C Technical Appendix

C.1 Convergence to the Continuous State Model

For each of a sequence of values for the integer M, we assume a neighborhood
structure of the kind discussed in section 3.2 with M + 1 states. The set of states is
ordered, X = {0, 1, ...,M}, and each pair of adjacent states forms a neighborhood,
X; ={i,i+ 1}, for all i € {0,1,...,M —1}. We will also assume that there is
an M + 1st neighborhood containing all of the states. Note that M indexes both
the number of states and the number of neighborhoods. We consider the limit as
M — oo,

To study this limit, we need to define how the prior beliefs, g7, and the magni-
tude of the information costs vary with M. For the initial beliefs, we shall assume
that there is a differentiable probability density function ¢ : [0,1] — R, with full
support on the unit interval and with a derivative that is Lipschitz continuous. Using

this function, we define, for any i € X¥,

i+1

T M+1
Fau= [ alwax

i
M+1

That is, for each value of M, the prior gy is assumed to be a discrete approximation
to the p.d.f. ¢(x), which becomes increasingly accurate as M — oo.

For our neighborhood structures, we assume that that the constants associated
with the cost of each neighborhood, c;, are equal to M? for all j<M,and M -1
for j = M. In this particular example, the scaling ensures that the DM is neither
able to determine the state with certainty, nor prevented from gathering any useful
information, even as M is made arbitrarily large; moreover, the scaling ensures that
the neighborhood containing all states plays no role in the limiting behavior, so that
in the limit all information costs are local. We also scale the entire cost function by
a constant, 6 > 0.

We also need to define the set of actions, and the utility from those actions. We

will assume the set of actions, A, remains fixed as N grows, and define the utility
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from a particular action, in a particular state, as

J 5 a(x)ua(x)dx

T
€ M

T
€l ua7M —

Here, the utility u, : [0,1] — R is a bounded measurable function for each action
a € A?° In other words, as M grows large, the prior converges to ¢(x) and the
utilities converge to the functions u,(x).

We consider only the case of neighborhood cost functions with p = 1. Under

these assumptions, the static model of section §2 can be written as

\%N; qM;M): max Ty (a ( q M -0 77:M DN qaM|\qM;
( ﬂMGW(A),{qa7M€<@(XM)}a€A6%:’4 ( ) aM a 0;4 a, H )
(29)

subject to the constraint that

Z ﬂN(a)Qa,M =4m-

acA
Here Dy denotes the divergence associated with the neighborhood-based cost func-
tion introduced above, specialized to the particular neighborhood structure of this

section and p = 1:

Dy (qamllgm; M) = M*(Hy(qam; 1,M) — Hy(qu; 1L,M)) + M~ (H (qui; M) — HY (qa s M)),

where Hy is defined by equation (13) in the main text and H® is Shannon’s entropy.
The following theorem shows that the solution to this problem, both in terms
of the value function and the optimal policies, converges to the solution of a static

rational inattention problem with a continuous state space.

Proposition 4. Consider the sequence of finite-state-space static rational inatten-

tion problems (29), with progressively larger state spaces indexed by the natural

20Note that we do not require the payoff resulting from an action to be a continuous function of
x at all points, though it will be continuous almost everywhere. This allows for the possibility that
a DM’s payoffs change discontinuously when the state x crosses some threshold, as in some of our
applications.

59



numbers M. There exists a sub-sequence of integers n € N for which the solutions

to the sub-sequence of problems converge, in the sense that, for some ©* € Z(A)

and {q; € Z([0,1]) }aca ,
i) lim, e Viv(gnin) = Vn(q);
ii) lim,e T, = 7*; and
iii) for all a € A and all x € [0,1), lim,, .. £ T g7, = [ qi(y)dy.

Moreover, the limiting value function Vy(q) is the value function for the following

continuous-state-space static rational inattention problem:

Vala) = sup Y@ | wa(ads
ﬂegz(A)v{qaegzLipG([Ov1])}a€A acA Supp(Q)

6 ' (ga(x)) 0 ['(d(x)’
_ZZ{n(a)/O —dx}—i—z/o dx,

ach qa(X) q(x)

subject to the constraint that, for all x € [0, 1],

) m(a)qa(x) = q(x), (30)
acA
and where P1ip([0,1]) denotes the set of differentiable probability density func-
tions with full support on [0, 1], whose derivatives are Lipschitz-continuous. Fur-
thermore, the limiting action probabilities T*(a) and posteriors g, are the optimal

policies for this continuous-state-space problem.
Proof. See the technical appendix, section C.4. U

This theorem demonstrates that the value function, choice probabilities, and
posterior beliefs of the discrete state problem converge to the value function, choice
probabilities, and posterior beliefs associated with a continuous state problem. The
continuous state problem uses a particular cost function, the expected value of the
Fisher information 17" (x; p), defined locally for each element of the continuum
of possible states x, with the expectation taken with respect to the prior over possible

states. The posterior beliefs in the continuous state problem, g,(x), are required to
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be differentiable, with a Lipschitz-continuous derivative, on their support. This is
a result; the limiting posterior beliefs of the discrete state problem will have these
properties. This restriction also ensures that the Fisher information is finite, so that
the optimization associated with the continuous state problem is well-behaved.
The static rational inattention problem for the limiting case of a continuous state
space can be given an alternative, equivalent formulation, in which the objects of
choice are the conditional probabilities of taking different actions in the different
possible states, rather than the posteriors associated with different actions. This is

essentially the continuous state analog of Lemma 2.

Lemma 4. Consider the alternative continuous-state-space static rational inatten-

tion problem:

1 1

o) = swp [ ) ¥ pudx 3 [ a1 s
PEZLipG(A) /0 acA 0

where P1ipG(A) is the set of mappings p : [0,1] = Z(A) such that for each action

a, the function p, (x)21 is a differentiable function of x with a Lipschitz-continuous

derivative, and for any information structure p € 21;,;(A), the Fisher information

at state x € X is defined as

Fisher X — (pla(x))z
! ( ’p> B CEX pa(x) .

This problem is equivalent to the one defined in Theorem 4, in the sense that the
information structure p* that solves this problem defines action probabilities and

posteriors

! X)pa(x
@) = [ aonie. e = LR

that solve the problem in Theorem 4, and conversely, the action probabilities and

(3D

posteriors {n*(a),q}} that solve the problem stated in the theorem define state-

2IHere for any x € [0, 1], we use the notation p,(x) to indicate the probability of action a implied
by the probability distribution p(x) € Z2(A).
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contingent action probabilities

pox) = ©@dalx) (32)

that solve the problem stated here. Moreover, the maximum achievable value is the

same for both problems: Vy(q) = Vy(q).

Proof. See the appendix, section C.5. [

C.2 Security Design and Acceptance with Certainty

In this section, we discuss the optimal security design application, and consider
the possibility that the seller designs the security to induce the buyer to accept
with probability one. In other words, the buyer’s “consideration set” in his rational
inattention problem consists only of L, instead of both L and R. As mentioned in
the text, we have chosen the parameters of our numerical example to ensure that,
for all of the cost functions, the seller is better off inducing information acquisition
(77, < 1) than avoiding information acquisition (777 = 1). Note that the 7; = 0 case is
equivalent to trading a “nothing” security at zero price, and hence assuming 7; > 0
is without loss of generality.

Consider the buyer’s problem,
Vig;s,K) = max nLqT s — K1
( ) ﬂLE[OalL‘ILHRe«@(X) L( )

—0m.Dy(qLl|q) — 6(1 — m)Dy(qrl|q),

subject to the constraint that ;g + (1 — 71 )gr = ¢g. Rewrite the choice variables
as g = mrqr and ggr = (1 — 71, )qg, and use the homogeneity of the H function, so
that the problem is

V(g:s,K) = max §r(s—K1)

A X
4r,greRL

— 60Dy (41|lg) — 0DH(4r|q),
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subject to gz + gr = q. Observe that the objective is concave and the constraints
linear, so it suffices to consider local perturbations.

Suppose that it is optimal to set 77 = 1, implying §; = ¢g. Consider a perturba-
tion to §;, = g — €qr, 4r = €qRr, for any arbitrary gg € &?(X). For such a perturbation

to reduce utility, we must have

—eqg(s— K1) — 0Dy (q — £qrl|q) — 0€Dn(qr||q) < 0.
Taking the limit as € — 0", we must have, for all gg, and hence for the minimizer,

. T
min gr(s—Kt)+ 0Dy (qrllq) > 0.
min_ k(s — K1)+ 0Ds(gxl o)

If this condition is satisfied, it is at least weakly optimal for the buyer to choose
7 = 1 and gather no information. Consequently, the Lagrangian version of the op-
timal security design problem, subject to the constraint of inducing no information
acquisition, 1s

max min q" (Ki1—PBs)+2A(q(s—K1)+6Dp(qrllq)) + " (v—s),

seR¥ k>021>0,gre 2(X),0cR ™!

where A is the multiplier on the no-information-gathering constraint and @ is the
multiplier on the upper-bound of the limited liability requirement.

Defining gg = Agg, the dual of this problem is

min max g’ (Kt —Bs)+gh(s— K1)+ 0Dg(Gr||q) + o (v—3s),
areR¥ wer serl k>0

which can be understood as

min 0Dy (Gg|lq) + o',
GreR™ oerX!

subject to
QR - ﬁq —o< 07

1-ghi <0.
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The multipliers of this convex minimization problem are the optimal security de-
sign and price. After solving the problem for gg and w, we can use the first-order

condition to recover the security design:
s— Kt = Hy(q) — Hy(qr)-

We use the convention that in the lowest state, the asset value is zero (eg v=0), and

therefore eg s = 0, and hence

ezs = (ex— eO)T(Hq(‘I) _Hq(QR»-

To implement the problem with the additional requirement of monotonicity for
the security design, write the monotonicity requirement as Ms > 0, where M is an

|X| — 1 x |X| matrix. The dual problem is

min 0Dy (Gr||q) + o v,
qReR‘f‘,weR‘f‘,peR‘f‘
subject to
~ T
Gr—Bg—w+M p <0,
1—gh1<0.
As mentioned above, under our parameters it is not optimal for the seller to
avoid information acquisition. For completeness, we present the optimal securities
that avoid information acquisition below. Note the shapes of these securities are

very similar to their optimal counterparts, although the level is often quite differ-

ence.
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Figure 8: Optimal Security Designs that Avoid Info. Acquisition by Entropy Func-
tion
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C.3 Additional Definition and Lemmas

Definition 1. Let X¥ be a sequence of state spaces, as described in section 4.3. A

sequence of policies {py € Z(XM)} ey satisfies the “convergence condition” if:

1) The sequence satisfies, for some constants cy > cr > 0, all M, and all i € XM

i1) The sequence satisfies, for some constant K| > 0, all M, and all i € xM \

{0,M},
M3|%(e,~T+1 +el | —2¢Npu| <K,
and
W13 (el — by )pul < Ki
and

1
M2|§(€1T —ef)pm| <Ki.

Definition 2. Let {py € Z(X™)}yen be a sequence of probability distributions
over the state spaces associated with Theorem 4. The interpolating functions {py, €

2(]0,1]) }men are, for x € [2(Ml+1) 11— 2(Ml+1))’

T

N 1 1
Pulx) = (M4 DM+ Dt 5 = LM+ D+ 5Dl oot

FM+1)(5 — (M4 Dt (M4 D5 ])e

2

and, for x € [O,W),
pu(x) = (M +1)el qu,
and. forx € [1 — m, 1],

P (x) = (M + 1)eyqu-
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Lemma 5. Given a function p € 2([0,1)), define the sequence {py € 2 (XM)} pen,

o
€ Pm = ) p(x)dxv

i
M+1

where XM is the state space described in section 4.3. If the function p is strictly
greater than zero for all x € |0, 1], differentiable, and its derivative is Lipschitz con-
tinuous, then the sequence {py € (XM} yen satisfies the convergence condition,
and satisfies, for some constant K > 0, all M, and all i € XN\ {0,M},

1 1
M?| In(5(eis1 + e Jam) +In(5 (el + €] Jqm) = 2In(ef qu)| <K,

2
and
MIin(3 (] + b au) ~ In(e qu))| < K
and
MIIn(5 (el + el )awr) ~ In(efyam))| < K.
Proof. See the technical appendix, C.7. [

Lemma 6. Let {py € Z(XM)}yen be a sequence of probability distributions over
the state spaces associated with Theorem 4. If the sequence {py € P (XM™)}pen
satisfies the convergence condition (Definition 1), then there exists a sub-sequence,

whose elements we denote by n, such that:

i) The interpolating functions (2) p,(x) converge point-wise to a differentiable
function p(x) € Z([0,1]), whose derivative is Lipschitz-continuous, with p(x) >
0 for all x € [0,1],

ii) the following sum converges:

imt ¥ {s(el ) stel. )28 5 el el om = 1 [P0,
n—oo iEX”\{n} i Bn i+1#n 2 i i+1/¢n 4 0 p(x) )

where g(x) = xIn(x),
iii) for all a € A, lim, e ul ,py = fol ug(x) p(x)dx,
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iv) and, if the sequence {py € P (XM)}yen is constructed from some function
p(x), as in Lemma 5, then p(x) = p(x) for all x € [0, 1].

Proof. See the technical appendix, section C.8. [

Lemma 7. Let my(a) € P(A) and {qam € P (XM)}4en denote optimal policies
in the discrete state setting described in section 4.3. For each a € A, the sequence

{qaN} satisfies the convergence condition (Definition 1).

Proof. See the technical appendix, section C.9. [

C.4 Proof of Theorem 4

By the boundedness of &?(A), there exists a convergent sub-sequence of the optimal
policy m,(a), which we also denote by n. Define
n(a) = r}gl;ﬂn(a)

By Lemma 7, for all a € A, each sequence of optimal policies {g, .} satisfies the
convergence condition (Definition 1). Therefore, by Lemma 6, each sequence of
interpolating functions (2), {ga»(x) }, has a convergent sub-sequence that converges
to a differentiable function g,(x), whose derivative is Lipschitz continuous. We can
construct a sub-sequence in which 7,(a) and all {G,,(x)} converge by iteratively
applying this argument. Pass to this subsequence.

We can write the discrete value function, using Lemma 1, and defining g(x) =

xInx, as

Vn(gnin) = max el puDiag(q)une
" {px,ne=@(A)}i€Xa§4 a b e

n—1

e~Tq el 19a,n
_QHZZ(eanQn)Z[g( - a,n)+g( SR )]

acA i=0 4i.an Yian

n—1 T T
€; dN € 19N
+0n” Y [g(F) + ()]
i=0 qlvavN Ql,a,N

n—1
—6n”! Z (el gn)Dr(pneil|pngn)-
=0

1
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We can re-arrange this to

Vn(gnsn) = max e, pnDiag(q)uye
( " ) {px,ney( }IEXa%;4 " ) e
2 N T T Lor 1
—6n Z e pq Z [g<ei Qa,n) +g(ei+1qa,n) - zg(i(ei + ei+1>‘f]a,n>]
aeA i=0

1
+9n22 elqn)+gleliian) —28(5 (el + el 1)an)]

5
—6n"! Z (e an)DkL(Pinl | Padn).
=0

By Lemma 6 and the boundedness of the KL divergence,

hm Vn(gn;n Z T(a / X)qa(x)dx

acA
6 G2, 8 [ WP,
agf /o 4al) ‘”U/O )

Suppose that 7(a) and the g,(x) functions do not maximize this expression (subject
to the constraints stated in Theorem 4). Let 7*(a) and ¢} (x) be maximizers. Define,
for all n,
fip(a) = 7" (a),
i+1

n+1
eiTq}l?n: i g, (x)dx.

n+1
Note that, by construction, G, , € Z(X") and Y ,ca in(a)dan = qn- That is, the
constraints of the discrete-state problem are satisfied for all n. Denote the value
function under these policies as Vy(gn;n).
Because of the constraints stated in Theorem 4, each ¢, satisfies the conditions
of Lemma 5, and therefore the sequence g, , satisfies the convergence condition for
all a € A. It follows by Lemma 6 that this sequence of policies delivers, in the limit,

the value function Vy(gq). If this function is strictly larger than lim, .. Vi(g,;n),
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there must exist some 7 such that

Vn(gisit) > Viv(qas i),

contradicting optimality. Therefore, the functions g,(x) and 7(a) are maximizers.

It remains to show that
[xn] T X
lim l;,)ei Qan = /O qa(y)dy.

Note that ‘
i+1

Z=a 2i+1
Lan= 00 [

n+1
where g, , is the function defined in Lemma 6. Therefore, the sum is equal to

|xn [xn]+1

n+1 R n+1>y+l +l
Z e?Qa,n - Qa,n( L( ZJ 2 )dy

By the boundedness of g, , (which follows from the convergence condition) and the

dominated convergence theorem,

[xn|+1 1 1
i [(n+1)y+5]+5 /x
] dy= [ qa(y)dy,
) ; a(y)

1i

as required.

C.5 Proof of Lemma 4

We begin by observing that any information structure p € Zy;,;(A) defines uncon-
ditional action frequencies & € Z?(A) and posteriors g, € P1;,6([0,1]) satisfying
(30), using definitions (31). And conversely, any unconditional action frequencies
and posteriors satisfying (30) define an information structure, using definitions (32).
Hence the set of candidate structures is the same in both problems, and the prob-
lems are equivalent if the two objective functions are equivalent as well. It is also

easily seen that in each problem, the first term of the objective function is the ex-
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pected value of the DM’s reward u(x,a), integrating over the joint distribution for
(x,a). Hence it remains only to establish that the remaining terms of the objective
function are equivalent as well.

Consider any information structure p € #1,G(A) and the corresponding uncon-
ditional action frequencies and posteriors, and let x be any point at which ¢(x) > 0,
and at which p,(x) is twice differentiable for all a (and as a consequence, g,(x) is
twice differentiable for all a as well). (We note that, given the Lipschitz continuity
of the first derivatives, the set of x for which this is true must be of full measure.)
Then the fact that Y ,c4 p4(x) = 1 for all x implies that

Y pli(x) =0, (33)

acA

and similarly, constraint (30) implies that

Y w(a)g,(x) = 4" (x). (34)

acA

At any such point, the definition of the Fisher information implies that

IFisher(x) — Z(p;(x))z

acA pa(x)
_ pg(x) Zpa(x)a loagx};a(X)
a acA
a X 2
— T8 2 ogr(a) +logau ) ~loga)
B B RN ) S SN ) L
- q(x) 6;47[( ) qa(x> ;4”( )Qa( ) q(x) +C[ ( )

Q
~
=
N—
Q
m
b
Q
Q
~~
=
N~—
Q
—~~
=
N—

Here the first line is the definition of the Fisher information (given in the lemma),
and the second line follows from twice differentiating the function log p,(x) with
respect to x. In the third line, the first term from the second line vanishes because

of (33); the remaining term from the second line is rewritten using (32). The fourth
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line follows from the third line by twice differentiating each of the terms inside the
square brackets with respect to x. The fifth line then follows from (34).
Since this result holds for a set of x of full measure, we obtain expression

! Fisher . a l(q;(x))z ¥ — l(q/(x))2 X
/0 d@WIF ()dx = Y 7(a) /0 (VA /0 CAC D

ach qa(x) q(x)

for the mean Fisher information. This shows that the information-cost terms in both
objective functions are equivalent, and hence the two problems are equivalent, and

have equivalent solutions.

C.6 Proof of Lemma 3

Let |—¥| =21,22,- .., be an orthonormal basis, and let V be the associated orthonor-
mal matrix (VIV = I) whose columns are the basis vectors. Suppose there is a
minimizer, A*, with

A =vmvT

for some positive-definite, real symmetric M.

Consider a perturbation
A(e) = A +eVMzz" MVT

for some arbitrary vector z. Such a perturbation is always feasible for € > 0, and is
feasible for € < 0 if
ZMVTA*'VMz > 0.

We have
d

%(A(g))_l |€:0 _ —(A*)_]VMZZTMVT(A*)_l.

Observing that
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and using the orthonormality of V,

d

S (&) Hemo =V VT,

It follows that optimality requires
V' VIvftr[VMz" MvT] > 0,

with equality if the perturbation is feasible in both directions.

Because v is a basis vector of the orthonormal basis that defines V,

T
vV = uelT,
V]

where e is a basis vector with one in index 1 and zero otherwise. Again using

orthonormality to insert V7V = I, we must have
PRl e 1 VMVIVZZTVIVMYT] > 0,

which simplifies to
w2l zzle; <trA* VzZ VI AT,

which is
L (VIAAY — |v]erel )z > 0.

It follows that for all z with esz = 0, we must have
ZVIAA*A V=0,

which requires
TANNNzZ;=0

for all j # 1. It follows immediately that the nullity of A* is at least k — 1, and hence

that the rank is at most one. Conjecture therefore that
A =xxT
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for some vector x. The objective is

lim v7 (el +xxT)v+xl x,
£—=07

which by the Sherman-Morrison lemma is

—2.T..T
. _ e vixxtvy
lim € lvTV—ﬁ%—xTx.
e—0+ 1+extx
By Cauchy-Schwarz,
1T e T xxly ey
Y

S lae Ty T 14e KTy

and therefore holding fixed |x| is optimal to set

X
— v’
[
and the problem solves
2
inf % +[xf?,
x>0 [
and hence
2
= = [vl.

It follows that
inf VI A"y 4 1r[A] = 2.
AEM,

C.7 Proof of Lemma 5

Proof. The function p is strictly greater than zero, and continuous, and therefore
attains a maximum and minimum on [0, 1], which we denote with ¢y and ¢z, re-

spectively. By construction,

and likewise for cp, satisfying the bounds.
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For all i € XM\ {M},

( €ir1—

/M plx+ m)—p(x))dx

M+1
/ P (x+y)dydx

M

and therefore, letting K> be the maximum of the absolute value of p’ on [0, 1] (which

exists by the continuity of p), we have

1

WKZ’ (35)

[(ef1 —ei )pml <

satisfying the convergence condition for the endpoints.
For all i € XM\ {0, M},

(el +el, —2el ) py = / T ot ) 4 plrm )~ 2p(x))dx

Let K3 denote the Lipschitz constant associated with p’. It follows that

2K3

(el +el 1 —2¢] )pu| < M1y

Therefore, the convergence condition is satisfied for K| = maX(%Kz, K3).

By the concavity of the log function, and the inequality In(x) < x—1,

1 1 1
¢ Pm €, Pm el. Pm
< (el +eii=2el)pu.

eiTPM
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Therefore, by the convergence condition we have established,

%(eiT—Fl+eiT)pM %(eiT—l+eiT)PM) < (M+1)K; < 2K

In +In < < .
( eiTpM ) ( el.TpM M3CL MZCL

By the inequality — ln(%) <x-—1,

1 1 1 1
ln(f(eﬁl +elT)pM) _}_ln(f(elr—l +€1T)pM) N j(eza»l elT)pM Z(ezT—l ezT)pM
el pu el pu T el +epu (el +elpu
We can rewrite this as
1/,T T 1/.T T
1 §(€l+1+ez )PM) 1 (Q(el—l te, )PM) >
" el pu el pu N
1 1 1
(Z(eiT-H +eiT—1 _26?)PM Q(ei_l elT)PM(j(eiCL1 +€iT)PM —1))
1 1 1
a(efy +el)pu (el +el)pu glel | +el )pu

By the bounds above,

1
sel el —2e])pu S 2K

%(el.TJrl +elpu - Mc

and, using equation (35),

2(ely —elpu sl e ) slela—eDpw 3(el — el )pw
(el +elpu 3(el +el)pu (el +epu 5(el +el)pu
M? 1 5
(K
EACERY
> —( )"
ZMCL
Therefore,
M2 %(eiTJrlJreiT)PM 1 %(einl—J’_eiT)pM 2K K
| In( T ) T )| < - (2_cL)

€ Pm €; Pm
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For the end-points,

1 1
Sel —eg)am _ ln(z(ﬁT +€5)QM) _ 2(er —eg)gm
(el +el)am — el qm T ehqu
and therefore T
s(ey +ep)am K>
| In( )< ——.
eg qm Mcy,
A similar property holds for the other endpoint, and therefore the claim holds for
Ky 2K
K = max( CZ, CLl + (2cL>2>' O]

C.8 Proof of Lemma 6

Proof. We begin by noting that the functions pys(x) are absolutely continuous. Al-

1 ybr,

most everywhere in | (M)

_1
M)
N _ 2/ T T

Pu(x) = (M+1) (eL(M+1)x+%j - e[(M+1)x+%Jfl)pM’

and outside this region, pj,(x) =0. Let p,(x) denote the right-continuous Lebesgue-

integrable function on [0, 1] such that

X
i) = pu0)+ [ piut)a
which is equal to p,(x) anywhere the latter exists.
The total variation of j),(x) is equal to

—1
(M+1)*|(e], +el -y —2¢ ) pu) |+

TV (py) =

1

1

+ (M +1)2|(efy — elg )Pyl + (M +1)%|(e] —e{)pul-

By the convergence condition,
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and therefore the sequence of functions pj,(x) has uniformly bounded variation.
1 1

Forany 1 — ) X > > M)’ the quantity
L(M+1)x+1]
) =Pyl =M+1% Y (el +el —2¢] )pul
i=[(M+1)y+1]
2 _
< M+1)*(M+1)(x—y) —|—2)2th
M3
At the end points, for all x € [0, 2(M]—+1)),
1 2K,

|ﬁfw(m) — pu(x)] < Ml

and for all x € [1 — m, 1],

Py~ dim ) <
yﬂ‘m

By p,,(0) = 0, we have, for all x € [0, 1],

M+DH M+ - g777y) +2) 1

2K
M3 +M—|—1) b

Pu)] < (

proving that j),(x) is bounded uniformly in M for all x € [0, 1].
Therefore Helly’s selection theorem applies. That is, there exists a sub-sequence,
which we denote by n, such that p},(x) converges point-wise to some p’(x). More-

over, by the point-wise convergence of j), to p/, for all x >y,

1p'(x) = p'(v)| < 2K (x—y),

meaning that p’ is Lipschitz-continuous. By the fact that p’(0) = 0, this implies that
|p'(x)] < 2K forall x € [0, 1].

By the convergence condition, ¢, < pn(0) < cy. Therefore, there exists a
convergent sub-sequence. We now use n to denote the sub-sequence for which

lim,,_, P (0) = p(0) and for which p),(x) converges point-wise to p’(x). By the
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dominated convergence theorem, for all x € [0, 1],

X

i 0 = fim {,(0) + | 7,0)as) = p(0)+ [ 9/

n—oo 0

Define the function p(x) = p(0) + [y p/(y)dy for all x € [0,1]. By the convergence
conditions, this function is bounded, 0 < ¢; < p(x) < ¢y, by construction it is

differentiable, and its derivative is Lipschitz continuous. Moreover,

and therefore p € 22([0,1]).
Next, consider the limiting cost function. We have, using the function g(x) =

xInx and Taylor-expanding,

80) = 8(x) + £ ()3 —x) + 58" (ey + (1 -l (v~ x)?

for some ¢ € (0, 1). Therefore,

1
g(ef pm) +8(ef1pm) —28(5 (€] +efir)pm) =

1 1
gg"(ﬂeiTPM +(1- Cl)i(ef +el)pm) (el — el )pm)?

1 1
+ gg”(czeiTPM +(1— 02)5 (el +el))pm)((ely ) — el pum)?

for constants cy,cp € (0,1). Note that, by the boundedness py(x) from below,
el py > (M+1)"tcp forall i € XM. Tt follows that

1

< (MA+1)c; "
cleiTpM+(1—c1)%(eiT+eiT+l)pM L

1
g"(cref pu+(1 —Cl)i(eiT‘FeiTJrl)PM) =

Therefore,

(M+1)c; !

1
0 < g(ef p) +8(eiyipm) —28(5 (e +efy1)pm) <
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By construction,
T | 2i+1

¢i Py = (M-l-l)pM(Z(M-l—l)

).
Therefore,
1
(M +1)(g(ef p) +glef 1) = 28(5 (] +efir)pu) =

(e + 8w s ) = 28w )

and

ot 2i43 L 2i+1
4(ML+1)(p(2(M+1))_p(2(M—|—1)

)’

1
glei pu) +g(ef1pm) —28(5 (el +elyr)pm) <

By the boundedness of 7, (x),

2i+1 2i43 2i42 B
m))‘l‘g@(m))—Zg(P(Z(M+1))) < M1 1)

g(p(

for some finite bound B.
Writing the limiting cost as an integral, and switching to the sub-sequence n

defined above,

Y {g(eiTpn)+g(eiT+1pn)—28(%(€iT+eiT+1)Pn)}:

iex™\{n}
[2x] +1 ~ 2|nx] 43 . 2|nx|+2
n+1/ {a(p +1) ))+g(p"(m))—2g(l7n(m))}dx.
By the bound above,
1 2 3 o] 42
n+1/ {a(p +1) ))+g(p"<m))_28(Pn(m))}dx§

n3 1
—_— Bdx.
(n+1>3/o g
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Applying the dominated convergence theorem,

it 3 talel po)+elelam) - (3 (] +el)pa)} =
ieX™\{n
Lo . 2|nx]+1 . 2|nx]+3 . 2|nx|+2
/0 r}ggnﬂ{g(l?n(m))Jrg(Pn(m))—Zg(l?n(m))}dx-
By the Taylor expansion above,
.o . 2|nx]+1 . 2|nx]+3 L 2lnx) 420
m {g(Pn(m)) +g(1?n(m)) —28(Pn(m))} =
.17, " . 2|nx] 43,0 2 nx|+1
r}l_fggwr]{g ()+g (')}(Pn(m)—l?n(m))z-
By definition,
L 2 nx] 430 2[mx]+1 , 2[nx|+2
(”+1)(Pn(m)—l9n(m)) —Pn(m)
and
. 2|nx]+2 o 2mx|+30 0 2lnx]+2 1
lim g (pn(m)+cn(pn(m)_pn( 2n+ 1) ) = o)’
with ¢, € (0, 1) for all n, and therefore
.o . 2|nx]+1 . 2|nx]+3 L2 nx) 420
}gﬂon+1{g(Pn(2(n—m))+g(Pn(m))—28(Pn(m))}—
L)
n—ed p(x)

proving the second claim.

Turning to the third claim, recall that, by definition,

1 (9g(x)d
+

T M
€ UaM = |
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We define the function, for x € [0, 1), as

ta,m (x) = e{(M+1)xj Ua.M
and let ug pr(1) = el ju, p1. We also define the function

o 2[(M+1)x]+1
W)= =500

By construction, pu(%y(x)) = (M + 1)eﬁM+1)xJpa7M for all x € [0,1), and equals
e]{,,paM for x = 1. Therefore,

ugypm =Y. (el tapr)(e] pu)
iexm

1
— [ pli ) taaa()a
0
By the measurability of u,(x),
]Vlliinm Ua p(x) = ug(x).

Therefore, by the boundedness of utilities and the dominated convergence theorem,

1
lim u;npn = / p(x)ug(x)dx.
0

n—soo

Finally, suppose that, for all M

i+
T

T M11~
Loo= [ plx)dx

M+1

It follows that lim, e Ppa.n(x) = p(x) for all x € [0,1], and therefore p(x) = p(x).
0
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C.9 Proof of Lemma 7

Proof. We begin by noting that the conditions given for the function g(x) satisfy
the conditions of Lemma 5, and therefore the sequence gy, satisfies the convergence
condition. We will use the constants cy and ¢y, to refer to its bounds,

cH T Cl,

> ol gny >
M1 =M=

and the constants K| and K to refer to the constants described by convergence con-
dition and Lemma 5 for the sequence gy. By the convention that g,y = gu if

7y (a) = 0, gqm also satisfies the convergence condition whenever mys(a) = 0.

The problem of size M is
Vv(am: M) = max 71 (a) (uf prGam) — 0y Tor (@)D (qam|lgm: M)
1€ P(4) {40 € P(XM) }ca 2 Hat e 2 ‘
subject to
Y mv(a)gam = qu,
acA
where

Dy(qaml||gms p. M) = M*(Hy(qam; L, M) —Hy (g LM)) + M~ (H5 (qap; M) — HS (qu; M)

and

Hy(gq;1,M) = ZQI

Let uy denote that | X | x |A| matrix whose columns are u, . Using Lemma 2,
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we can rewrite the problem as

Vn(gms M) = max €TPMDiag(Q)”Me
{pi,MGW(A)}iexM(EL\ ¢ ’

pim(el au)+ pivcim(el 1am)

M-1
—0M* Y (ef qu)Dkr(piml|

)
i=0 (ef +eli1)am
M T T
pim(e; qn) + pi—1.m(ej_1qm)
—0M* Y (e qu)Dkr(pim||—— —— )
izl l l (ef +e )am

M—1
—oM~! Z (el gr) Dk (pima||prgm)-
i=0

The FOC for this problem is, for all i € [1,M — 1] and a € A such that el p; y > 0,

el pimlel + eiT+1 Jam

T 2
e Ugpy — M- In
e (65 (pim(e] gm) + pivim(el 1qum))

)

eqpim(el +el )au )_GMflln(egﬂ)_e.TKM—O
T ¢ -

—0M?1In
(65 (pim(el qu) + picin(elam)) el pmam

where Ky € RM*! are the multipliers (scaled by el.TqM) on the constraints that
Yucael piy=1foralli€ X. Defining e/ gy = e{,,HqM =0, and defining p_| p
and pysy1 m in arbitrary fashion, we can recover this FOC for all i € X.

Rewriting the FOC in terms of the posteriors, and again defining el-T_lqa,M =
err19a,m = 0, for any a such that my(a) > 0,

(ef qan)(1+ ’*'QM) (ef qan)(1+°5 > )
el (ugm — Kyr) = OM*In( : €0 v )+ M In( : v
(eir1+ei) T gam (ei_1+ei)Tgan
TP'M
+OM " In(—a LM
4 PMC]M
T
e
_—9M21n(1+anM)+9M21n(l+ ’“6””) oM In(1 + 1M
el qam el qm €; qaM
T
e .
+ OM*In(1 + —"TMM) + oM in(SAe),
€, qm €, qm
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which can be rewritten as

1 1 _
ef (uayr —Knr) = —OM*(In(5 (efy 1 + el )gap) +1n(5 (el +ef )ganr) = (2+M ) In(ef ga))

2 2

1 1 _
+0M*(In(= (el +el Jau) +1In(5 (el +el Yau) — (2+M ) In(e] qu)).

2 2

(36)

Our analysis proceeds by analyzing this first-order condition.

We next describe a series of lemmas that use this first-order condition to estab-
lish various bounds, which will ultimately be used to establish the bounds required
by the convergence condition. As part of the proof, we find it useful to consider
the interpolating functions g, u(x) (2) constructed from g, p. We define from these
interpolating functions the function

lan (x) = (M +1)(I0(ga (%)) — (G pr (x —

)

2(M+1)

onx e [m, 1], observing that, for any i € XM\ {0},

2i+1 M+ 1)e!
Ly~ (M 1)In(- ( +T)e’q;’M
2(M+1) sM+1)(e] +ef |)gam

la,M(

b

and for any i € XM\ {M},

2i+2 %(M+1)(eiT+eiT—0—1)Qa,M

la,M(—):(M+l)ln( (M+])eTan

2(M+1) )

]

Lemma 8. For all M € N and i € XM\ {0,M}, e! ky < By for some positive con-

stant By.
Proof. See the technical appendix, section C.10. [

Lemma 9. Forall M € Nand i € {0,M},
By, and

el.T Ky | < Bo for some positive constant

1, T , T
ln(z(eo +e1)qam

- ) <M 1B
€oqaM
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and
e (2
MY4aM

(€rs + €iy—1)9am

In( )>-M"'B,

1

2
for some positive constant B.
Proof. See the technical appendix, section C.11. 0

Lemma 10. Forall M € Nand j € {2,3,...,2M + 1}, and some positive constant
By,

J
lun(——)| < B,.

Proof. See the technical appendix, section C.12. The proof uses the previous two

lemmas. O]

Armed with these lemmas, we prove that the convergence condition (Definition
1) is satisfied.

C.9.1 Proof that ;1 > el gup > 37

We next apply the above lemmas to prove that the first part of the convergence
condition is satisfied. Begin by observing that there must exist some i,y € xM

such that eiquM > ﬁ implying that
In((M+1)ef | gam) >0

By the definition of /, y, for any i € X"\ {0},

2i+1 2i (M+1)el qum
Nt lm(z—=)=(M+1)In )
2(M+1)) ’M<2(M+1)) ( ) ((M—l—l)eiT_lqu

a,M(
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For any i > i, y, using Lemma 10,

d (M+1)el gam
In(M+ 1)ef gop) =In(M+ el gam)+ Y. In( 7
| jetomtr MED)ej oy
1 i 2j+1
=In(M+1)e! q, — lam(5—
n(( + )ela,Mq 7M)+M+ 1 j_;Z]W_'_l 7M(2(M+ 1)

1 i
SRR
M+ 1 j:;u,M'f'l

> _2B,.

Similarly, for any i < fQM,

Fu (N+1Del gun
In((M + 1)e! =In((M+1)ej gap) + ) In o
(( )¢;, ,dam) =n(( Jei dam) j;r] ((N+1)61T—1%JV

Therefore, for any i < faM,

faM M+1)el M
In((M+1)el gap) > — Y In( ( )Tf 9,
Jj=i+1 <M+ 1)€j_1Qa,M

I

and thus, using Lemma 10, for all i € X™,

In((M 4 1)el qam) > —2B,.

Repeating this argument, there must be some fa,M such that efT Gam <M —1 and
a,M

using the bounds on /, y in similar fashion yields
In(M+1)e! gam) < 2B,.

It follows that, for all M, a € A such that my;(a) > 0, and i € XM,

exp(2B;) _ ¢ exp(—2By)

— e

i qaM = —————,
M+ 1) =M ="
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demonstrating that g, y satisfies the first part of the convergence condition.

C.9.2 Proof that M3|3 (el | +el | —2el g, m| < K

We start by proving a bound on (M + 1)2|%(€£H —elqaml-
Using Lemma 10, and a Taylor expansion of In(1 + x), for some ¢ € (0, 1), for

any i € XM\ {M},

2i+2
2(M+1)

(M +1)(ef +eli1)qam
(M + l)eiTQa,M

M+ D)5(ef s — €] )ganml

B eiT‘Za,M+ %(eiTH - eiT)qa,M

< By,

1
)| =[(M+1)In(2 )|

‘la,M (

and therefore, by the bound on eiTqa’M, for any i € XM\ {M},

1
(M +1)?|(ef1 — ] )gam| < Brexp(—2B)). (38)

Returning to the first-order condition, for i € X'\ {0,N}, and using the bounds

on utility and on the terms involving gy,

T
€, dqm )
T

€; da.M

el > —ii— 0K +6Mn(

1 1
+ OM*(In(5(ef 1 + €] )gam) +1n(5 (] +e€f )am) = 2In(e] ganr))-

2
We have .
M n( ) > M In( ),
€; qa.M exp(2B;)

and therefore

LT T 1/,T T

~le 1 t+e; (el , +e!
elTK'MZ—IZ—GK—FM*lln(C—L)_‘_eMZ(ln(Z( z+1T z)Qa,M)+ln(2( lilT l)Qa,M

eXp(ZBl) el- qa.M el, qaMm

88



Using the mean-value theorem, for some c; € (0, 1),

1/,T T 1,,T T
ln(i(6i+1 te; )Qa,M) —In(1+ Z(ei+1 —e; )qam
el T
1 Qa,M el qa7M
1
_ eiTQmM Z(eiyjrl - eiT)CImM
el qam+cr5(el  —elqam el qam ’
and likewise
In( G +€l~T)Qa,M) _ el —elNgum
el qam (1—%c2)el qap + 3crel | qam
for some ¢, € (0, 1). Therefore,
T _ —1 CL
e Ky>—iu—0K+M "'In[———
= e )
1 1
o> j(eiT+1 _eiT)qa,M z(eiT—l _eiT)%M
+oM ( 1 T 1 T + 1 T 1 T ’
(1 - jcl)ei qaM + 72C1€; 19a.M (1 - §C2)€i qaM + 5C2€; _19aM
Multiplying through,
[(1—10 Jel +1c el J(el % +12—|—9K—M_11n(c—L))
2 1)€; Qa7M 2 1 H_1Qa,M i "M exp(QBI)

1 T 1 T
(1 - ch)ei qaM + 5C1€; 19aM

1 T 1. T :
(1—3c2)e; qam + 502€;_1qam

1 1
> 9M2(§(€iT+1 - eiT)CIa,M + E(einl - eiT)CIa,M

%Cl(eiTH - eiT)‘Ia,M - %CZ(eiT - el.T_l)an))

1 T 1 T
(1—3¢2)e; qam + 5¢2¢; Gam

1 1
> OMZ(E(ezZ:i-l + eiT—l - 2€iT)Qa,M + E(eiT—l - eiT)an(

Using equations (37) and (38),

cL

1 1 7 -
[(1— Ecl)eiTQa,M—f— —Cleg—IQa,M](eiTKM_f—u—’_ 0K —M lln(m))

2
2B, exp(2B;)
Blexp(ZBl)( (M+1)? )
(M+1)% * exp(=2B)
M+1
2B?M?exp(6B;)
(M+1)3

1
> 9M2(§(€iT+1 +el 1 —2¢] )qum -

1
> OM* 2 (el el —2¢] a6
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Summing over a, weighted by 7y (a), and applying Lemma 5,

K 4 ZBZZM2 exp(6B;)
Ky | 2B/Mexp(65))
(el oy + i+ 0K — M~ In(—— o)) > —p D
exp(2B;) sy

> —0c; (2K +2B7 exp(6B)).

Therefore, |e! ky| is bounded below by some By > 0 for all i € XV (recalling that
this was shown for i € {0, N} in Lemma 9 and in the other direction in Lemma 8).

It also follows, using equation (37), that

CcL

1 ) .
OM>(M + 1)3 (el,1 + i1 —2ef o < exp(2B)(By + i+ 0K =M In( 72

2
2B?M? exp(6B))

0
Oy

which establishes one side of the bound on |5 (el | + el | —2el)ga ml.
Rewriting the FOC (equation (36)) and using Lemma 5 and the boundedness of
the utility and the bound on |e! Kky|,

+ - -1 equM
— By —ii—0K—-6M " In(——)
€; da.M
l j
1 1
<OM>(In(5 (e + el ) +n(5 (el + €l )anr) — 20 (el gur).
By equation (37),
1 elau | CH
M In(————) <M "In(———5~);
¢; dam exp(—2B))
and therefore, by the concavity of the log function,
1/,T T T
~(ei +e: ;+2e;
B —ii— 0K —OM ' In(— ) < 20M>In( (i . Jda
exp(—2B;) €; daM
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By the inequality In(x) < x—1,

1, T T T
slei g te 1 —2¢ )qam

T
€ QaM

cH
exp(—2B;)

—Bf—ii— 60K —0M In( ) < 20M%(

)7

and therefore, using the lower bound on eiTan (equation (37)),

CH

1
— 2 )y <OMPM+1)=(el,  +el | =27
eXp(—ZBl))_ ( ) (ez+1 €1 €; )Qa,Ma

—Bf —i— 60K —6M In( 5

which proves the other side of the bound.

C.9.3 Proof that M?|1 (el —el)q,m| < Ki

By Lemma 10,

1,,T T
~(en +e
eoqaM

—B; < (M+1)In(

Using the mean-value theorem, for some ¢ € (0, 1),

s(e] —el)qam
(1- %C)egqa»M + %CeiT%,M

1, T T
Z(eo +e1)qam
el qam

In( )=

Therefore, by equation (37),

(e — el )gun > — P28
aM =

exp(2B;) >1
(M+1)2 IR

M+12"'72

proving the bound. The proof for the other endpoint is identical.

C.10 Proof of Lemma 8§

First, using Lemma 5, for all i € XM\ {0, M}, observe that

1 1
M2|1n(§(eiT+1 +eiT)fIM)+1n(§(€iT—1 +e! )am) —21In(ef qu)| < K.
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Rewriting the FOC (equation (36)) and using this bound,

el ki < el ugpy+ 0K +0M 'n(e! gu)

1 1 _
+OM2(1n( (L1 + el danr) + (5 (ely + €l Vas) — 2+ M) In(e] qua).

By the boundedness of the utility function, this can be rewritten as

el qam ) In el qam ~
%<eiT+1 +el )qam %(eiT—l +el)qam e qm

el 1y <ii+ 6K —6M(In(
By the concavity of the log function,

1 1 _
In(5(efs1 + €] )gam) +In(5(els +ef )gan) + M In(el gu) <
M73

24+ M )1 i
2+ )In( 24+M-3

(ef,1+el_+2e] )gam + el qm),

22+M73)
It follows that

1 T T T N3 T
=3 (e- | Tei_+2e )CIa7M+_—3e' am
el iy <+ 0K+ (2+M3)oMPIn(2EM : 2N

elTCIa,M
Exponentiating,
(eiT%M)eXP(—me_lM_z(W' OK — e Ky)) <
1 T T T M7
m(%ﬂ +ei_1+2€ )qgam+ 2 3¢ am
Summing over a, weighted by 7y (a),
(eFqm) exp(—me—lM—2(ﬁ+ 0K — el k1)) <
1 T T T M7
m(em +ei1+2¢; )qu + 2 3¢ v
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Taking logs,

-3
! (2(2@—3)(61'11 +el +2e])am + 3=l am

5 0 'M2(ii+ 6K —el ky) <In

(elqm)
M3 1 KM3
-3 + -3 —1
2+M 24+M3 M

In(1+ );
where the last step follows by Lemma 35, recalling that ¢z, is the lower bound on
q(x). We have

M3 N 1 K
24+M3 24+M3 ¢
30M! 30 K

el'ky <30M*In(1+ M~ +i+6K

where the second step follows by the inequality In(1 +x) < x for x > 0.

C.11 Proof of Lemma 9

For the lower end point, the FOC (equation (36)) can be simplified to

1 1 _
0 (a — Knr) = —OM?(In(5 (e + e )qap) +1n(5) = (1+M ) In(eg ga.m))

OV (In(5 (e} + e aur) +1n(3) — (1M ) In(ef ).

Rearranging this,

1 1
0~ 'M zeg(uaM — Km) +1n(§(elT +eg)qa7M) =

_ ed 1
(1+M 3)1n(§Tq—;f)+1n(§(e{+eoT)qM).
0
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Exponentiating,

T
ey qaM 31
(=) = (ef +e)qm-

L 7 7 Aag2.T
— + 6—'M —Ky)) =
2 (e1 + e )qa,M exp( €0 (”a,M M)) eng 3

By the boundedness of the utility function,

T
LM LM 2 (o] +-ef Y

1 T, P
S+ el aaanexp(6 M2~ ch ) > (Y =
eoqdm

Taking a sum over a, weighted by 7(a), and applying Jensen’s inequality,

1 R 1
S(el +ebyawexp(6 " M2~ e k) = 5 (el +eb)aw,
and therefore
egK’Mgb_t.
Observing that
1 egan 1. M 1 M 1
M In(———=)<M 'In(—)<M (—-1)<c¢, (39)
equ CrL Cy,
we have
g2 T _ Loy <—2—lle(€QG7M In( (el 4T
0~ M e (uam KM)+1n(2(€1 +e0)qam) <M “cp + n(—eTqM )+ n(z(el +e0 )qm)-
0
Exponentiating,
L r 7 —1ys-2 —1,.T eg‘]aM L7 7
5(81 +e0)qamexp(0 M~ =(=0c " +ep (uam—Km))) < ( Tan )5(61 +eo)am
0

Using the boundedness of the utility function, then taking a sum over a, weighted
by n(a),

1 iy
S(el +eb)damexp(07 M2 (—=0c, ' —ii—efKu)) <

5 (el +e§)am.

| =
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Therefore,

egKM > —— Gczl,

and thus
leg ku| < Bo

for By =i+ 6c, L. A similar argument applies to the other end-point (61]‘;[ Kur)-
Using the bound on utility and equation (39), the FOC requires that

1.,T T 1/,T T
5le] +e 5le] +e
€y qam €oqm

By Lemma 5, it follows that

1/, T T
ln( j (el + 6'0 )qa>M

T ) <O "M 2(i+By+6c; ) + MK,
0 4a,

and therefore the constraint with By = K + 0~ (i + By + 0c; ') is satisfied.
Similarly, the FOC for the highest state is

1/, T T
ey, +e
0~ M ey (uam — KM)+1H(2< L. M*I)qa’M) —
’ ey dam
MYa,

T
e 1
(M) () +In( el + el 1))
M

and therefore

1/,T T 1/,T T
LT 1o 5(ey +e
ln(z( M - Mfl)qa,M) < G*IM*Z(ﬁ—i—Bo—FGch)—Hn(Z( M - Mfl)QM ,
€y dam eydm
implying that

%(61{4 + el?/[—l)‘ldM

In(
e]{x[Qa,M

<O 'M2(a+By+6c; ") +M K,
L

and therefore .
ey9aM

2(efr el 1)dam

In( )>—-M"'B.
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C.12 Proof of Lemma 10

The first-order condition is, for any i € XM\ {0,M} can be re-written using the

function /, »s (and the function /js, defined from gy, along the same lines) as

T 2 : ;
T -1 €l~ qa’M M 2l+2 2l+1
S (K — oM 1 =0 Ty =t
el ( M ua,M)_F n( equM ) (M—l—l)(a’M(Z(M—f—l)) a’M(Z(M—f—l)))
M? 2i+2 2i+1
.y l — Iy (————)).
(M+l)(M(2(M+1)) M<2(M+1)))
Note that
T
oM~ n(SL4M ) < gyt in(—-—y < om (M 1) < ac; !
€l~ qam CLM Cl,

By Lemma 5 and Lemma 8 and the bound on utility,

M? 2i+2 2i+1

9—(la7M(m) - la,M(m

<B.+ii+0K+06c "
E ) <Bx+ii+6K+0c,

We also have, for all i € XM\ {M}

M? 2i+3 2i+2
M—+1( a,M(m) _la7M(m))
:Mz(ln(l (M‘}'l)eﬁqq&M )_ln(%(M‘l’l)(eiT_"eiTJrl)qu))
§<M+ 1)(eiT+l +eiT)qa,M (M + l)eiTqa,M
<0,

by the concavity of the log function. Observe also that, by Lemma 9,

1/.,T T
5(eq + M+1
) = (M+1)1n(2(eO 4 Jasy M+

= Bi.
2(M+1) e qum ="pm !

la,M(
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It follows that, for all j € {2,3,...,2M + 1},

. i1
j 2 y k+1 k
— el )+ ¥ (lap (o _r
“’M(z(M+1)) ”’M(Z(M—i-l)) ,;2<“’M(2(N—|—1)) “M(z(M+1)))
_ G M+1 M-+1
<0 '(Be+a+O0K+0c;") o (=2)+ By.
Similarly, for all j € {2,3,...,2M + 1},
2M +1 k+1 k
)y = —1 —)).
Observing that
2M +1 M+1)el M+1
am (57— ) = —1In(5 ( T) Mq;l’M < By,
2(M+1) Z(M+1)(6M+6M_1)Cla,M M
using Lemma 9,
j WM+ 1 M1
— _ B K 2M — 1 B;.
l"’M(z(M+1)) 0 '(Bx+i+6 +0c; )M ( J+1)+ |
It follows that, for all j € {2,3,...,2M + 1},
j M+1 M+1
lan(z~2—) <67 (B 0K +0c;! 2M—1 B
V)| < 07 B 0K+ 0 ) it M — 1)+ Sy
<40 '(By+i+6K+6c; ') +2B).
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