢/,
WH(q" X)) =W, \) = (¢" = )" - W (. \) =0(¢)D*(q"[l¢),
and therefore
WH(q",A) =W (g, ) = (¢" = )" - W, (¢, A) = 6(q-)D* (")
We also have the first order condition
WH(g- + 250 =W (g, A) — 27 - W (g, A) = 0(a-)D*(q'|| @)
and, putting these two equations together,

WH(g" A) =W (g, A) = (" — )" - W g, A) >
0(q:-)D*(q'|lge-) + 0(qi- )D*(¢"ld") + (¢" — ¢")" - (W,F (¢, A) = W (-, N).

Observe that, because ¢ < ¢, there exists an € > 0 such that, for all € € [0,€], ¢ — 1= (¢"" — ¢')

—€
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remains in the the simplex. By the fact that z; is optimal, for all such e,

W', A) = WH (g, A) = (@ —a-)" - Wi (-, A) = 0(q-)D* (' lgr- ) >

€ 1 ! € !
WHe' = 7" = a) N =W g ) = (¢ = 7—(@" =) —a-)" - W (g, V)=
N €
0(a:-)D"(d' - i(qﬁ —d)la:-),
or
* * €
0(ai-)D"(dllg-) = 0(ar-)D"(d' = T—(¢" = dllar-) <
€ €
W', ) = WH(q m(qu —q'),\) — m(q" - q/)TWq—’_(Qt*a)‘)'

Now consider the chain rule inequality, supposing that s € {s1,s2} with 75, = €, 75, = 1 — ¢,

qs, = ¢",and ¢s, = ¢' — 7= (¢" = ¢'),

* * * €
D*(q'llg:-) +eD*(q"llg) + (1 =) D*(¢" = 7—(¢" = ¢)lld) >

* * €
D" (¢"lla-) + (1 =)D (¢" = 7—(a" = ¢)lla,-).
We have, for all € € [0, €,

€ €
W) =W = (" =), N) = 7 (0" = )W (g N+

1—e€ 1
0a-)D" (¢~ 7 (0" = )lla-) + bai-) D" (" llg) >
et(q-)D*(q"|lge-) — (1 — €)0(a-)D"(a" — i(q” —q)lld).

Dividing by € and taking limits,

(" =) (W A) = Wi (g, M)+
0(q:-)D*(¢[lge-) + 0(a-)D*(¢"|ld") > 0(qe-)D*(¢"l1q:-)-

Consequently,
W+(q//7 A) — W+(Qt*7>‘) —(¢" —a- )T ) W;_(Qt*7>\) > H(Qt*)D*(qHHQt*),

and therefore it is without loss of generality to suppose that beliefs jump directly to ¢ instead of
to ¢’. Note that this inequality is strict if W (¢, \) > W (q,-, ). Hence it follows that if beliefs
jump in such a way that increases the value function, they must jump to the stopping region.
Observe by Lemma 13 and Theorem 2 that W7 is the limit of a sequence of bounded and convex
functions, and hence convex. It follows that if W (¢’, \) = W (g;-, ), we must have (by the mean
value theorem) (¢’ —q;— )T~VVqJr (agi-+(1—a)q’, \) = 0 for some « € (0, 1), and therefore by convexity
(¢ —q-)"- W;‘(qg,,/\) < 0. If such a jump were optimal, we would require 0(q,—)D*(¢'||¢;-) < 0,
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which cannot hold. Therefore, jumps to the same level of the value function do not occur.

Now suppose that
W+ (q,7 )\) < W+ (qt* ’ A)

and therefore 6(q') < 6(g;-). Define
¢"=aq +(1-a)g-

for some « € (0,1).
By the convexity of W, for all a € [0,1), WF(q”,\) < WT (g, ), and therefore

WH(g', ) = WH (", N) = (d = ¢")" - W (d", ) > 0(q,-)D*(¢'l|q")

and
W', A) = WH (", N) = (¢ —¢")" - W, (q",A) > 0(¢")D*(d'||¢").
Define ¢’ by
Ty — * T
AW D*(dl¢")" T D*(dld") = WH(d', ) =WH(q", N) = (¢ —¢")" - WS (d, N).
We have

SInBWHG" ) + (5= ) s
AL -2)

AW D*(d'l1q")P~ > A(

and therefore )
—In(B)W™F(¢", A) + (k= Ae”) < A(1 - ;)(@’D*(Q’IIQ”))’),

which is
“(B)W ("N + (5 — Ac?) < —%(&’D*(q’llq”))p
+ ' WH ) =W N = (¢ = d")" - W V)]

It follows that the policy 2’ = (¢’ —¢") and v’ violates the HJB equation at ¢”, and therefore jumps
downward never occur.
Hence we conclude that only upward jumps in the value function occur, and only to the stopping

region.
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B.17 Proof of Theorem 7

The associated Bellman equation, in the continuation region, is (letting W (g, A) denote the con-

tinuous time value function of Definition 1, generalized to allow multiple jumps)

0 = max E[dW™ (g5, \)] + In(B)W T (gs—, \)ds — (k — \c”)ds

Os,¥s

=2 gulee e+ [ D + o))
P2 RIX1\ {0}

Let o and 17 denote optimal policies for this problem. Suppose that the constraint does not bind,

and consider a perturbation which scales ofo}” and ¥} be some constant (1 + ¢). Note that such

a perturbation would also scale E[dW™] by (1 + ¢€), and that at least one of o and 1 must be

non-zero by the assumption that —In(8)W ™ (gs, A) + & — Ac® > 0. The first order condition for this

perturbation is
+ Al + 4T
_ln(ﬁ)w (qs_ ) )‘) + (I<C - )‘Cp) + ;{itr[as O k(qs_ )]+
/ Ui (2)D*(gs- + zllgs-)dz} =
RIXI\{0}

1
Mztriofol T k(qs-)] +/ VT (2)D*(qs- + 2llqs-)dz}?,
2 RIX1\{0}

which must hold at the optimal policies for this problem.

Define
B IH(B)W+(QS—,>\) + (H - ACP) o=l

AI-D) )

0(qs-) = A(

and observe that it is strictly positive by Theorem 2.

Because a jump is optimal, we must have (by the above first-order condition)
WH(ge- 4250 = WH (g, A) — 25" Wi (g, ) = 0(qs- ) D* (g5 + 25 lgs-),
where W;f (gs-, ) is the derivative that exists by Theorem 2, and for all feasible jumps,
WH(ge- +2,0) = WH(ge-, A) = 2" W (g, ) < 0(qs-)D* (g5 + 2]gs-)-

We begin by proving that a preference for gradual learning exists for two-signal alphabets, and
assuming that all of the relevant elements of the simplex are interior. We then extend the result to
prove the full preference for discrete learning.

Proof by contradiction: suppose there exists an interior ¢, ¢, q1,q2 € P(X) and 7 € (0,1) such
that

T+ (1 —m)g=4¢

and
D*(¢'lq) + #D*(q1l¢") + (1 — m)D*(gz||¢") < #D*(q1lq) + (1 — ) D*(q2||q).

79



Now suppose that there exists a utility function such that z = ¢ — ¢ and z = g3 — ¢ are both

optimal policies from ¢, and for which
W*(g',A) < WH(g, N
Then we must have, for ¢ € {1, 2},

W (g, \) = WH(g,A) — (g — )" - W, (g, \) = 0(q) D*(qi|q),

WH(g', ) =W (g, N) = (¢ — )" - W (q,)) <0(q)D*(d||q),
WH(qi, \) = WH(d', ) = (6 — )" - W (¢, ) <0(¢")D*(aillg’) < 6(q)D*(ailld),

where 6(q") < 6(q) by the definition of (-) and W+ (¢’,\) < W+ (g, \). Putting these together,
0(q)D*(¢'|lg) + 0(9)D*(¢illd") — 0(q) D* (aillg) > —(gi — a")" - W, (d', ) = W (g, V)]
It would follow in this case that
D*(¢|g) + 7D*(q1lq") + (1 = )D*(g2llg") = 7D*(qulq) + (1 — 7) D" (qellq),

a contradiction. To prove the result, we construct such a utility function. Note that our construction
below will assume there are three actions; when applying this proof to the case of | X| = 2, one of
the actions will be redundant.

Define, for some = (0, 1), a g3 such that

pgs + (1 —p)g' = q.

Note that such a ¢3 exists by the assumption that ¢ is in the interior of the simplex.
Let v € RI¥X! be a vector and let ki, ko, k3, K be constants. Suppose there are three actions, and
let their utilities satisfy
u; € 0(q)0D* (¢;|lq) + v + ok,

where 0D*(¢;||q) denotes the sub-gradient with respect to the first argument. This sub-gradient

exists by the convexity of D* in its first argument and the assumption that g; is interior. Define
ki = 0(¢)D*(¢illg) — ai - 0(9)0D* (aslla)] + K —¢"v

so that
0(q)D*(gilla) = ¢ - ui — K + (g — @) .
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Observe by convexity that

@ (u; —uj) = 0(q)D*(qillg) + K — (¢ — q;)"v

—0(q)D*(g5llq) — K + (¢ — ;)" v
,)T

— (¢ — qj)" - uy,

and by the definition of the sub-gradient this yields
at (u; — uj) > 0.
By sub-optimality, for any ¢” < ¢ and any i € {1, 2,3},
0(q)D*(¢"|lq) = (¢")"ui = WH (g, A) = (¢" = )" - W, (g, N).
Therefore, for all ¢ € {1,2,3},

(@ —a)" (W (g,N) —v) > K —V(q)

Since this must hold for all g;, we must have
WH(g,\) = K

and

(¢ —q)" - (W (g, A) —v) = 0.
Hence it follows that

@ =" Wi (g,)) =(d —q.

By sub-optimality,
(@)D" (¢'lg) + (¢ — )" -v =W (g, A) =W (g, ).

Setting
v e —0(q)0D*(¢||q)

ensures by convexity that W+ (g, \) > W (q', ).
Observe that

0(q)D*(gllg) = ¢ - ui — K + (g —a:)™v
=q] ui =W, N+ (g— @) "W, (g, N)

and therefore that jumps to the points ¢; are optimal. Observe also that for any other ¢”, by the
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definition of the sub-gradient,

0(q)D*(q"|la) — 0(q)D* (aillg) > (¢" — ¢i)" (u; — v)

and therefore
0(q)D*(q"|lq) > (¢")"ui = WH (. N) + (g —q") "W, (g, )

as required. Therefore, the stationary policy of jumping to {q¢1, g2, g3} in proportions m(1 — ), (1 —
m)(1 — p), 1 is optimal.

We conclude that for all interior pairs,
D*(q'lq) + 7D*(a1lg") + (1 = m)D*(a2ll¢') = D" (q1lq) + (1 — m) D" (gzllq).

The result extends immediately to more than two {¢;} by adding this expression for different pairs.

The result extends to the boundary of the simplex by continuity.

B.18 Proof of Lemma 4

Recall the definition of a preference for discrete learning: for all q,¢’,{qs}scs with ¢ < ¢ and
ZSES Tsqs = C]l7

D*(q'llq) + Y 7 D*(gsllg’) = > 7D (qsllg)

seS seS

Therefore, for all z € RIX! with support on the support of ¢’ and e sufficiently small,

D*(¢'||lq + €z) + Z?TSD*(qSHq') > ZWSD*(qSHq/ +€z).
seS ses

It follows immediately by the differentiability assumption that

0,
> 7op D (@llg + €2)lemo = 0.

seS

By step 1 in the proof of theorem 4 of Banerjee et al. [2005], it follows immediately that

D*(¢llq) = H(q") — H(q) — (¢ — 9)" Hy(q)

for some convex function H, where H, denotes the gradient. Note that theorem 4 of Banerjee et al.

[2005] is stated as requiring that

S m D (]l + e2)

seS
be minimized at ¢ = 0 for all 2z, but step 1 of the proof in fact only requires that ¢ = 0 correspond to
a critical value for all z. Step 2 of the proof relaxes slightly the regularity conditions, but we have
simply assumed these. Minimization is only required to establish the last step of the proof, step

3, which proves strict convexity of H. Strict convexity of H(q) on the support of ¢ follows in our
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setting immediately from the properties of the k(¢q) matrix (Theorem 1).

B.19 Proof of Lemma 5

Define M (q;) as the set of | X| x | X| matrices such that, for all o € M(q,), ¢F'o = 0.

In the continuation region, everywhere the value function is twice differentiable,

1
sup  =tr[of D(q1)Vaq(ar)D(qt)or] = &,
ot €M (qt)

subject to

1
itr[agk(qt)at] <x.

First, suppose that the constraint does not bind and a maximizing optimal policy exists:
1 *T *
itr[ot k(g)oi] = ax,

where o} is a maximizer, for some a € [0,1) (a > 0 by the positive semi-definiteness of k(q;)). For
any ¢ € (1,a™ ), with a=! = oo for a = 0, if we used o, = co} instead, the policy would be feasible

and we would have
1 1 X *
5trlod D(a)Vag(@) D(g)on] = ¢k > Strlof" D(g)Vag(@) D(g)o;] = ,

a contradiction by the fact that x > 0. Therefore, either the constraint binds under the optimal
policy or an optimal policy does not exist. The latter would require that, for some non-zero vector
z € RX! with 227 € M(q,),

21 D(q:)Vaq(a:)D(gr)z > 0

and 2Tk(q;)z = 0, but the null space of k(q;) consists only of vectors whose elements are constant
over the support of ¢; by Theorem 1, and therefore satisfy ¢z # 0, implying that 227 ¢ M(q,).
Therefore, the constraint binds, and an optimal policy exists.

Using 6 as defined in the lemma, it must be the case (anywhere the DM chooses not to stop and

the value function is twice differentiable) that

1 . .
max ftr[atatT(Dzag(qt)qu(qt)Dzag(qt) — 0k(q:))] = 0.
ot €M (q¢) 2

B.20 Proof of Theorem 8

Define ¢(gq;) as the static value function in the statement of the theorem (we will prove that it is
equal to V(g), the value function of the dynamic problem). We first show that ¢(q;) satisfies the
HJB equation, can be implemented by a particular strategy for the DM, and that any other strategy
for the DM achieves weakly less utility. We begin by observing that

T k(q)Diag(q) ™ = 0= 1" Diag(q)Hyq(a:) = af Hyq(qr),
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and therefore converse of Euler’s homogenous function theorem applies. That is, H,(g;) is homoge-
nous of degree zero, and H(q;) is homogeneous of degree one.
We start by showing that the function ¢(q;) is twice-differentiable in certain directions. Substi-

tuting the definition of the divergence into the statement of theorem,

d(q0) = > mla)ul - qa + 0H(q0) — 0> m(a)H(qa),

max
TEP(A){9a€P(X)}aca acA acA

subject to the same constraint. Define a new choice variable, ¢, = 7(a)q,. By definition, ¢, € Rl_iq,

and the constraint is ) . 4 o = qo- By the homogeneity of H, the objective is

d(qo0) = max D up - Ga+0H(q0) =0 H(da)-

 reP(A){0.€P(X) Facadde €P(X)}aca S =

Any choice of §, satisfying the constraint can be implemented by some choice of 7 and ¢, in the

following way: set 7(a) = ¢1'g,, and (if 7(a) > 0) set

If 7(a) = 0, set g, = qo. By construction, the constraint will require that 7(a) <1, Y ., 7(a) =1,
and the fact that the elements of g, are weakly positive will ensure 7(a) > 0. Similarly, t7q, = 1 for
all @ € A, and the elements of ¢, are weakly greater than zero. Therefore, we can implement any
set of ¢, satisfying the constraints.

Rewriting the problem in Lagrangian form,

d(q0) = max min Z u?; o + 0H (q0)

4 X X
{da€RIXFaca weRIXI {v,€RX aca foa

=0 H(da) + 5 (@0 =Y da) + Y va da-
a€A a€A acA

Observe that ¢(qo) is convex in gg. Suppose not: for some ¢ = Ago + (1 — N)q1, with A € (0,1),
d(q) < Ad(qo) + (1 = XN)é(q1). Consider a relaxed version of the problem in which the DM is allowed
to choose two different ¢, for each a. Because of the convexity of H, even with this option, the
DM will set both of the ¢, to the same value, and therefore the relaxed problem reaches the same
value as the original problem. However, in the relaxed problem, choosing the optimal policies for
go and ¢ in the original problem, scaled by A and (1 — \) respectively, is feasible. It follows that
d(q) > Ad(q0) + (L — XN)é(q1). Note also that ¢(qp) is bounded on the interior of the simplex. It
follows by Alexandrov’s theorem that is is twice-differentiable almost everywhere on the interior of
the simplex.

By the convexity of H, the objective function is concave, and the constraints are affine and a
feasible point exists. Therefore, the KKT conditions are necessary. Anywhere the objective function

is continuously differentiable in the choice variables and in gg, and therefore the envelope theorem
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applies. We have, by the envelope theorem,

bq(q0) = 0Hy(qo) + K,

and the first-order conditions (for all a € A with §, # 6),
Ug —O0Hy(Go) — K + v = 0. (32)

If G, = 0, we must have ¢7 (u, — k) < 0H(q) for all ¢, meaning that u, — & is a sub-gradient of H(q)
at ¢ = 0. In this case, we can define v, = 0 and observe that the first-order condition holds for an
appropriately-chosen sub-gradient. Define ¢,(qo), #(qo), and v,(qo) as functions that are solutions
to the first-order conditions and constraints.

We next prove the “locally invariant posteriors” property described by Caplin et al. [2019]. Con-
sider an alternative prior, o € P(X), such that

do = Z a(a)a(qo)

a€cA

for some a(a) > 0. Conjecture that §,(go) = (a)da(q0), k(Go) = £(qo), and v4(Go) = v4(qo)- By the
homogeneity property,

Hy(a(a)da(q0)) = Hq(Ga(q0)),

and therefore the first-order conditions are satisfied. By construction, the constraint is satisfied, the
complementary slackness conditions are satisfied, and ¢, and v, are weakly positive. Therefore, all
necessary conditions are satisfied, and by the concavity of the problem, this is sufficient. It follows
that the conjecture is verified.

Consider a perturbation

qo(€:2) = qo + €z,

with z € RIXI such that go(e; 2) remains in P(X) for some ¢ > 0. If z is in the span of §,(qo),
then there exists a sufficiently small ¢ > 0 such that the above conjecture applies. In this case
that x is constant, and therefore ¢4(qo(e; 2)) is directionally differentiable with respect to e. If
qo(—€; 2) € P(X) for some € > 0, then ¢, is differentiable, with

bqq(q0) - 2 = OHyq(qo0) - 2,

proving twice-differentiability in this direction. This perturbation exists anywhere the span of §,(qo)
is strictly larger than the line segment connecting zero and gy (in other words, all §,(go) are not
proportional to ¢qg). Define this region as the continuation region, €. Outside of this region, all
da(qo) are proportional to g, implying that

$(q0) = max ug - qo,

as required for the stopping region. Within the continuation region, the strict convexity of H(qp) in
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all directions orthogonal to gy implies that, as required,

#(qo0) > max ul - qo.

Now consider an arbitrary perturbation z such that go(e; 2) € lel and go(—€; 2) € R‘f‘ for some
€ > 0. Observe that, by the constraint,

2= (Gal€&2) — dalq0))-

acA

It follows that

(" (q0(€:2)) = £ (q0))ez = Y (" (q0(€:2)) = K" (90))(da(€; 2) — da(a0)).

acA

By the first-order condition,

(5" (qo(€;2)) — K7 (90)) (da (€5 2) — Galq0)) =
[0H,(Ga(q0)) — 0Hy(dale; 2)) + va (q0(€; 2)) — va (90))(da(€; 2) — dalq0))-

Consider the term

(va (q0(€52)) = va (40))(da(€52) = dal(90)) = Y (v (a0(6 2)) = v (g0))ewes (Ga(€; 2) = Ga(q0))-
zeX

By the complementary slackness condition,
(Va (q0(€:2)) = vq (40))(Ga(€: 2) = dalq0)) = ~v4 (q0(€: 2))da(q0) — V4 (40)dale; 2) < 0.
By the convexity of H,
0(Hg(da(q0)) — 0Hg(Ga(€; 2)))(Gal€; 2) — Galqo)) < 0.

Therefore,
(k" (go(€;2)) — k" (qo))ez < 0.

Thus, anywhere ¢ is twice differentiable (almost everywhere on the interior of the simplex),

bqq (q) = 0Hqq (9),

with equality in certain directions. Therefore, it satisfies the HJB equation almost everywhere in

the continuation region. Moreover, by the convexity of ¢,

(Hq(g0(€52)) — Hy(0)) ez > (¢4(q0(€; 2)) — ¢4(a0)) ez > 0,

implying that the “Hessian measure” (see Villani [2003]) associated with ¢¢, has no pure point
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component. This implies that ¢ is continuously differentiable.

Next, we show that there is a strategy for the DM in the dynamic problem which can implement
this value function. Suppose the DM starts with beliefs gg, and generates some §,(go) as described
above. As shown previously, this can be mapped into a policy 7(a, qo) and g,(qo), with the property
that

> 7(a,90)4a(g0) = o-

acA

We will construct a policy such that, for all times ¢,

g =Y m(a)ga(qo)

a€A

for some m;(a) € P(A). Let Q (the continuation region) be the set of ¢; such that a m, € P(A)
satisfying the above property exists and m;(a) < 1 for all a € A. The associated stopping rule will
be the stop whenever m;(a) = 1 for some a € A.

For all ¢; € €, there is a linear map from P(A) to £, which we will denote Q(qo):

Q(QO)M = qt-

Therefore, we must have
Q(qo)dmy = Diag(q:)o+dBy.

By the assumption that | X| > |A|, there exists a |A| x |X| matrix o, such that
Q(qo)ox,t = Diag(gi)o:
and dr; = 0, ;dB;. Define ¢(m;) = ¢(g;). As shown above,

Q" (90)$qq(2:)Q(q0)

exists everywhere in (), and therefore

o(mi) — OH (Q(qo)7e)

is a martingale. We also have to scale o to respect the constraint,
1 T
strlowy k(a)] = x > 0.

This can be rewritten as

S trlon 07,07 (a0) Diag™ (Qao)m)E(Qao) ) Diag ™ (@ao) ) Q(a0)] = x.

where Diagt denotes the pseudo-inverse of the diagonal matrix.

By the positive-definiteness of k in all directions except those constant in the support of Q(qo)m,
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we will always have %tr[amtaz’t] > 0. Under the stopping rule described previously, the boundary
will be hit a.s. as the horizon goes to infinity. As a result, by the martingale property described

above, initializing 7o(a) = 7(a, qo),

¢(mo) = Eold(m,) — 0H(Q(qo)m-) + 0H (Q(q0)m0)].

By Ito’s lemma,

OH(Q(q0)m) — O (Q(qo) o) = /0 R

By the value-matching property of ¢, (;3(7@) = 4(Q(qo)m,). It follows that, as required,

#(q0) = ¢(mo) = Eoli(g-) — pr].

Finally, we verify that alternative policies are sub-optimal. Consider an arbitrary control process
oy and stopping rule described by the stopping time 7. We have, by the convexity of ¢ and the
generalized Ito formula for convex functions (noting that we have shown that the Hessian measure

associated with ¢4, has no pure point component), interpreting ¢4, in a distributional sense,

Eolofa:)] = ola0) = 5ol 1107 Dlan)ual) Dla)o ]

By the feasibility of the policies, anywhere in the continuation region of the optimal policy,

StrloT D(a)bug(a0)Dlar)on] < 50rlod Kaor] < 0.

In the stopping region of the optimal policy,

%tr[U?D@t)(bqq(Qt)D(Qt)Ut] =0 < Ox.

Therefore,

#(q0) > Eolb(qr)] — /OT Oxdt.

By inequality ¢(q,) > 1(q,), ¢(q0) > Eolt(g;) — u7] for all policies, verifying optimality.

B.21 Proof of Corollary 2

We begin by observing that Theorem 8 characterizes the solution to the value function in this case—
the proof of Theorem 8 requires only that the problem of Definition 2 be further restricted to have
no jumps, not that there be a preference for gradual learning per se.

Now consider in particular utility functions with only two actions, L and R (all other action
in A are dominated by those two and hence will never occur with positive probability). Using the

first-order conditions for the static problem (equation (22)), we have, assuming interior solutions,

ur, — 0H,(q7(q0)) = ur — 0Hy(qr(q0))
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and

71.(90)97.(q0) + (1 — 77.(90))aR(90) = qo-

Now pick any qo, qr, ¢r such that go = mqr, + (1 — 7)qg for some 7 € (0,1). Set
ug, =0Hq(qr)) — 0Hg(qo) + Ko

and
ur = 0H,(qr)) — 0Hy(qo0) + Kt

for some K such that both u; and ug are strictly positive. Observe that if the solution is interior,
qr, qr, and 7 are optimal policies.

If the solution is not interior, stopping must be optimal. By the convexity of H,

qf -ur — 0H(qr) + 0H (q0) + 0(qr, — g0)" Hy(q0)) — g5 - uL =
0(qr, — q0)" Hq(qr) — 0H (qr) + 0H(q0) > 0,

and likewise for gr. It follows that the g is in the continuation region, and therefore that (g, g, 7)
are indeed optimal policies in the static problem.
By the “locally invariant posteriors” property described by Caplin et al. [2019], it follows that
for any ¢ = aqr, + (1 — a)qr with « € [0,1], (¢, gr, @) are optimal policies given initial prior gq.
As in the proof of Theorem &, this implies that the value function is twice-differentiable on the

line segment between ¢z, and qg, with

(g = 0)" - Waq(a, A) - (qr — q0) = 0(qz — q0)" k() (az — qo0)
for all ¢ on that line segment. Integrating,
W gz, A) = W(qo,A) — (a2 — q0)" - Wolqo, A) =
1
Olar —a0)" ([ (1= s)(sar + (1= s)an)ds) - (a2 — ) =
0
0H (qr) — 0H(q0) — 0(ar — q0)" Hy(a0))-

By the sub-optimality of jumping directly from gg to qr,, it must be the case that

W(qr,\) — Wi(g, \) — (qr — q0)" - Wy(g0, ) < 6D*(q1||q0)

and therefore a preference for gradual learning holds between the points gy and gqy,.
This argument can be repeated for all (go,qr) in the relative interior of the simplex. By the
convexity of D* and H, we can extend the result to the entirety of the simplex by continuity,

proving that a preference for gradual learning must hold.
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B.22 Proof of Lemma 7

Let ¢(q,t,qo) denote the likelihood that ¢; = ¢ € [qr, qr] given the initial beliefs go. The forward
equation is
82

——[0"(9)*¢(q. t; 0)]-

be(q,t;q0) = 34

By Lemma 5, the constraint binds,
1 T 7 . 1
§tr[at Diag(qt)k(q:)Diag(q:)ot] = pre.

In the two-state model, with an alpha-divergence, k is the Fisher matrix,

and assuming one-dimension of Brownian motion without loss of generality,

Diag(qi)or = [_0;(((1;2) 8] :

Therefore,

1, 1 1 1
50 (@) (= + =pre,
2 @) (Qt 1*%)

which is
N 1
o*(q)? = 2p7 cqi(1 — qu),
as required.

For the conditional dynamics,

elDiag(qt)atotTel = 61Diag(qt)otatTDiag(qt)Diag(qt)7161

_ O.*(q)Q
q b
and the result follows, and likewise
* 2
. o \q
e1Diag(qi) ool ey = — 1 (2] .

B.23 Proof of Lemma 8

We will show that Conditions 1-5 are satisfied. Recall the definition:

Cp.a;8) =Y 7s(p,a)D(gs(p: q)ll9)-

ses
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B.23.1 Condition 1

Condition 1 requires that if the information structure is uninformative, the cost is zero, and if it is
not, the cost is weakly positive. If the signal is uninformative, for any signal received with positive

probability,
qs =4,

and by our convention that ¢; = ¢ if 75(p,q) = 0, this also holds for zero-probability signals. By
the definition of a divergence, D(g||q) = 0 for all ¢, and therefore the cost of an uninformative
information structure is zero.

The cost is strictly positive by the definition of a divergence (being strictly positive if g5 # ¢q)

and the fact that probabilities must sum to one.

B.23.2 Condition 2

Mixture feasibility requires that

C(par, q: Sar) < AC(p1,q; S1) + (1 = N)C(p2,q; S2).

By definition,

Clpa.q;S) =Y me(par, )D(as(par. 9)llq)

s€ES
=AY mep1,a)D(as(pra)lla) + (1= A) D mo(p2,0)D(gs(p2, a)lla)
s€S SES>

= AC(p1,¢;:51) + (1 = A)C(p2, ¢; S2).-
verifying that the condition holds.

B.23.3 Condition 3

By Blackwell’s theorem, for any Markov mapping II : S — S’, we require that
C(llp,¢; ") < C(p,¢; 9).
By definition,

Uy (Hpa Q) = Z Iy s (p7 Q)
sES

and by Bayes’ rule, treating p as an |S| x |X| matrix and letting e; denote a vector with one

corresponding to s and zero otherwise,

D(q)p" ey = 7y (Tlp, q)qs (TIp, q),

91



where ¢, is the posterior associated with s’ € S’. This is

ZSES Ts (p7 q)qs (p> q)Hs’,s
Ty (1Ip, q)

s (Ilp, q) =
It follows by the convexity of D in its first argument and Jensen’s inequality that

e (Tp, ) D(qw (Mp, q)llq) <> M oms(p, ) D(gs(p, 9)llg)-
ses

It immediately follows that

> 7o (Tp, ) D(gs (Tp, q)llq) < > 7s(p, ) D(gs(p, 9)l]9).
s'eS’ seS

B.23.4 Condition 4

We begin by showing twice-differentiability with respect to perturbations that do not change the

support of the signal structure. By the definition of the cost function and the twice-differentiability of

D in its first argument, it is sufficient to show that m4(p, ¢) and ¢s(p, ¢) are both twice-differentiable

with respect to these perturbations, in the neighborhood of an uninformative information structure.
Suppose that

ple,v) =T +er + vw,

where r € P(S) and the support of Te, is in the support of r, and likewise for we,, for all x € X.
By Bayes’ rule, for all s € S such that el'r > 0,

D(q)p(e,v)"es

QS(G, V) = qu(e’ V)Tes .
Simplifying,
(ev) rTe, eD(q)m e,
€,V) =
s qTTeS +eqlmTes +vgTwTey,  rTes+eqglmTes +vgtwle,
vD(q)wT e

rTe, +eqUmTe, + vglwle,
In the neighborhood around € = v = 0, the denominator is strictly positive, and therefore

qTwle, D(q)w"es

_|_
rTes+eqTtTes +vgTwles  1Tes+eqTmTes +vgTwTe,

0
5QS(67 V) - _QS(ea U)
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and

" we, ¢

0 0
&$QS(€7V) - qS(E7U>

rTes 4+ eqTmTes + vgTwles rTes + eqTmTes + vgTwT e
T,,T T
) e, D(o)rTe,
rTes +eqTmTes +vglwle, rTes + eqTmTe, +vglwle,

¢ wle, g'Te,

—qs(e,v)
" rTes +eqTtTey + vgTwTes rTe, + eqlmTe, + vglwTe,

D(q)w"es q"1"es

rTes +eqTmTes +vgTwles rTes + eqTrTes +vgTwley

For s € S such that el'r = 0, g,(¢,v) = ¢, and therefore %%qs(e, v) = 0. Therefore, a%qs(e, V) can
be written as a quadratic form in vec(r) and vec(w). It follows that gs(e, v), in the neighborhood of
an uninformative information structure, is twice-differentiable in the directions that do not change
the support of the distribution of signals. By construction, ms(p, q) = (eX'pq) is twice-differentiable.

Now consider a perturbation that changes the support of the signals,

pe) = T + er + ew,

T

Tw =0 for all s such that eI'r > 0, and greater than or equal to zero otherwise, and the

where e

support of Te; is in the support of r for all x € X. We have

© rTe, eD(q)m e,

€) =

s ques +eqlmTes +eqTwle,  rTegs+eqlmTes + eqTwle,
eD(q)wT e,

rTes +eqlmTes + eqlwTles
For s such that elw > 0,

D(qw” e,

q‘g(e): qTWTes ’

and hence does not depend on e. We also have (el pq) = eq”w”e, for such s. Directional differen-

tiability, continuous in (w, 7), follows immediately.

B.23.5 Condition 5

This condition requires that, for some m > 0 and B > 0, for all C(p,¢; S) < B,

m
Clpa:9) = 5 Y melp9)llas(p,a) — all%
seS

where || - ||x is an arbitrary norm on the tangent space of P(X). It follows immediately by the

strong convexity of the divergence.
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B.24 Proof of Lemma 9

We will show that Conditions 1-5 are satisfied. Recall the definition:

C(p,q:8) = > _ @D (pallm(p,q); S).

xeX
B.24.1 Condition 1

Condition 1 requires that if the information structure is uninformative, the cost is zero, and if it is
not, the cost is strictly positive. If the signal is uninformative, pe, = pq for all z € X, and the result
holds by the definition of a divergence. The cost for informative signals is strictly positive by the
definition of a divergence.

B.24.2 Condition 2

Mixture feasibility requires that

C(par, 45 Sam) < AC(p1,q; S1) + (1 = N)C(p2, q; S2).

This follows by the convexity of the divergence, the Blackwell condition, and Lemma 1.

B.24.3 Condition 3

The result follows immediately by the Blackwell assumption on the divergence.

B.24.4 Condition 4

Twice differentiability follows by assumption. Directional differentiability, with continuous direc-
tional derivatives, follows from convexity (for the existence of directional derivatives) and twice-
differentiability in the interior (which ensures continuity), and the assumption of continuity in the

limit (as the signal probability reaches zero, and the signal alphabet changes).
B.24.5 Condition 5
This condition requires that, for some m > 0 and B > 0, for all C(p,q;S) < B,
Clo.a:9) > 2 mu(p,a)llas(p.a) — all%
) bl — 2 ) ) )

ses

where || - || x is an arbitrary norm on the tangent space of P(X).
By assumption,
D(r'||r; 8) = m(r’ —r)Tg(r)(r" 1),

where g(r) is the Fisher information matrix.
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Consequently,

T
> @ D@ellnp9)iS) =m Y >~ ( )(ef —q")p" eselplq —ea),
zeX cex ses "s\Pd

which by Bayes’ rule is

> (eXa)D(peallpg; S) = m > we(p,q)(al (p.q) — q")9(a)(a:(p.q) — a).
zeX ses

Therefore, by g(q) = I,

> 4Dpolln(p.0); §) = m Y we(pq)llas(p, q) — all3

zeX seS

where || - || denotes the Euclidean norm. The result follows by the equivalence of norms.
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